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Abstract

We discuss the impact of certain recent results concerning stability of weak solutions to
the complete Navier-Stokes-Fourier system on the problem of convergence of the associated
numerical schemes. In particular, we show that solutions of certain numerical schemes converge
unconditionally to the exact solution as long as the numerical solutions remain bounded.

Key words: Navier-Stokes-Fourier system, weak solution, mixed finite-volume finite-element
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1 Introduction

The problem of stability and convergence of numerical methods used for simulation of fluids in
continuum mechanics is of great theoretical and, obviously, also practical interest. In [9], we proposed
a numerical scheme for solving the Navier-Stokes-Fourier system describing the motion of a general
viscous, compressible, and heat conducting fluid in terms of the three state variables:

the mass density . ... ... 0= o(t,x),
the absolute temperature ......... ... ... U =9(t, x),
the velocity field .. ... . u = u(t,z),

*E. F. acknowledges the support of the GACR (Czech Science Foundation) project 13-00522S in the framework of
RVO: 67985840.



evaluated at the time ¢ € [0, 7)) and the Eulerian reference position z € Q C R3. Given the initial
state

0(0,) = eo, ¥(0,-) = o, u(0,-) = uy, (1.1)
the time evolution of the fluid is described by means of the field equations
O + div,(pu) = 0, (1.2)
Jiou) + div,(ou ® u) + V,p(o,v) = div,S(V,u), (1.3)
Or(0e(0,1)) + div,(ge(o,¥)u) + V,q = S(V,u) : Vou — p(p, 9)div,u, (1.4)

where p = p(p, ) is the pressure, e = e(p,?) the specific internal energy, S = S(V,u) the viscous
stress tensor, here determined by Newton’s rheological law

2
S(Vyu) = p (qu +Viu— 3divmu> + ndiv,ul, (1.5)
and, finally, q denotes the heat flux given by Fourier’s law

q=—rV,0. (1.6)

In agreement with the principles of classical thermodynamics, the internal energy e = e(p,v) and
the pressure p(p,9) comply with Mazwell’s relation

de(o,0) 1 Ip(o, ¥
w0 L (a0 - 2L0) 17)
and satisfy the thermodynamic stability condition
Op(o, ) de(o, V)
1.
D0 > 0, 50 0, (1.8)

see e.g. Bechtel, Rooney, and Forest [1], Gallavotti [11].
To avoid problems connected with the boundary behavior of the fluid, we impose the periodic
boundary conditions, meaning

Q= (-1 1l1y)

is the 3-dimensional flat torus. We refer to Ebin [5] for the physical relevance of these conditions, in
particular the connection with the complete slip on flat boundaries.

For the sake of simplicity, we have omitted the influence of external forces and heat sources in
(1.3), (1.4). Accordingly, the resulting system is conservative, the total mass and energy are constants
of motion:

/Qg(t, ) dx = /QQO dz, /Q (;Q|u|2 + oe(o, 19)) (t,-) doe = /Q (;Qo\u0|2 + 906(90,790)> dz (1.9)
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for any ¢t € (0, 7).

In this paper, we review some recent results on the existence and stability of the weak solutions

to the Navier-Stokes-Fourier system (1.2-1.4) and their relevance in the study of convergence of the
numerical scheme proposed in [9]. More specifically, we plan to address the following topics:

2

o Weak and strong solvability

We identify a class of admissible constitutive relations under which the problem admits a global
weak or a local strong solution for any finite energy initial data, see Section 2.

Weak = strong

We adopt the concept of relative energy, introduced for the Navier-Stokes-Fourier system in
[10], and show that a weak and strong solution emanating from the same initial data coincide
as long as the strong one exists. In particular, we use the recent results [7] on conditional
regularity of the strong solutions to show that bounded weak solutions are in fact regular on
the whole existence interval as soon as they start from regular initial data, see Section 3.

Numerical method

In Section 4, we introduce and briefly recall the basic properties of the numerical scheme [9].

Convergence of numerical solutions

Combining the results collected in the preceding part we show that the numerical scheme
converges to a unique exact solution of the Navier-Stokes-Fourier system provided the numer-
ical solutions remain bounded uniformly with respect to the time step and mesh refinement
proportional to a small parameter h — 0, see Section 5.

Weak and strong solutions

To keep the presentation as simple as possible, we suppose that the internal energy e = e(p,?) can
be written in the form

6(@, 79) = Etherrn(ﬁ) + Eel(@):

where the “thermal” component Fipem 1S a linear function of the absolute temperature. In addition,
for technical reasons that will become clear later, the “elastic” part E, must posses certain coercivity
properties for large values of p. Consequently, in agreement with (1.7), we set

po0) = pulo) + 00, elo.) =+ Plo), Plo) = [P az ey>0 )

1 22



where, in accordance with (1.8),

/
p.(0) >0 for 0 >0, ¢, >0, and lim A

li == oo > 0 for a certain v > 3. (2.2)
*© 0

In this new setting, the internal energy balance (1.4) can be written in a concise form
Co (&g(gﬁ) + divﬂgz?u)) + div,q = S(V,u) : V,u — gddiv,u. (2.3)
Moreover, we suppose that
p >0, n >0 are constant, while (1 + 9%) < x(0) < &(1 + 9?) for ¥ > 0, (2.4)

where k > 0.

The existence of strong local-in-time solutions to the Navier-Stokes-Fourier system (1.1 - 1.3),
(2.3) under much less restrictive assumptions than (2.1 - 2.4) was studied by a number of authors
under different regularity assumption on the initial data. Here we use the result of Valli [18], [19],
where the strong solutions live in the class

o, ¥ € C([0,T]; W32(QQ)), ue C([0,T]; W>*(Q; R*)), o, ¥ >0, (2.5)

provided the initial data enjoy the same regularity. Note that no compatibility conditions are neces-
sary in the case of periodic boundary conditions. Related results concerning local as well as global
existence of smooth solutions for the initial data close to an equilibrium were obtained by many
authors, see e.g. Hoff [12], Matsumura and Nishida [15], [16], Valli and Zajaczkowski [20], Tani [17].

In the future, we will always assume that the initial data are smooth enough to guarantee the
existence of local-in-time solutions in the class (2.5), meaning

00, Yo € W32(Q), ug € W*(Q; R?), 00, Yo > 0. (2.6)

As observed in [7], these strong solutions possess all the necessary derivatives appearing in (1.2),
(1.3), (2.3), at least in the open time interval (0,7).
Setting

we introduce a weak solution to the Navier-Stokes-Fourier system:

Definition 2.1 We say that [0,7,u] is a weak solution of the Navier-Stokes-Fourier system (1.1 -
1.4) if



e The functions 0,7, u] belong to the reqularity class:
0>0, 0€ Cueax([0,T]; L7(2)) for some v > 1,
u € L0, T; Wh(Q; R?)),
(0u) € Cuear ([0, T); L/OFD(Q; BY),
olul* € L=(0,T; L1(Q)),
¥ >0 a.a in (0,T) x Q K() € L'((0,T) x Q), o € L*((0,T) x Q).

e The equations (1.2-1.4) are replaced by a family of integral identities:

t=7o
/QQSO dl’ —/ / [00yp + ou - V] daxdt, 0(0,-) = oo, (2.7)

for any 0 < 1 <1 < T and any test function p € C([0,T] x Q);

t=To
.o d = 2.8
/ﬂ@u o dal (2.8)

t=71

/ ’ /Q [ou-Op+ou®u: Vo +plo,9)divey —S(Vep) : Vaep] do dt,

ou(0, ) = gouy,

for any 0 < 1 < 1 < T, and any test function ¢ € C=°([0,T] x ; R3) in the case of the no-slip
(1.7), p € C=([0,T] x Q; R®), ¢ - n|sq = 0 in the case of the complete slip (1.8);

/gﬁgp da:t T2 >/ / cv (000rp + ou - V) — K(ﬁ)Ag@} dz dt (2.9)

019199,
—I—//[Vu V.up —)———= dvmugol dx dt

for a.a. 0 <1 <1 <T including 7 =0, where
oK (0) = 0K (9), (2.10)

09(0, ) = 0oy, and for any test function o € C([0,T] x Q), ¢ > 0;

1 1
/Q [29|u|2 + QG(Q, 19)] (7'7 ) dr < /Q {290|uo|2 + 006(907190) dz for a.a. T € [O,T]- (2‘11)



Remark 2.1 In the weak formulation, the internal energy equation (1.4) was replaced by two in-
equalities (2.9), (2.11). Although this may seem to lead to a substantial enlargement of the set of
possible weak solutions, such a definition still preserves the following compatibility principle: A weak
solution is a strong one as soon as it is smooth, see [8, Chapter 4].

Remark 2.2 The reader will have noticed the subtle difference between (2.10) and the expected re-
lation

K(9) = K(9). (2.12)

What (2.10) says is that (2.12) holds with the possible exception of the (hypothetical) vacuum zones
where o = 0. Unfortunately, the absence of vacuums in the weak solutions even if oo > 0 is an
outstanding open problem.

The existence of global-in-time weak solutions to the Navier-Stokes-Fourier system under the
restrictions specified through (2.1-2.4) was established in [8, Chapter 7, Theorem 7.1]. Although
the weak solutions in the sense of Definition 2.1 suffer several deficiencies, including the inequality
signs in (2.9), (2.11), they represent strong solutions of the same problem as soon as they are smooth
enough, cf. [8, Chapter 4].

3 Relative energy and applications

Our goal is to show that bounded weak solutions to the Navier-Stokes-Fourier system emanating from
smooth initial data are, in fact, regular. To this end, we revoke the approach based on the concept
of relative energy (entropy) proposed by Dafermos [4] in the context of hyperbolic conservation laws
and adapted to the present setting in [10]. The main stumbling block is that we need the entropy
balance equation rather than (2.9) in order to apply the method proposed in [10]. Recall that, in
view of (1.7), there exists a function s = s(p, ) — the specific entropy — determined, up to an additive
constant, through Gibbs’ equation:

vDs(p,9) = De(p,v) + p(o,9)D (;) : (3.1)

For smooth solutions, the internal energy equation (1.4) can be equivalently replaced by the
entropy balance equation

Oi(0s(0,)) + div,(os(o,¥)u) + div, (q) = 1 <S(Vmu) - Vu —

q- V.0
9 9 ’

v



or, in the context of weak solutions satisfying (2.9), by

/Qgs(g, dxlt_: > /:/Q [(gs(g, V)0 + 0s(0,V)u - ngo> + “(1;9)%19 : ngp] de dt  (3.2)
+/ % l Vu+(19)|§ﬂ9|2] dz dt

for a.a. 0 <73 < 75 < T including 7; = 0, and any test function ¢ € C([0,T] x Q), ¢ > 0.
As is well known, the passage from (2.9) to (3.2) in the framework of weak solutions is less
obvious. Fortunately, we have the following result proved in [7, Lemmas 2.3, 2.4].

Proposition 3.1 Under the hypotheses (2.2-2.4), let [o,9,u] be a weak solution of the Navier-
Stokes-Fourier system, emanating from the initial data (2.6) and enjoying the extra regularity

o0, ¥, divpu € L=((0,7) x Q), u e L=((0,T) x Q; R?).
Then
0>0, >0 a.a in(0,T)xQ
and the entropy inequality (3.2) holds.

With the entropy inequality (3.2) at hand, we may use the machinery developed in [10] based on
the relative energy functional

aH@(T’, @)

8@ (Q_T)_H(%(T?@) d[L’,

S(Q,ﬁu)r@U 2/[ olu — U]* + Hg(o,9) —

where
Ho(0,9) = o(e(0,9) — ©s(0,))
is the so-called ballistic free energy.

It was shown in [7] that any weak solution [, ¥, u] enjoying the extra regularity specified in the
hypotheses of Proposition 3.1 satisfies the relative energy inequality:

{5 (Q, r,0, U / / ( : Veu+ W) dz dt (3.3)

< /OT/Q (Q(U —u)- U+ p(U—-u)®u:V,U-p(p,9)div,U +S(V,u) : VxU) dz dt

_ /OT/Q (Q(S(Q, v) — s(r, @))&5@ + Q(s(g, 9) — s(r, @))u . vx@> dz dt

7



+/OT/QW-V3;@dxdt

(e

for any trio of sufficiently regular test functions [r, ®, U] defined in [0,7] x Q, r > 0, © > 0.

Taking r = 9, © =0, U = @1 - the (hypothetical) strong solution emanating from the same initial
data as the weak solution [p, ), u] - we may use a Gronwall’s type argument to deduce the following
result, see [7, Lemma 3.2]:

Lemma 3.1 Under the hypotheses of Proposition 3.1, let (9,9, 0] be a strong solution of the Navier-
Stokes-Fourier system defined in (0,T) x ), emanating from the initial data

8(0,-) = 0(0,-), 9(0,-) = 0(0,), @(0,-) = u(0,-),
and belonging to the reqularity class
0,9 € C([0,T;W*2(Q)), u € C([0, T]; W*(Q; R?)),
9 € L*0,T; WH2(Q)), u e L*0,T; W+2(Q; R?)),
09 € L*(0,T; W22(Q)), o € L*0,T; W22(Q; R?)).

Then [0,9,1] coincides with the weak solution [o,9,u] in (0,T) x Q.

We conclude this part by a conditional regularity criterion for the weak solutions proved in [7,
Theorem 2.2[:

Theorem 3.1 Under the hypotheses (2.2-2.4), let [0, Y, u] be a weak solution of the Navier-Stokes-
Fourier system, emanating from reqular initial data satisfying (2.6), and enjoying the extra reqularity

o0, ¥, div,u € L((0,7) x Q), u € L=((0,T) x Q; R*).

Then [0,9,u] is a strong (classical) solution of the problem in (0,7T) x Q.

4 Numerical solutions

We introduce the numerical scheme for solving the Navier-Stokes-Fourier system proposed in [9]. To
this end, we suppose that the (periodic) domain € admits a tetrahedral mesh Ej, parameterized by
the typical radius h — 0, with the following properties (cf. Eymard, Gallouét, and Herbin [6]) :

8



1. Each tetrahedron E € Ej, can be written in the form

E = hLp|E] +b,

where F is a fixed reference tetrahedron, b € R3, and Ly : R* — R® is a linear mapping such
that
0 < L < |detLp| < L uniformly for h — 0.

2. K, L€ FE,, K+#L,and KNL # (), then K N L is either a common face or a common vertex
shared by K and L.

3. There is a family of points xg € int[E], E € E}, such that the segment [z, z] for two elements
K, L sharing a common face I' is perpendicular to I', and

dist[xf, x| = dr > ch for a certain ¢ > 0 independent of K, L, h.

Motivated by the work of Karper [14] and Karlsen and Karper [13], we introduce a mixed finite-
volume finite-element scheme to solve numerically the Navier-Stokes-Fourier system. We denote by
I';, the family of all faces in the mesh, where each I' € T', is associated with a normal vector n.
Furthermore, for a function g continuous on each element E € Ej, we denote

1
T . e — T L ot — 2t
o= lim g(-+0n), g”[r = lim g(-—n). [[glc = ¢~ — g~ {g}r (6" +97)-

g 2

Next, we will use the space
Qr(Q2) = {7“ € L*(Q) ‘ r|g = constant for any F € Eh},

and the space of finite elements of Crouzeix-Raviart type (see e.g. Crouzeix and Raviart [3], Brezzi
and Fortin [2]),

V() = {v & 17(®) | o|p = affine function, € By, [ [[v]}r dS, =0 forall T € rh} .
r
Finally, we introduce the standard upwind operator Up[r, v] defined on each face T' € T'), as
Up[r,v]=r"[v-n]" +r"[v-n]", r € Qu(Q), v € V(U R?),

where we set

[c]" = max{c, 0}, [c]” = min{c,0}, 0 :=0p = |1£|Av ds,.

and ]
6’E:’m/EUd$f0rE€Eh

With the previous notation, the numerical method to approximate the Navier-Stokes-Fourier
system can be formulated as follows, see [9]:



1. Set .
ngéaa 792:1907 ll?l:l/,lB

2. For k = 1,2,..., the approximate solutions [of, 95, uf], of, 9% € Qn(Q), uf € V,(Q; R?) are
defined recursively by the scheme

/Q[Qh_g hdx_Z/Uthv“h ] dS, +h“2/9h s, =0,  (4.1)

rer rery,

for any ¢ € Qn(Q);

/Q[(@’fiﬁh) A(iﬁ A 1)] ¢dx_%: /Up okl k] - [[4]] dS, (4.2)

+ /Q 1Vt : Vi + Adiviudivg| do / p(a", 95)divad da
#he S [ llekl {uk} - [811ds, = 0

r'el’y,

for any ¢ € V;,(Q; R?), where V,v|g = V,v|g;

k. gk k—1 qk—1
Qhﬂh — O 79}1 _ i
C%J At Pw %g/w okt uf] [[4]] dS. (4.3)

+ 3 [ ] [19]) as,
Tely,
_ /Q [l V2 + Aldivyul 2] ¢ da - /Q b9 divyutp dr
for any ¢ € Q,(Q).

In (4.1-4.3), the time step At is taken proportional to the diameter h, and 0 < o < 1, where the
a—dependent terms represent a kind of artificial viscosity used also in the purely analytical context
in [8].

As shown in [9, Theorem 3.1], the numerical method (4.1-4.3) is convergent. In order to state
the result, we extend the numerical solutions to be defined at any time as

vp(t, r) = vy () for t € [kAL, (k4 1)At).

10



Theorem 4.1 Let
O<a<l, At=h>0,

and let the hypotheses (2.2-2.4), (2.6) be satisfied. Let [on, Un, uplp=0 be a family of numerical
solutions constructed by means of the scheme (4.1 — 4.3) such that

on >0, v, >0 for all h > 0.
Then, at least for a suitable subsequence,
on — 0 weakly-(*) in L>=(0,T; L7(Q)) and strongly in L*((0,T) x ),

9y, — ¥ weakly in L*(0,T; L%(Q)),
w, — u weakly in L*(0,T; L°(Q; R?)), Vyu, — Vu weakly in L*((0,T) x Q; R¥*?),

where [0,0,u] is a weak solution of the problem of the Navier-Stokes-Fourier system in the sense
specified in Definition 2.1.

Remark 4.1 Strictly speaking, this result was obtained in [9] for Q0 - a regular bounded domain in
R? - supplemented with suitable boundary conditions for 9 and u. However, the proof can be easily
adapted to the periodic setting used in this paper.

5 Unconditional convergence

From the practical point of view, the convergence results established in Theorem 4.1 is not very
satisfactory, in particular, it holds up to a suitable subsequence. As the weak solutions to the
Navier-Stokes-Fourier system are not (known to be) unique, it is therefore not a priori excluded that
there is another subsequence converging to a different solution of the same problem. Combining
Theorem 3.1 with Theorem 4.1 we may deduce the following unconditional convergence statement
that can be seen as an example of “synergy” between analysis and numerics:

Theorem 5.1 Let
O<a<l, At=h>0,

and let the hypotheses (2.2-2.4), (2.6) be satisfied. Let [op, Un, uplp=o be a family of numerical
solutions constructed by means of the scheme (4.1 — 4.3) such that

Qh>0, 19h>0,

and, in addition,
on, Un, |unl, [divaup| <M (5.1)

11



a.a.

in (0,T) x Q for a certain M independent of h.

Then

on — 0 weakly-(*) in L>=(0,T; L7(Q)) and strongly in L*((0,T) x ),
Jy, — ¥ weakly in L*(0,T; L°()),
w, — u weakly in L*(0,T; L°(Q; R?)), Viu, — Veu weakly in L*((0,T) x Q; R**?),

where [0,7,u] is the (strong) solution of the problem of the Navier-Stokes-Fourier system in (0,T) x
emanating from the initial data (2.6).

Proof:
From Theorem 4.1 we know that there is a subsequence of numerical solutions that converges to

a weak solution of the Navier-Stokes-Fourier system. However, by virtue of the assumption (5.1),
the latter belongs to the class specified in Theorem 3.1, in particular, the limit solution is strong,
unique, and the whole sequence of numerical solutions converges to it.

Q.E.D.

References

1]

2]

S. E. Bechtel, F.J. Rooney, and M.G. Forest. Connection between stability, convexity of internal
energy, and the second law for compressible Newtonian fuids. J. Appl. Mech., 72:299-300, 2005.

F. Brezzi and M. Fortin. Mixed and hybrid finite element methods, volume 15 of Springer Series
in Computational Mathematics. Springer-Verlag, New York, 1991.

M. Crouzeix and P.A. Raviart. Conforming and nonconforming finite element methods
for solving the stationary Stokes equations. Rev. Francaise Automat. Informat. Recherche
Opérationnelle Sér. Rouge, 7:33-75, 1973.

C.M. Dafermos. The second law of thermodynamics and stability. Arch. Rational Mech. Anal.,
70:167-179, 1979.

D. B. Ebin. Viscous fluids in a domain with frictionless boundary. Global Analysis - Analysis on
Manifolds, H. Kurke, J. Mecke, H. Triebel, R. Thiele Editors, Teubner-Texte zur Mathematik
57, Teubner, Leipzig, pages 93—110, 1983.

R. Eymard, T. Gallouét, and R. Herbin. Finite volume methods. In Handbook of numerical
analysis, Vol. VII, Handb. Numer. Anal., VII, pages 713-1020. North-Holland, Amsterdam,
2000.

12



[7]

8]
[9]

[10]

Feireisl and Y. Sun. Conditional regularity of very weak solutions to the Navier-Stokes-Fourier
system. 2014. Preprint IM Prague.

E. Feireisl. Dynamics of viscous compressible fluids. Oxford University Press, Oxford, 2004.

E. Feireisl, T. Karper, and Novotny. A convergent mixed numerical method for the Navier-
Stokes-Fourier system. IMA J. Numer. Anal., 2014. Submitted.

E. Feireisl and A. Novotny. Weak-strong uniqueness property for the full Navier-Stokes-Fourier
system. Arch. Rational Mech. Anal., 204:683-706, 2012.

G. Gallavotti. Statistical mechanics: A short treatise. Springer-Verlag, Heidelberg, 1999.

D. Hoft. Local solutions of a compressible flow problem with Navier boundary conditions in
general three-dimensional domains. SIAM J. Math. Anal., 44:633-650, 2012.

K. H. Karlsen and T. K. Karper. A convergent mixed method for the Stokes approximation of
viscous compressible flow. IMA J. Numer. Anal., 32(3):725-764, 2012.

T. K. Karper. A convergent FEM-DG method for the compressible Navier-Stokes equations.
Numer. Math., 125(3):441-510, 2013.

A. Matsumura and T. Nishida. The initial value problem for the equations of motion of viscous
and heat-conductive gases. J. Math. Kyoto Univ., 20:67-104, 1980.

A. Matsumura and T. Nishida. The initial value problem for the equations of motion of com-
pressible and heat conductive fluids. Comm. Math. Phys., 89:445-464, 1983.

A. Tani. On the first initial-boundary value problem of compressible viscous fluid motion. Publ.
RIMS Kyoto Univ., 13:193-253, 1977.

A. Valli. A correction to the paper: “An existence theorem for compressible viscous fluids”
[Ann. Mat. Pura Appl. (4) 130 (1982), 197-213; MR 83h:35112]. Ann. Mat. Pura Appl. (4),
132:399-400 (1983), 1982.

A. Valli. An existence theorem for compressible viscous fluids. Ann. Mat. Pura Appl. (4),
130:197-213, 1982.

A. Valli and M. Zajaczkowski. Navier-Stokes equations for compressible fluids: Global existence
and qualitative properties of the solutions in the general case. Commun. Math. Phys., 103:259—
296, 1986.

13


http://www.tcpdf.org

