Weak solutions to problems involving
perfect fluids

Eduard Feireis|
joint work with E.Chiodaroli (Lausanne), D.Donatelli (L'Aquila), O.Kreml| (Praha), and
P.Marcati (L'Aquila)

Institute of Mathematics, Academy of Sciences of the Czech Republic, Prague

Mathematical Fluid Dynamics, Present and Future
Tokyo, 11 November - 14 November 2014

The research leading to these results has received funding from the European Research Council

under the European Union's Seventh Framework Programme (FP7/2007-2013) /. ERC Grant Agreement 320078



Oscillations in conservation laws

Nonlinear conservation law

Oru + divF(u) =0

Linear field equation
oru+div, V=0

Nonlinear “constitutive” relation

F(u)=V
Oscillations

/u€—>/ufor all B, Iiminf/ |u5|2/ |u|?
B B =0 Jp B
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Convex integration

Field equations, constitutive relations
dru+ div, V=0, V=F(u)
Reformulation, subsolutions

V=F(u) < G(u,V) = E(u), E(u) < G(u,V) <|&(u)

E convex, € “concave”

Oscillatory lemma, oscillatory increments
orue +div, V. =0, ul—J0
E(u+u.))<G(u+u,V+V,)<&u-+u.)

Iiminf/E(us)/(@(U) — E(u))”



Convex integration - DelLellis and Shékelyhidi

Incompressible Euler system in R3

div,v =0, v +dive(vev) + VMM =0
v(0,) =vp

Reformulation

1
divev = 0, Ov + divy (v RV — 3|v|2]I) +V,N=0

Linear system vs. non-linear constitutive equation

divyv =0, Oyv +div,U=0

1
U:v®v—§|v|2]l7 Ue R3S

0,sym



Convex integration continued

Implicit constitutive relation

Amax [V @ v — U]

2

1
“Amax VOV —T] > §|v|2

1
Amax V@V —TU] = §|v|2

1
@U:v®v—§|v|211
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Convex integration - subsolutions
Equations

v, U smooth in (0, T)

divyy =0, Oyv +div,U =0

Extremal values
V(Oa ) = Vo, V(T7 ) =\VT
Energy

piece-wise smooth function e
Convex set

%lvl2 < Amax [V®V_U] <ein (0, T)
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Oscillatory lemma

Oscillatory increments

divow, =0, 9yw, +div, V. =0
we, V. e C(Q)

w. — 0 weakly in L2(V)
v

)\max[( +We)®(V+Wg)—(U+V )] < e
Energy

1 «
2 _ Lo
|IIETII(I)1f/V v+ w.|?) /|v| +c/ (e 2|v|)
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Applications to Euler flows

Incompressible Euler system - Delellis, Székelyhidi [2008]

Oru + divy(u®@u) + VM =0, div,u=0

Compressible Euler with solenoidal data - Chiodaroli [2013]

Oro + divy(ou) = 0, O0:(ou) + divi(ou @ u) + Vip(0) =0

Possible extensions
m problems with “non-constant” coefficients
m systems coupled with the Euler equations

m maximal regularity of solutions (?)



Expected results

Good news

The problem admits global-in-time (finite energy) weak solutions of
any (large) initial data

Bad news

There are infinitely many solutions for given initial data

More bad news

There exist data for which the problem admits infinitely many
“admissible” solutions
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Non-constant coefficients

Convex set

S P

r(t,x)

< Amas [(" * Q(t’x)r)(fx(;' Fa(t.x) _ U] <e

Equations

div,v =0

(v+a)@(v+a) 1lv+gf
-z +
r 3 r

atV + diVX (




Implicit variant

Velocity dependent parameters
The quantities

q, e, W
may depend on v

Main issues: Boundedness and weak continuity

Eduard Feireisl joint work with E.Chiodaroli (Lausanne), L Weak solutions and perfect fluids
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Basic ideas of analysis

Localization

Localizing the result of DeLellis and Széhelyhidi to “small” cubes by
means of scaling arguments

Linearization

Replacing all continuous functions by their means on any of the
“small” cubes

Eliminating singular sets

Applying Whitney's decomposition lemma to the non-singular sets
(e.g. out of the vacuum {p = 0})

Energy and other coefficients depending on solutions

Showing boundedness and continuity of the energy €(u) as well as
other quantities as the case may be



Example |, Euler-Fourier system

Mass conservation
Oro + divy(ou) =0
Momentum balance

Ot(ou) + divy(ou @ u) + V,(09) =0
Internal energy balance

g [0:(09) + divs (01u)] — A

ovdiv,u
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Application of convex integration

Ansatz
ou=v+V,V divy,v =0
Equations

dev + div ((" + V.V e (vt V.Y)
0

) V(0 + 00) =0

g (9:(00) + diva (V(v + VW) ) ) = A0 = ~ pvdiv, (

v—i—VX‘U)
4

«4Or «F)>» «=)>»

o>



Existence of weak solutions

Initial data

00, Yo, g € C3, g9 >0, ¥p >0

Global existence

For any (smooth) initial data gg, Jg, ug the Euler-Fourier system
admits infinitely many weak solutions on a given time interval (0, T)

Regularity class

o€ C?, 9,9, Viﬁ € LPforany1 < p<oo

U € Cyear([0, T]; L2) N L=, diveu € Ct



Dissipative solutions to the Euler-Fourier system

Initial data

00 € C?,99€ C? 0o>0, 9 >0

Infinitely many dissipative weak solutions

For any regular initial data pg, Yo, there exists a velocity field ug
such that the Euler-Fourier problem admits infinitely many
dissipative weak solutions in (0, T)



Example |l, Euler-Korteweg-Poisson system

Mass conservation - equation of continuity

Oro + divy(ou) =0

Momentum equations - Newton’s second law

Ot(ou) 4 div(ou @ u) + V.p(0)

1
= va (K(Q)AXQ + 2K/(Q)VXQ|2> —Qou + vav

Poisson equation



Reformulation, Step 1

Extending the density

deo+ dived =0, (0,") = 0o
Flux ansatz

J=0Uy—2), Z=2(1)

8t/TsH[."I] dx—i—/]TsH[.Nl] dx =0

H — standard Helmholtz projection

meas {x e’ ‘ o(t,x) = 0} =0 forany t € [0, T]

«4Or «F)>» «=)>»

« =

o>



Reformulation, Step 2

Flux ansatz

J=J+w, divaw =0, w(0,-) =0

Cweak([oa T]’ Lz(Q; R3))

Equations

UL>®((0, T) x Q; R?)

O, <w+]) + divy <(

w+ 1)@ (w+J)

0

) + Vaplo) + (w+

Ve (}(@)8s0) + 574 (X (2) Vol ) — 4divi (x(0)Viy/2 @ Vi)

+0oV,V
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Reformulation, Step 3

Final flux ansatz
3= H[I] + VM, v = et (w+ H[])
Equations

divev =0, v(0,-) = H[Jo]

6tv—|—divx((v+h)®(v+h) +H

) +V, N=0
p
Coefficients
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Driving terms

Convective term

Bt ) = 4e' (M@V:v38 VavD - (T2

4et (%|VXV|2]I_VxV®VxV> H e
Pressure term

3x3
RO,sym

N(t.x) = e (p(e) + M + M = x(2) Axe)

1 4 _ 1
e (V@I — S@IavaR +2V + 319,V + 2]

N — a suitable constant
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Example 111, Euler-Cahn-Hilliard system

Model by Lowengrub and Truskinovsky

Mass conservation

Oro + divy(ou) =0
Momentum balance

Ot(ou)+divy(ou®u)+V,po(o, c) = divy (QVXC ® Vyc — §|VXC|2H)

Cahn-Hilliard equation

Ot(0c) + divy(ocu) = A (/to(g, c)— édivx (QVXC)>



Energy functional

Energy in the convex integration ansatz
Llv+ Vo2
2 0 N

(ém + po(o, clv]) + 3tvx¢>

E[v]

=A(t) —

N W

Uniform estimates

|Vxc| ~ |u| needed!
Maximal regularity - Denk, Hieber, Pruess [2007]

1 1
(9,_»6 + *A <diVX (QVXC)) = h’
0 0



