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Domains with rapidly oscillating boundaries

Q. c R3

e . satisfy uniform J—cone condition (= Q. — Q)
@ 0. oscillate:

1
lim Iiminf/ n—n,)-w|dS,| >0
r—0 < e—0 |8Qg N Br(}/)|2 8Q:NB,(y) |( y) ’ )

forany lw| =1, w-n, =0

w; - njgo, =0, w. — w weakly in W1’2(R3; R3)
=
wlog =0
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Low Mach number limit

COMPRESSIBLE NAVIER-STOKES SYSTEM

Oroe + diVX(Qus) =0

) 1 .
Ot(0cue) + divy(g-u: @ u.) + ?pr(ge) = div,S(Vxue)

2
S(Vxu) = Vyu + Viu — gdivxuﬂ

INCOMPRESSIBLE LIMIT

div,U =0

0(0:U + div, (U ® U)) + VM = div,S(Vxu)
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Boundary conditions

COMPLETE SLIP
Q. C R3, u: - njpgo. =0, [S(Viue)n] X njpg =0
Q. =R3 \ B: exterior domains, | Q. — Q
No-sLIP
QCR3 Ulpg =0
CONDITIONS FOR x| — 0o

u— 0 (or Uy), 0 — 0 as |x| — oo,
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Cost functional (Drag)

DrAG

1
D, = /895 (S(qus) Uy -n— ?p(Qs)Um : n> dSx.

72
D o :/ D.(t) dt

1

Alternative formula

u:|sq. = U, diveu. =0, u. — 0 as |x| — o0

1
/BQE (S(qug) Use 0= 5p(0:)Usc - n) dSx

1
= / divy <S— 2p]I) Uso +/ S : Viuse
Q. € Qe
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Stability issues

ENERGY INEQUALITY

1 1
/ (2@5’“6‘2 + ?E(Q&?) ) (Ta ) dx
/ / : Viue dx dt
1 , [1 _
< o 5@0,6‘"0,6‘ + ?E(‘QO@, Q) dx

RELATIVE ENTROPY

E(o,0) = P(0) — P'(0)(¢ — @) — P(0)

Plo)=o [ PE) 4, prig) = 70

Z2
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Constitutive relations

. Ple
p € CL[0,00)NC?(0,0), p'(0) > Ofor o > 0, QI|_)rr;o QV(—B = P >0
3
"5
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lll-prepared initial data and uniform bounds

0:(0,") =G =er., r. bounded in 2N L°°(Q.)
u-(0,-) =ug. € LQ(Qe; R3)

0s — 0
€

<c

L2417 (€2)

ess sup
te(0,T)

ess sup \|@u€\\L2(QE;R3) <c
te(0,T)

Modified Korn's inequality:

-
/ / \qu5|2 dx dt < ¢
0 Q.
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Family of domains

o Q. C R3is an exterior domain with C?—boundary
@ there is a d > 0 such that

R3\ Q. C By ={x e R®| |x| < d} for all € > 0;

o (). satisfy the uniform d—cone condition with § > 0
independent of ¢;

e for each xp € 9%, there are two (open) balls
B[xi] = {x;|x — xi| < r} C Q¢, Br[xe] € R3\ Q. of radius
r > cpe? such that

Br[Xi] N Br[Xe] = X0,
with ¢, > 0, |0 < 8 < 1/4| independent of ¢.
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Helmholtz decomposition

u. = H.[u.] + Hi[us], Hi[us] = V,d.

Ad, = divyu. in Q., Vi®. -njgg. =0,P. — 0 as [x| — o0

u. ~ geu. = H[o.u] + (H — H.)[ocu.] + HX [o.u.]

e H[p.u.] — U a.a. pointwise
e (H—H.)[g-u:] — 0 a.a. pointwise
e H'[o.u.] = V,d. — 0 weakly (in time)
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General strategy

OclUe = [qus]ess + [qus]res
[Qeua]ess € Loo(O’ T; L2(Qe; R3))

1/'yC7 r— 2y

[[oeelres|l Lo (0, T:17(02.,R3) < € Y1

HELMHOLTZ DECOMPOSITION [FARWIG, KOZONO, AND SOHR]
H < P(-3)
[He[V]ll(zrnizy.,r3) < € c(pP)lIvll(enizy(.,R3)

2<p<oo
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Acoustic equation

Oe — 0

re = ) VE = OelU¢

€0sr: +div,Ve. =0

€0V + p,(E)vx"a
= edivy (S(Vxue) — 0eue @ u;)

_gvx (p(e:) — p(2) — '(2)(2: — D))

VE . n|aQE =0
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Acoustic wave equation

€0t + AP, =0

£0®: + Pl(@)rs
= eA " div,divy (S(Vxue) — geu: @ ug)
1

== (plo:) = p(2) = P'(2) (0= — 2))

VXCDE o I’l|{«)QE =0
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Abstract formulation

Aclv] = —Avin Q. Vyv-n|sq. =0

A. a non-negative self-adjoint operator on L2(.)
ABSTRACT ACOUSTIC EQUATION
elir: — Ac[®:] =0
€0tP. +r. = EF(Aa)[ga]

F(A) may become singular for A — 0+, A — oo
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Variation-of-constants formula

%(t)—iexp(iﬂ)[%gw
3o (- W)[%E—

- /0 t <exp (ﬁte) + exp (_lf

{®oc}e>0, {r0.c}e>0, {8 }e>0 determined by the data

F[fo e]]

el
) Fadz e o

@ Bounds on g.

@ Dispersive estimates on the local decay of exp(y/Act/€)
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Bounds on the forcing terms - example

/Q S(Vyti) : V2ARLe dx| < [8] 2 V2ARL o]l .2

ELLIPTIC ESTIMATES
1
V2|l e rex3) < c(p) <”AXVHLP(QE) = (6%3||V‘|LP(QE)>

l1<p<oo

Iv2a5telie < < (llelle + =2 I aRLile)

1
AN}EdivxdiVXS = E_ZBF(AE)gEv F(Z) = 1+;a & < L2(0> T, L2(QE))‘
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Dispersive estimates

(exp (1VA-2) G(AW]. )
_ /0 Y exp (iﬁ£> G(y)d(y)dpeo(y)

[, — Spectral measure associated to ¢

191l20,00) < 19ll2(02)

[ oo (ivAL) stam o) at

:/O/O/Oexp<i(ﬁ—\/§);)

G(Y)G)P(Y)P(x) dptep(y) dpie (%)
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Convergence via Kato's theorem

3

N VX - JyP T?
= Z/ exXp <_|2ﬂ4 dNE,cp(Y)
n=0 " en<|Vy—v/x|<e(n+1) €

T2
Ldpe o(y Z exp < )

for x € supp|G]

/OOO exp (—WT) dpte o (y)

< SUP/
n>0 Jen<|/y—v/x|<e(n+1)
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Stone’s formula:

/’L87<p(a7 b)

b—§ 1 1
— lim - e
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Limiting absorption principle:

Operators
Vo(Ac—Atin)toV: [2(Q) — [3(Q),

VIV = (14 [x2)~5/2, s > 1

| are bounded uniformly for A € [a,b], 0 < a< b, n >0, |
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Conclusion via Kato's result

Operators A satisfy Limiting Absorption Principle

—

pe,o[l] < cs|l] for any interval | C [6,1/6], 6 >0

t

/ (e (1AL) GGAuL. 0| dt < <e(G. @)l

€
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Stone’s formula =

pep(a, b) = /ab <<W6_,,\ _ W;_)\> ,¢>L2(QE) d\, 0 < a< b,

+
where 75 solve

AW>\+/\ /\—gong,VW)\n]aQ 0,

SOMMERFELD RADIATION CONDITION

lim r(@:tnf) /\—0 r=|x|

r—o0
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Reduction to bounded domain case:

suppy] C {[x| < R}

wr, (x ZZ m(0,¢) for |x| = 2R

1=0 m=—1

(r,0,¢) polar coordinates

h(l)(if \r)

35
h(l (if2R) forallx € R \BQR,

00 I
wald =2 2 o
/=0 m=

Y™ spherical harmonics of order /
h§1) spherical Bessel functions
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