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GLOBAL LIPSCHITZ CONTINUITY FOR ELLIPTIC TRANSMISSION
PROBLEMS WITH A BOUNDARY INTERSECTING INTERFACE
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Abstract. We investigate the regularity of the weak solution to elliptic transmission prob-
lems that involve two layered anisotropic materials separated by a boundary intersecting
interface. Under a pair of compatibility conditions for the angle of the two surfaces and the
boundary data at the contact line, we prove the existence of up to the boundary square-
integrable second derivatives, and the global Lipschitz continuity of the solution. If only the
weakest, necessary condition is satisfied, we show that the second weak derivatives remain
integrable to a certain power less than two.
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1. INTRODUCTION

The paper is concerned with the Lipschitz continuity and the regularity of the
second derivatives of weak solutions to a class of elliptic equations with transmis-
sion conditions that occurs in manifold areas of mathematical physics. We consider
a bounded domain  C R? partitioned by a 2-dimensional interface S into two dis-
joint subdomains §2; (¢ = 1,2) that represent two materials, or two different phases
of the same material. The interface S is a free surface,’ whose intersection with the
outer boundary I' of the domain € is a closed curve. We study the regularity of the

This research is supported by DFG Research Center ‘Mathematics for Key Technologies’
Matheon in Berlin.

! By free surface we mean a bounded, connected surface with boundary as opposed to
a closed surface. This is not to be understood in the context of free boundary problems,
the surface S being given troughout the paper.
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function u: € — R that solves the problem

(1.1) —div(kVu) = f inQ\S,
(1.2) [uls =0, [-kVu-ngls =0 on S,

in connection with one of the following boundary conditions on the surface I' := 9

(1.3) —kVu-np =@ onT [= Problem (Py)],
(1.4) u=u, onl [= Problem (Pp)].

In the equation (1.1), the function f is a given source, and the diffusion coefficient
K is assumed to be phase-dependent, that means

(1.5) k=rki(z) if xe€,

with mappings x;: Q; — R3*3 (i = 1,2). The conditions (1.2) are the transmission
conditions. The symbol []s denotes the jump of a quantity across S, and ng is
the unit normal to the surface S that points into 5. In the boundary condition
(1.3), the function @ is given, and nr denotes the outward unit normal. In (1.4), the
function u. is given.

We address the problem (1.1), (1.2), with either (1.3) or (1.4) as (P). The problem
(P) is a second order elliptic transmission problem. For transmission conditions near
surfaces of class C? that do not intersect the boundary of the domain, it has been
known for a relatively long time that the solution is globally in W?2?2 up to the
interface ([15], [8] and Chapter 3, paragraph 16 of [6]). Lipschitz continuity, for the
case that the jumps of the coefficients occur at not intersecting surfaces of class C2,
was proved in the book [6] Chapter 3, paragraph 16, and for surfaces of class W24,
g > 3 in the paper [7]. These results were recently generalized in [9] for interfaces of
class Cb% (a > 0).

For the case under study of one single smooth interface intersecting the outer
boundary in three-dimensions, one can expect the integrability of Vu to a certain
power go > 3, as shown in [4]. In the latest paper, the boundary I' is polyhedral, and
mixed conditions thereon are also allowed. But it seems that sufficient conditions
for the existence of square-integrable (or p-integrable) second derivatives, and for
the boundedness of Vu, have not yet been investigated. In this paper, we present
a set of complex compatibility conditions (the conditions (2.19), (2.20), (2.22) be-
low) involving the geometry, the anisotropic diffusion coeflicient x, and the type of
the boundary condition on I', that ensures the Lipschitz continuity and the W22
regularity of the solution to (P) in each subdomain. To our best knowledge, these
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compatibility conditions have not yet been known. We also prove a weaker regularity
result for the second derivatives if only (2.20), (2.22) are satisfied.

It should be mentioned that second order elliptic transmission problems are a field
of intense research. The main line of investigation in the last years concerns trans-
mission conditions at piecewise smooth (or polyhedral) interfaces, in connection with
intersection of the outer boundary of Lipschitz class. This is obviously a much more
general situation than the one we consider. The methods of edge and corner asymp-
totic are here well suited (see among others [13] and references), or more generally
a regularity theory in weighted spaces (see [1] for a recent study with references).
In the language of standard Sobolev spaces, the W*? regularity ([12], Section 5 of
[14], [13]) for s < 3/2 is at most expected for similar problems without additional
compatibility conditions.

The structure of the paper is as follows. In Section 2, we introduce the basic
notation, and then formulate the compatibility condition and the main theorem. In
Subsection 2.3, the compatibility conditions are explicitly interpreted for the simpler
case of isotropic diffusion. In Section 3, we design a regularization procedure to
approximate the problem (P) by problems with continuous coefficients. The most
fundamental section is Section 4, in which we derive appropriate integral relations
and boundary conditions satisfied by the gradient of the approximate solutions. With
these results at hand, we can derive in Sections 5, 6 and 7 the higher-order estimates
from well-known arguments of the PDE theory. In Section 8, we give some conclu-

sions of our investigation.

2. NOTATION AND STATEMENT OF THE MAIN RESULT

2.1. Notation. Throughout the paper, €2 denotes a bounded domain with bound-
ary I' of class C2. There are a free hypersurface S C € of class C2 such that SN T is
a closed curve, and two disjoint open sets Q; C Q (i = 1,2) such that the partition
Q \ S = Q1 Uy is valid.

The outward unit normal to I' is denoted by nr, and ng denotes the unit normal
to S that points into Qy. We set I'; := 9Q; N T for ¢ = 1,2. The angle of contact
a € )0, 1| of the surfaces I' and S is defined on the curve I'N S via

(2.1) cosa :=ng-np, sina:=1+/1—cos2a on I'NS.

Remark 2.1 (Data extension). Since S is of class C2, we lose no generality by
assuming that S is also defined outside of €2. Otherwise, we always will find an
extension surface S’ € C2 such that S is compactly included in the interior of the
surface S’. For g > 0, define €, := {z € Q: dist(x,5) < p}. Choosing ¢ < go(5)
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sufficiently small, there is for all z € {2, a unique projection y(z) € S such that
|z — y| = dist(x, S). Moreover, since S is defined in a neighborhood of {2, the point
y belongs to the interior of S. We introduce the signed distance function

—dist(z,S) forz € Oy,
(2.2) ds(z) = {

dist(z, S) for z € Qs.

In Q,,, set ng := Vdg so that ng € [C1(Qy,)]* ([3], Lemma 14.16). From the
neighborhood (,,, it is then possible to extend ng to the rest of Q2 in order to obtain
ng € [C1(Q)]?. The normal nr has by similar arguments a continuously differentiable
extension into Q. Due to (2.1), the functions cosa and sin« also possess natural
extensions into €. In order to track the dependence on the surfaces I' and S in the
regularity estimate, we introduce

(2.3) 9o := |Vnr|lLe@yp + IVns|lipe )3

Particular systems of tangential vectors arise naturally to derive estimates near
the curve ' N .S. Those are

(2.4) L), MsXnr o) (nsxmp)xoar o
|né'><nl“|7 |(ng x nr) x nr] ’

(2.5) T = D82 X @ .= (ns X nr) x ns on S.
Ins x nr|’ |(ng X nr) x ng|

Lemma C.3 in the appendix states the elementary relationships of these vectors.
The orthogonal matrix that transforms the standard Euclidean basis of R? into the
orthonormal system {T(l), T®), ng} is denoted by O. Further relevant matrices are,
first, the matrix A := OT kO, the entries of which are given by

kTD 7O 7). 7@ 7). pg
(2.6) A= | k7@ . 7O 7@ .T7@) KT . pg
Kng - T KNg - T2 KNng - ng

and, second, the perturbation % of the matrix x defined by

al,l 2a1,2 2a1,3
(2.7) =0 0 a*?* a23 |O7.
0 43?2 ¢33

For B € R3*3, the minors m* (B) (i,j = 1,2, 3) are the numbers
(2.8) m™I(B) = det(B™), B" = {b" Yy 1i14; for k,l,i,5=1,2,3,
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Since almost exclusively the minors of the matrix A (cf. (2.6)) are needed in the
paper, we define

(2.9) m® = mbI(A)  for i,j=1,2,3.

A function v € L>*(Q) is called piecewise Lipschitz continuous if there are v; €
W1oo(Q;) such that v = v; in Q; (i = 1,2). For piecewise Lipschitz continuous v,
the jump across S is the quantity

(2.10) V]s(z) =ve(x) —1i(x) forzeS.

Since the functions v; have Lipschitz continuous extensions to €, the symbol [v]g
still makes sense outside of S and

(2.11) Vs € C¥H(Q).

For a symmetric and positive definite B € R**3 and for § € |0, x[ define the compat-
ibility function

(212) fa(8.B) = {COt 00%% /mbH(B) + 623 mbN(B) - for (Py),

cot 6633 + b*3 for (Pp)

that plays the fundamental role with respect to compatibility conditions near ' N S.
We finally introduce some functional spaces. We denote by ¢’ the number conju-
gated to ¢ € |1,+o0[ in the sense that 1/¢g 4+ 1/¢’ = 1. The usual Lebesgue spaces
L9(Q), the Sobolev spaces W14(Q), and their trace spaces W1/7-4(99), are needed.
The definition and relevant properties of these spaces are to be found in standard
monographes (for instance [5]). Also well-known in the context of regularity theory
are the subspaces of W1/ q/’q(I‘) associated with the linear operators of extension by
zero. Define

(2 13) _( ) u on F17 +( ) 0 on F17
. u) = u) =
7 0 on Iy, 7 u on I'g,
(2.14) VD) = {ue WY UD): v~ (u) € WY 9T)},
lullvery = llullwi/aray + 17" (W@ llwr/arary-

Relevant properties of the V7 spaces are recalled in the appendix, Lemma B.2.

2.2. Statement of the main result. To investigate the regularity of the solution
to (Pyn) or (Pp), we first formulate some assumptions on the data. We assume that
the surfaces I' and S, and their angle of contact «, satisfy

(2.15) I,Sec? aewWh*TnSs), aclo,x onI'NS.

189



Let, moreover, the matrix x(x) be symmetric for all z € Q and satisfy
(2.16) koln? < k(z)n-n < ki|n|?  forallz € Q, n € R3,

with two constants 0 < ko < k1 < oco. The matrix A (cf. (2.6)) is then also symmetric,
and the matrices A and & (cf. (2.7)) uniformly satisfy the inequality (2.16) with the
same constants kg, k1. For the matrix x, we furthermore assume that

(2.17) 1= VAL L(on) + V2] L 0z) < 0.
The right-hand side f of equation (1.1) is supposed to have the regularity
(2.18) feLiN).

In (2.18), and also in the integrability conditions formulated hereafter, we focus on
the cases ¢ = 2 (for the W?2? analysis), and ¢ = go > 3 (for the W analysis).

We come now to the sufficient compatibility conditions for higher regularity. The
angle of contact o and the matrix £ (or the matrix A) are assumed to satisfy the
compatibility condition

(2.19) [Fale, A))s = fala, Az) — fala, A1) >0 on TN,

where A; := A|, . For the problem (Py), we additionally require on the surface I'
that

3,3
o] 2L = ale, A))sQ1 + @2

2.20) 3 1/da(p I(I):
( O) Qrew ( )’ QeV ( ) [mlvl S sin o

m2l

(2.21) 3g, € Who(I): [ }S = g1[fa(a, A)]s.

mL1

For the problem (Pp), we require that

(2.22)  Vu, e WY9UT) and 30U, € WY 4(D),
73 .V,

sin «

Uy € VIT): [a"¥]s(r M) - Vue) — [a*%]g = [fa(a, A)]sUs + Ua.
The condition (2.19) ensures the compatibility of the geometry, of the coeflicient x
and of the type of the boundary condition: If it is satisfied the function [f4(a, A)]g is
a regularizing factor in the problem. The representation conditions (2.20) and (2.22)
ensure a suitable decay of the boundary data if the function [f4(«, A)]s approaches
its critical value (see Section 2.3 below for an alternative characterization). The
main results of the paper are contained in the following two theorems.
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Theorem 2.2. Let u € W12(Q) denote the unique weak solution to (Pp) or to
(Pn). Assume that the conditions (2.15), (2.16) and (2.17) are satisfied, and that
(2.18) is valid with ¢ = 2. Assume that the condition (2.19), and either (2.20), (2.21)
for the problem (Py), or (2.22) for the problem (Pp), are valid with ¢ = 2. Then
u € W22(Q,) (i=1,2).

Assume moreover that (2.18), and either (2.20), (2.21) for the problem (Py), or
(2.22) for the problem (Pp), are satisfied for ¢ = qo > 3. Then u € W1*°(Q).

In the case that the principal hypothesis (2.19) of Theorem 2.2 is violated, we can
still prove that the weak solution to (P) has second derivatives at least integrable to
the power 6/5.

Theorem 2.3. Except of (2.19), the same assumptions as in Theorem 2.2 with
q = 2. Let u € WH2(Q) denote the unique weak solution to (Pp) or to (Py).
Then there is qo > 3 such that Vu € L% (). Define so := min{qo,6}. Then, for
1 < p < 2s9/(s0 + 2) arbitrary, Vu € WhP(Q;) (i = 1,2).

2.3. Interpretation of the compatibility conditions. A few remarks can help
better understand the conditions (2.19), (2.20) and (2.22).

In the case that x is a scalar, one can verify that fq := cotax™! for (Py), while
fa := cot ak for (Pp). The condition (2.19) reduces to

(2.23) cotafk]s <0 for (Py), cotalk]ls =0 for (Pp)onI NS.

Elementary consequences of (2.23) for the result of Theorem 2.2 in the case of the
isotropic diffusion are the following:

(1) For given data (k, «), the result does not apply to both the Neumann problem
and the Dirichlet problem, unless & = 1/2 on I' N S (the two surfaces meet at
right angle). Otherwise, the choice which quantity to prescribe on the outer
boundary I' has to follow the condition (2.23).

(2) If  is, moreover, piecewise constant (that is, if k1, ke € R), the changes in sign
of cosa along I' N S are critical for the applicability of the result.

We also briefly comment on the representation conditions (2.20) and (2.22). In
the scalar case, the condition (2.20) reduces to

(2.24) [k]s@Q = cosalk sQ1 +sinaQs onT,
and (2.22) reduces to
(2.25) —[K]s7® - Vu, = cosalk]sU; +sinally onT.
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Thus, if the contact angle is such that |cosa| > 09 > 0 on I' N S, the condition
(2.20) is trivially satisfied for every Q € W4 9('): set Q; = —rok1Q/ cosa and
Q2 = 0. Similarly, set U; := —7(® . Vu,/cosa, Uy = 0 to obtain (2.22). The
compatibility conditions (2.20) and (2.22) are therefore only needed for the limiting
case that the function [f4(a, A)]g tends to zero on some part of I' N S. It is obvious
and easy to motivate that representation conditions of the type (2.24) and (2.25) are
necessary for every higher regularity of u that implies the existence of traces for Vu
on manifolds.

Note that the function [f4(«, A)]s is intrinsically given only on I'N.S. Therefore,
the representations (2.20) and (2.22) depend on the choice of its extension to T
However, assuming additional regularity of the data @, u., we show in the next
Lemma that (2.20) and (2.22) more intrinsically amount to require a certain decay
along the curve I' N S. To this aim denote

K=TNS, Ko={zeK: [[fala,A)s| >0},
dg,(x) ;== dist(z, K \ Ko) forz e K.

For s € R, the properties of the spaces W*2(U), U € R™ have been studied in [11].
It is impossible to expose in a few lines the localization arguments that justify to
extend these properties to the case that U is a C2-submanifold. We recall that our
aim here is only to throw some light on the compatibility conditions. Define WIS(’Q(I‘)
as the space W' (D) @ W (T2). If s > 1/2, every function g € W#2(T') has a trace
tr(g) € W= Y/22(K) (see [11], Theorem 9.4).

Lemma 2.4. Assume that there are § € ]0,1] and constants 0 < ¢; < ¢z such
that C1df<0 < [fala, A)ls < ngf(o on Ky. Assume that g € W*2(T), s > 1/2 is such
that
Wey VPP (Ky)  ifs—1/2+8=j+1/2 forajeN,
W§71/2+5’2(K0) otherwise.

(2.26) tr(g) € {
Then, for each extension of the function [fs(«, A)]s to T, there are g1 € W*2(T') and

g2 € W;Q(I‘) such that g = [fa(c, A)]sg1 + g2-

Proof. Define g1 := g/[fa(a, A)]s on Ky and g1 := 0 on K \ Ky. Then, from
[11], Theorem 11.7, it follows that

(2.27) g1 € WeTV(K).

Due to (2.26) and to the trace theorem for W*2, there exists g1 € W*?(I") such that
tr(g1) = g1 on K. Choosing an arbitrary extension of [f4(a, A)]s to T', we easily
obtain that gs := g — [fa(, A)]sg1 belongs to WEQ(I‘). O
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3. METHOD OF THE PROOF

To prove Theorem 2.2, we investigate a regularization of the problems (Py) and
(Pp). For p > 0,t € R, define

0 ift <0,
(3.1) I(t) =< t/o for t €]0, o],
1 for t > o.

For v1,v9 € L*®(Q)), define v := v; in ;. Recalling (2.2), we introduce

(3.2) Lo(v)(x) := 11(2) + Io(ds (2)) (v2(z) —n1(x)) € L=(Q).
Note that
(3.3) L,(v) — v everywhere in Q \ S,

and, also taking Remark 2.1 into account, we obtain for piecewise Lipschitz contin-
uous v that

(3-4) VL,(v) = I(ds(x))Vds () + Lo(Vv)(z) = bo()ns () + Lo(Vr)().

In (3.4) we have abbreviated b, := X{o<dist(z,5)<0} (*), and L, applies componentwise
to vector fields. We now introduce a regularization of x via the matrix A. For the
problem (Pp), we apply the regularization (3.1), (3.2) to introduce the coefficients

(3.5) ab? = Ly(a™) € C¥N(Q) fori,j=1,2,3,

where a®/ are taken from the matrix (2.6). For the problem (Py), we introduce

(3.6) aygti=Lo(a""), ad'i=L,(a®>"), my':=Ly(m""),
where the relevant a’/ are taken from the matrix (2.6), and m"! is given by (2.9).
The remaining entries are defined in the following way:

(3.7) a>3 :=mblL ( a*?
. =my' L,

a
0 1 1)’ ay® = m1’1L9<
m El

a2 = (a3 (md! + a2),

2,1 3,3\—1(. 1,1 m*! 2,3 31
a, = (% ) (mg L@(m171)+% G )
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The construction (3.6), (3.7), has the properties

3.3 033 2,3 023 1

2 2.1
a a m?

3.8 -2 _—I (—) —<= =1L (—) —= =1L (—)
(3:8) my! Ambi)” bt A\mbi/)” bt “Amtl

In view of (3.4), the regularized coefficients have, for (Pp), the important property
(3.9) T . Vaii = Ly(T™® - Va®) fori,j=1,2,3and k= 1,2,

and therefore, due to (2.17),

(3.10) IT™ - Vall| < c(K;, go) fori,j=1,2,3andk=1,2.

For (P ), the coefficients az’j are also constructed from the original a*’/ by applying
L,, so that the estimate (3.10) is also easy to verify.
In view of (3.5), or of (3.6), (3.7), the matrix A, := {ai}; j—1,23 satisfies (cf.

(3.3))

(3.11) A, — A everywhere in 2\ S.

Define k, := OA,07, and, similarly, %, using (2.7). Then k,, &, belong to C%*(Q;
R3%3). Moreover, k, — k and &, — & everywhere in 2\ S. We define u, € W12(Q)

to be the unique weak solution to the problem (P,)

Ou,

(3.12) — div(r,Vu,) = f inQ, [—%8—%

L':O on S,

together with one of the conditions

Ou,

(313) —Iﬁlga—nr

=Q onl[=:(Pny,)], up=u. onl [=:(Pp,)]

Lemma 3.1. Assume that k satisfies (2.16) and (2.17). Let f € L*(Q), Q €
Wt2(Q) and u. € W23%(Q). Denote by uw € W12(Q) and u, € W12(Q) the weak
solution to (P) and (P,), respectively. Then u, € W%2((Q2), and

(3.14) u, — u in WH2(Q).

Moreover, there is a constant ¢, depending only on  and on k1/kg, such that the
function u, satisfies the uniform estimates

Ck61(||f||L2(Q) + 1@l z2(ry) in case of (1.3),
C(ko_leHLZ(Q) + |Vue| 2())  in case of (1.4).

HVU’Q”L2(Q)

NN

HVUQ||L2(Q)
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Proof. The matrix x, is symmetric and uniformly positive definite. Since
Kk, € CO1 (Q; R3*3), the standard regularity theory for second order elliptic equations
in divergence form ([6], Chapter 3, Paragraph 10, Theorem 10.1, or [17], Chapter 2,
Section 2.5, Lemma 2.20 and Theorem 2.24 among others) proves the W22 regularity
claim for the solution to (P,). The strong convergence (3.14) for the entire sequence
is obvious due to the uniqueness of the respective weak solutions to (P) and (P,). O

Our method will consist in deriving uniform estimates for the main components
of Vu, with respect to the system {T(l)7 7@, ng}, that means, the functions

(3.15) ¢ =170 Vu,, €2 :=T® . vy, ¢§

) — .
o = Kgns + V.

In Section 4, we reformulate the problem of regularity in a more suitable coordinate
system. Section 5 contains the core of the proof of the W?2?2 regularity, whereas
Section 6 is dedicated to the boundedness of Vu.

4. PRELIMINARY PROPOSITIONS

This section mainly contains the technical rearrangements needed to, so to say,
restate the problem in a more convenient coordinates. Throughout the remaining
sections, the matrices A,, Kk, are as defined in Section 3. In the next Lemma, basic
relationships satisfied by the functions féi) (1 = 1,2,3) are derived. We recall the
notation (2.3) for the number go.

Lemma 4.1. Let u, € W22(Q) denote the weak solution to (P,). Then there are
GY) e [L2(Q)]? (i =1,2,3) and MY € [L2(Q)]° such that

(4.1) G +HIGPN+ RG] < e(If ]+ gokr [ Vugl), [MEY] < e

with ¢ = ¢(Q, k1/ko, k1/ko), and such that the following identities are valid almost
everywhere in ):
(4.2)
) I , 2 L. aiad? ‘
ko VED = G 4 (T< ) %ns) xVED — % (aﬁ_;z - T;)(ns x VEW),
(o i=1 (o
FoVER) =GP —TW x VEP + (apng — alTH) x VELY,

7o VED = mbH G + MPIVeD + 70 x ve®),

Proof. First step. In the proof, g,, g, denote generic functions, and G,, @Q
generic vector fields, that may change from line to line, but that satisfy the estimates

(4.3) |90l + G| < cgolVug|, Tp + |G| < c(If] + goki|Vuel),
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with a constant ¢ only dependent on k1 /ko and k] /ko. An important device in the
proof is the orthonormality of the system {TM),T®) ng} everywhere in Q. Every
2 . .
vector field V defined in Q has a decomposition V = > (T - V)TU) + (ng-V)ns.
j=1
We further introduce the differential operators 0 := T(®) .V for i = 1,2 and

9B) :=ng-V. If V1, Vs are two vector fields among {T(l), T®), ng}, the permutation
formula V1 - V(Va - Vu,) = Vo - V(V1 - Vu,) + [(Vi - V)Va — (Vo - V)V - Vu,, is valid,
so that, in view of the convention (4.3),

(4.4) Doy, =9WeWy, +g, fori,j=1,2,3.

Second step. Due to (4.4) and the definition (3.15),

4.5 AW — gl — g fori,j=1,2.
o 0 0
The definition of the function 55()3) and the property of orthonormal decomposition
imply that
5&3) = Z(ngns . T(z))fé’) + (Kgns - ng)dPu, = Z azﬁ{g) + a2’38(3)u9.
i=1 1=1
Thus
1 2
(19 P = 3 (6 - Taied).
Qo i=1
and it follows for ¢ = 1,2 from (4.6) and (4.4) that
B el — g g3 L 6@ _ S 927 500
(4.7) D) = 000y, + g, = 50Dl =Y~ L2200l + g,
a@ j=1 o
1 20 add
g0 = 00 6® 4+ 3 90 2l
Qo j=1 Qo
The properties (3.9), (3.10) yield for i = 1,2
2 3.j /
L1 A klk
(4.8) ‘8(”Tﬁ‘+2‘8(”%3‘ <35t
Ao j=1 Ao 0

which can be used to prove in (4.7) that g, still satisfies (4.3). Using (4.7), we also
show that

2
(4.9) HER) = 220D 4 3 390 43,

Jj=1
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Third step. In (4.5), (4.7) and (4.9) we have obtained permutations formula for
the derivatives 8(i)§éj ) for i # j. The equation (3.12) contains additional informa-
tion about the symmetrical derivatives 8(i)§éi). Orthonormal decomposition of Vu,,
joined to the relation (4.6) yields

2 3,i (3)
. . a’’
KoV = E gél) (ngT(l) — ?‘(‘:3 /ggns) + 3 TRNS.
i=1 ao Ao

Again decomposing the vectors HQT(i) (i =1,2) and k,ng it follows that

2

- a’3al a3
(4.10) KVug = (agﬂ _ "-’GT>€(1)T(J) + Z G STOED 4 ngel®.

irj=1 0 j=1 ag

According to Lemma 3.1, u, € W22(Q), and — div(k,Vu,) = f almost everywhere
in Q. Therefore, (4.10) implies that

(4.11)
2 z‘ aj3
Z ( )3(J)§(1) +Z ay’ 3(J>§<3> + BB =
j=1 l.) j=1 .Q
™ 'y
——f— Z div ( (a3 7>T(J))£(1) div <Z %Tu) +ns)£§3)-
i,j=1 g j=1 Qe

Due to (3.9), g, satisfies the estimate (4.3) again (cf. the computation (4.8)). Fix an
index i € {1, 2}, and define i’ by requesting that {i} U {i'} = {1,2}. From (4.11), it
follows for i = 1,2 that

o [a%?)? N 2oad
(4.12) (aigﬁ _ %)8(0%@) =G, — vgéS) ) (ns + Z %T(J))
ay’ = ay’
o az,Saz/ 3 2 L dlBaid
- (ag’ _ Tg)a(z Ty (GZ g T )amgéz )
Ao =1 Qo

In (4.12), permutation of @) and ) together with the formula (4.4) yields

1,312 2 3,5
(4.13) gii 1981 00D =5, - VED  (ng+ 3 % 1)
: 0 233 o = Ye 0 ST 233

3,
Q j=1 Q
’L, ’L, [az ’3]2 ’L, ’L, 3 Zl ag Zl’ 2 ’L,
_<%, - e )a< I3 >_2<ag, B )a< el
Qo )



Using the formula (4.9) we can also re-express the term 8(i/)§é3) in the formula (4.13)
to obtain, for ¢ = 1,2, the decomposition

wi 19 o ey _ - 3) " )
(4.14) ay' — 53 OVEY =G, —VES - ns+a3’3T

e e
@) i ) i ag'ay” T L 3
= V& | a + |2a, Rl X +ay" ng |.
e
In the case i = 3, we conclude from (4.11) and (4.9) that
(4.15)
3) (3 2 o a”aj?’ 2 g3t 3
P ==Y (azJ—@T) Y a0 4o,
ij—l (o i—1 Qe
:—Za’ja Za?’z@(?’fz)—i—g— Z/@T” VED + g,
1,j=1 i=1 i=1
Fourth step. For i = 1,2, the relation
ii [a3 1]2 5 ) (3) (i) -
(4.16) ay' — —55- §) =—VE V= VES) W, + 7,
follows from (4.13) for the choice
(4.17)
2 3 3, 3,4’ 3,0
a . i a a a .
V, ::nS'FZ%T(]), W, = (az,z _ [ 33] >T(z)+2< 9339 )T(z)’
— ag ag
=
whereas (4.16) is a consequence of (4.14) for the choice
3i L g3l .
(4.18) V,:=ng+ a§,3T(l), W, = al, " T {w P 9@3,;’ ]T@ +a3ng.
e e

We decompose the vector Vféi) and use the representation (4.7) to show for i = 1,2

that
. . . . a,S’i . ./ ./ a37i/
ag’ ag’
+a( f 3)— + gons.
ag
The representation (4.16) and the formula (4.19) imply for ¢ = 1,2 that
o _ (g TN e (i) (1o _ %
(4.20) V¢ =(ay — 33 (=VEy -V, = Vg W,y +g) | T — 337
) )

. " " a3’i/ .
Vel <T<z ) e ns) +ODED IS | gng.
ay a

[
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Let Béi) be the matrix that satisfies

‘ g3 o [a3i)? A
(4.21) B (T“) —~ a§!3ns> = (az;l -2 )T@,
e [

3,4 .
B (TW) - Z§—3n5> =W,, B{ns=d>"V,.
4
Multiply the relation (4.20) by B() to see that
(4.22)  BOVED = (=veW v, — Ve W)T® + 9DeIW, + 90DV, + G,
= (T x V) x V&P + (1D x W,) x V&) + G,

Fifth step. In the case i = 1, the formula (4.17) yields

X , a2 . by a3
(4.23) TW xV,=T® — —5ng, TW xW, = - (ag’ - >ns.
Qo Qo
Moreover, the conditions (4.21) imply the identity
(01) —bg) 0 a3lg3?2 gLl
TR — ). 21 o Yo _ My
O"BMNO=A,+ [b,' 0 0, b i=a)t — 255 = 5.
0 0 0 e e

Elementary calculations with the skew-symmetric matrix part show that
(4.24) BIWVED = 1, Ve +b0N(T@) 5 W) x welh.

Observe that T(?) x T() = —ng. Putting (4.24) and (4.23) into (4.22), the claim
(4.2) follows for fél).

In the case i = 2, the formula (4.18) implies that
(4.25) T® xV,=T® xng=-TW, T® x W, = ap'ng — aZ'TW.
Moreover, it can be shown easily that the matrix Béz) that is uniquely defined by
the conditions (4.21) is nothing else but the matrix %, introduced in Section 3. The
claim (4.2) for 522) follows from (4.22).

In the case i = 3, orthonormal decomposition and the formula (4.9) imply that
(4.26)

2 2
ey =% (agza(z) €0+ aBigl) géo) T 1 9PeBng + G,

i=1 j=1

2
= Z Kons - VEOTD 4 9 ePng 1 G,

i=1
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Insert (4.15) into (4.26) to obtain the equivalent representation
(4.27) VED = (kgns - VEPTW — ki, T; - Vel Ing) + G,
i=1
The permutation formula (4.4) implies that
(4.28)  Kong - VféQ)T(Q) — KoTh - Vféz)ns
= (rgns — M TW) . VEDTC) _ (5,7C) _ g21T70) . ve@ng
+a3'7® . veWT® — o217® . velUng + G,

From (4.27) and (4.28) it follows that

(4.29) VED) = (kons — a2'TW) . vVEDTE — (5,7
—a2'TW) . VePng + G, + MPvell,
(V) =T rgns)s = nsilrg T + a3 TO); 4+ 0 TS,

Let Bé‘o’) be a matrix that satisfies

kT3 — 217 kong — a>tT™
(4.30) BYT® = = —2 , BPng=-2-" 2
me me

Apply Bég) to (4.29), and define Mé3) = Bég)ﬁé@, then
BOVe® = BOG, + MPVED + (mbt)"HBPng x BIT®) x ved),
Observe that

Bé‘?’)ns X Bé3)T(2) = [az’B]Q(T(Q) x ng) + ay’ad’(ng x T®)

_ (2,2 33 2,312y7(1) _ 1,1r(1
= (ay"a,” —[a,”] )T()_mg T,

We at last notice using (2.7) that the choice Bg) = (my') "'k, satisfies (4.30). The
claim (4.2) for 523) follows easily. d

In the following Lemmas we use the result of Lemma 4.1 to derive integral relations
satisfied by the functions {éz) (1=1,2,3).
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Lemma 4.2. Same assumptions as in Lemma 4.1. Then there is
—(1 —(1 .
(4.31) G e (L2, GV < cllf] + goka|Vu,|) ace. in Q,
such that for all v € W22(Q)

(4.32) /QRQVQU -V = /Qaél) Vv — /F(F;gnp V) (Y - Vo).

Proof. Choose v € W22(Q) arbitrary, and multiply the relation (4.2) for
) by Vu. Due to integration by parts and to the vector identity div(a x b) =
curla - b+ curlb - a,

a3 ) a3 )
[ (7= Sns ) v wu = [ (70 = ) < o wef?
Q ag Q ag

L, a2® , L, a2® ,
= /chrl (T( ) — $n5> -vaé ) —/F (T( ) — #ns) X Vv-npfé ),
0

By similar arguments, and abbreviating p; , := a2’ — agi

0
i=1,2 that

- / Dio(ng X Vféi)) -Vv = /pi,g(ns x Vo) - npféi) — / curl(p; ons) - vaéi)
Q r Q

a3?/a3?, it follows for

Choosing G(l) as in Lemma 4.1, we define

L B2 ‘ 023
(1) = Zcurl (<a§’z - %)ns) fél) + curl (T(Q) - ﬁns) fé‘o’).
0 0

a

For g € C%1(Q), observe that curl(gns) = gns + Vg x ng. Thus, only tangential

derivatives of the regularized coefficients occur in the definition of G ), and (3.10)
can be used to prove the estimate (4.31). In order to reformulate the 1ntegrals over I,
observe that

(ng x V) -np = —(ng X nr) - Vo = —|ng x np|rM - Vo,
(TP x Vo) -np = —(T® x nr) - Vo = (T@ . 7)1 .7y,

Lemma C.3 in the appendix implies that

2 3,i,3,2 2,3
ayta , az ;
g ( 222 )(ns x V) -npgél) - (T(Q) - %ns) x Vv - npfé‘”
i=1 ao’
2 3,i,3,2 2,3
o ad'ay Noa¥
= (— sina[ E (azg” - 237739)55) + ﬁfé@] — cos aéf)) (r . Vo).
=1 0 )

Using orthonormal decomposition for the vector —kynr - Vu,, the relation (4.32) is
obvious. O

201



Lemma 4.3. Same assumptions as in Lemma 4.1. Then there are @(92),@(93) €
[L2(Q)]? such that

—(2 —(3 .
(4.33) G 4+ k|G| < c(If] + goka|Vu|)  ae. in Q,

and such that for all v € W22(Q)

e

_ / D) . 7o),
T

(4.35) /Q (ML, VEWD . Vo = /Q GV 4 MDY . Vo + /F €D (@ . yy).

(4.34) / FoVED - Vo = / {Ef_f’) + (aptng — al*TW) x VEM} - Vo
Q Q

Proof. We multiply the relation (4.2) for 522) by Vv, v € W22(Q) arbitrary.
Integration by parts and the fact that 7 x np = 7(2) yield

(4.36) /Q (TM x ve®) - Vo = /

Q curl T Vv£é3) + A€é3)7(2) - Vo,

Choosing Gf) as in Lemma 4.1, we define 6;2) = Gf) —curl T(1)££,3). The estimate
(4.33) is readily checked. The relation (4.34) is obvious.

In order to prove (4.35), multiply the relation (4.2) for 523) by Vv, v € W32(Q)
arbitrary. As in (4.36),

/(T(l) X fo)) Vv = / curl T . Vv&éz) + / 52,2)7(2) -Vo.
Q Q r

Define 6;3) = G(Q3) —I—curlT(l){g). The estimate (4.33) is readily checked, completing
the proof. O

We now prove two lemmas concerning the boundary data u. and Q. The compat-
ibility conditions (2.20), (2.21), (2.22) come here into the play.

Lemma 4.4. In addition to the hypotheses of Lemma 4.1, assume that the con-
ditions (2.20), (2.21) are satisfied for the problem (Py), or that (2.22) is valid for
the problem (Pp). Then there are Q1,4,Q2,, € WY/**(T') and U, , € W'/22(T) such
that

mg' ay’ 5 =
(4.37) 1 159 + a1 Q = fala, Ap)Q1,0 + Q2,0,
my’ my ™ Sino
. a3 ~
(4.38) a‘g’l(r(l) -Vue) — sirgloz(T(Q) Vue) = falo, Ap)Ur + Uz
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Moreover, there is ¢ = ¢(§2, k1 /ko) such that

(4.39) | Us,llw/22(ry <
(4.40) @1 ollwrr2z(ry <
(4.41) [|Q2,0llw1/22(r) <

1U2llvz(ry + ckigol| Vuellwir22ry + Cio,

Q1 llw/2.2(ry + cgu € ey,

cky (1 + g0) (1Qllwrr22ry + |1 @1llwr/22(r)

+ (L + g)lIEM lwr/zary) + 1Q2llwr/zery + Can

where C1,,,C2,, — 0 as 0 — 0.

Proof. The condition (2.22) is by assumption valid on I'. Recalling the defini-
tion (3.1), we multiply (2.22) by the function I,(ds(-)), and then add on both sides
of the new relation the term o’ m_ a2 (¥ . Vu,)/sin . We obtain that

(442) (@' + Lla* o)) — 3P + L[ad¥s(r® - Vu,)/ sina
= (cot a(a}? + L[a*?]s) + (a7 + L,[a**]s))Us + I,Us
+ ai”lﬁél) — a?’B(T(Q) -Vue)/sina — (cot aai”3 + a%’3)U1.
Due to (3.5), ab' + I,[a*']s = adl = Ly(a®') (etc. ), so that
aZ’lﬁél) - ai’g(rw) - Vue)/sina = (cot aa’® + a2?)Uy + Us.p,
Us,p = I,Us + a3'eM — 337 . Vu,) /sina — (cot aa®® + a2%)Uy,
which proves (4.38) on I'. Thanks to Lemma B.5 in the appendix, we verify that

11,U2llw/22(ry < |Uzllvery + Chg, Cip — 0.

Using also Lemma B.1, the norm estimate (4.39) follows. In order to prove (4.37),
use the assumption (2.21) to define

m21

Quo = Qi+ [ | [falos 5160 = Qi + g1

Due to (B.1), we readily verify the estimate (4.40). It then follows from (2.20) that

~ m2,1
(4.43) fala AlsQro = fale Als @1 + [ ] £
a3,3 Q m2,1
- [mlvl}ssina — Q2 {mlvl}sfél)'

The construction (3.8) has in particular the property that

3,3 2,3
a a
(COtO‘ml T+ 11,1) + Lo[fa(a, A)ls = fa(e, Ap).

1,
1 my
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Similarly, a®3/m}* = Ly(a®?/m"') and my?/mp' = Ly(m"?/m"'). We multiply
(4.43) by I,(ds(+)), then with the help of (3.8), we obtain that

3,3 2,1
~ a” Q m*> ~
0 0 (1
falo, Ap)Qu,0 = I sin o + 1,1€é ) - Q2,0
0
_ ai”3Q a3’3 a% 3 %,1 )
(4.44) Q2,0 = 1,Q2 + - T1 .. (COtO‘ 17T 11 )Ql 0 1,155 ).
my’ sina my’ m1 mj

The construction of the regularization (3.6), (3.7) plays here the essential role.
The inequality (4.41) is derived in the same fashion as (4.39), using Lemma B.5,
Lemma B.1 and (4.40). O

Lemma 4.5. Same assumptions as in Lemma 4.4. Let u, € W*2(2) be the weak
solution to (P,). If u, satisfies the condition (1.3), then

33 g3 _ _
(4.45) —fg) = (cota g}l + 9171)(55’) +Q1,0) + Q2 ae onl.
m my

i
e
If u, satisfies the condition (1.4), then

(4.46) 523) = (cot aaf}’?’ + a‘Z’Q)(gf) +U)+ U, ae onT.

Proof. We recall the notation (2.4) and (2.5). If (1.3) is satisfied in the sense
of traces, then

(4.47) Q = —rpnr - Vuy, = —(nr - ng)kns - Vu, — (nr - T®)k, 7@ - Vu,,

thanks to orthonormal decomposition on I'. For the same reason, the equivalence
(4.6) yields

g2

033 . 032
o o (3
3 )ﬁé’) + 3,3€é ).
Qo

2 3
ko T? - Vu, féi) + a?f ng - Vu, = Z (af;i - ga3
i=1 @

Using Lemma C.3 and the definition (3.15) of 523), we easily deduce from (4.47) that

3,3 a3 2 21 433
_e(2) e e (3) 4 (1) e
£ = | cota—7 + —7 )&, 11§g 11 Q,
mp my my mp sina

and (4.45) follows from Lemma 4.4, (4.37). With help of orthonormal decomposition,
(4.6), and Lemma C.3

7@ Tuy = (r@  TONED 4 (7O ng)(ns - Vuy)

. 2
SN & .o
= COS a§(2) — W (gé?’) _ § agzé-éz)).

4 i=1
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If (1.4) is satisfied in the sense of traces, then

3,3

g a
¥ = (cot aa®® + a3?)¢l? + adreV — ﬁT@) - Vue,

and (4.46) follows from Lemma 4.4, (4.38). O

5. W22 REGULARITY

In this section we prove the convergence of the approximation method (P,) in the
space W22, In order to abbreviate our estimates, we introduce for the problem (Py)
the quantities

Ny = kg (If 2oy + 1Qllwr/aa(ry);
Ny = kg (1 ooy + 1Q1llwr/aaqry + 1Q2llveem)),

and for the problem (Pp) the quantities

Ny = kg ' f Lo + [ Vuellwro@),

Ny := Ny + [Ullw1/a.ay + [02llvar).-

Here, the functions @); and U; are taken from (2.20), (2.21) and (2.22). The main
result of the section is the following:

Theorem 5.1. Assume that S € C? and f € L*(2). Let u be the weak solution
to (P). Assume that the condition (2.19) is valid, and that one of the following
assumptions is satisfied:

(1) w satisfies (1.3) on T', and the conditions (2.20), (2.21) hold with q = 2.
(2) wu satisfies (1.4) on I'; and the condition (2.22) holds with ¢ = 2.
Then u belongs to W22(§2;) for i = 1,2 and, moreover, satisfies the continuous

estimate
(5.1) I1D?ul| L2, < e(1 + go)Na

with a constant ¢ that depends on Q, k1/ko, k}/ko, and additionally on g, for the
problem (Py).

The proof of the theorem is carried out in the following four propositions.
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Proposition 5.2. Assume that S € C? and f € L?(Q). Let u, be the weak
solution to (P,). Assume that u, satisfies either (1.3) with Q € W/22(T) or (1.4)
with u, € W3/%2(T'). Then there is a constant ¢, depending only on Q and on k; /ko,
such that

(5.2) ||V§( )||L2(Q c(1 4 go)No.

Proof. Let u, denote the solution to the problem (P,). We first consider the
boundary condition (1.3). For v € W22(), introduce the linear functional

(5.3) FY (v /Q M. wo).
The continuity estimate
1
(5.4) IFS ()] < cgollQllw/zmy I Vol 2o

follows from Lemma C.1, and implies that the functional Fg) extends by density to
W12(Q). Due to (4.32),

—(1)
(5.5) /Qﬁ,_,vggl%vu:/ﬂag Vot FY(v) Yo e WH2(Q).

In (5.5), we are allowed to choose v := fgl). To derive (5.2) from the estimates (5.4)
and (4.31) and Lemma 3.1 is a straightforward exercise on Young’s inequality.

For the boundary condition (1.4), we introduce the extension u, € W22(Q) of the
boundary data, and £ 1= 7(1) . Vu, € Wh2(Q). Due to (4.32),

(5.6) /Q KoV(ED — €M) . vy = /Q (G = 1, veW) Vo o € WHE(9),

and (5.2) follows. O

Berfore stating the following lemma, we recall the definition (2.12) of the func-

tion fq.
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Lemma 5.3. Let the hypotheses of Proposition 5.2 be valid. Assume in addition
that the condition (2.19) is valid. For u € Wh%(Q), v € W?2(Q), define

(5.7) (B,(u),v) := — /F fa(a, Au(r® - Vo).

Then, the mapping B, extends to an element of L(W12(Q2), [W2(Q)]*). Moreover,
there is oo = 00(S, ke, k1, @) such that for all p < go the inequalities

(5.8) (Bo(u), (u—m)*) < &1 + go) / w(u —m)*,
(5.9) (By(u), (u+m)™) < &1 + o) / w(u +m)”

are valid for all u € W'2(Q) and all m € N, with ¢ := cky ! for (Py), and & := ck;
for (Pp).

Proof. Due to Lemma C.1 and Lemma B.1,

(5.10) |(Bo(w),v)| < cgoll fale, Ag)ullwr/zzmy || Vol L2(0)
< collullwr/z2my [Vl 220
for all u € W12(Q), v € W22(Q). Therefore, the mapping B, extends by density to

an element of £L(W12(Q), [WH2(Q)]%).
For u € W2%2(Q), m € N,

-1
(5.11) (Bo(u), (u—m)") = — / fala, A)T® -V ((u + m)(u —m)*).
r
For the (Py)-case of (2.12), integration by parts yields
(5.12)
3,3 2,3
(Bo(w), (u—m)*") = /F (cot ar®. V% +73. V:;)l71> (u —; m) (u—m)*
0 0

033 023
+ /1“ (din(cot ar®) 5)171 + din(T(Q))LLl> (utm) (u—m)*.

My My 2

Using (3.4), the fact that 7(?) . ng = —sina on T', and (3.8), we compute

3,3

a3 023
(5.13)  cotar®. Vﬁ +7@. Vﬁ = —sinab,o [fa(a, A)s
e e
@ o d¥ @ o ad
+cotal, (T . Vle) + L, (T . VW>

207



Due to the uniform continuity of the data A;, Ao, « there is a neighborhood D
of the curve I' N S such that (2.19) is valid in the domain D N Q. Therefore, if
o g QO(AlaAQaa)7 then

(5.14) —sinabyo [ fa(a, A)]s(u+m)(u—m)T <0.

The estimate

3,3 2,3 L2k
cotalL, (7(2) v ) + L, (7(2) . Va—) <21
m

~X
1,1 ml:1 ké

together with (5.13) and (5.14) yields

a3,3 a2,3 2]€2k/
(5.15) (cot ar? . v 9171 +7@.v 9171)(u +m)(u—m)* < ];4 Lu(u—m)T.
mg m[_) 0

The estimate (5.8) follows from (5.12) and (5.15). For the problem (Pp), we can
reformulate

(5.16)  (By(u),(u—m)") = % /(cot ar® . Vag’3 + 7@ Va3’3)(u +m)(u—m)t
r

1 - .
+ 3 /(divr(cot 057(2))a‘;”‘3 + din(T(2))a§"3)(u +m)(u—m)".
r

Under the assumption (2.19), we verify for o < go (cf. (5.14)) that
2 3,3 2 3,2
(5.17) (cotar® - Vad? + 73 . vab?) < ck].

Here again, the estimate (5.8) follows from (5.16) thanks to standard inequalities.
Due to the formula

(Bota) (u+m)) = =5 [ 10, A)r® - (= m) -+ m)),

we similarly verify (5.9). Finally, in view of the continuity property (5.10), the
inequalities (5.8) and (5.9) hold true for all u € WH2(Q). O
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Proposition 5.4. Assume that S € C? and f € L?(Q). Let u, be the weak
solution to (P,). Assume that u, satisfies (1.3), and that the conditions (2.19),
(2.20), (2.21) are valid with ¢ = 2. Then there is a constant ¢ = ¢(Q, k1/ko, k1 /ko)
and a sequence of numbers {C,} that tends to zero, such that

(5.18) IVED) | 120 < e(1 + go)Na + C,.

Proof. Thanks to the relation (4.45), the operator B, of Lemma 5.3, and to
the functional

(5.19) Fg) ::-/QVQ,Q(T(” - V)
2,0 r

(cf. (5.3), and (5.4) for a norm estimate on F(?)), (4.35) is equivalent to
(5.20)

—1~ < —(3 ~
/Q ()17, VEW) - Vo = /Q (@9 £ MOVEDY - Tu+ (By(€? + Q1) v)
+ng (v), Yve W (),

or, for the variable w, := §é3) + @1,9; to

o

(5.21) /Q(mlvl)*lggwg Vo = /Q{G‘j’) + MPVED 4 [ml 17,V ) - Vo

+ (By(wy),v) + FS) (v), Vv e W (Q).

In the relation (5.21), it is possible to choose v := w,. In view of (5.8) and (5.9)
with m = 0, and of the interpolation inequality (C.2), we have

(5.22) (Bo(wp),w,) < erig ' (14 go)wellZzr)

<
< ccgk (14 go)lwell L2y IVw, | L2 ()

Employing from now on Young’s inequality as in the proof of Proposition 5.2,
Lemma 4.4 and Proposition 5.2 to bound the quantities Q1,,, Q2,, and fél), the
estimate (5.18) immediately follows. O
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Proposition 5.5. Assume that S € C? and f € L?(Q). Let u, be the weak
solution to (P,). Assume that (2.19) is valid, that u, satisfies (1.4) on T, and that
the condition (2.22) holds with ¢ = 2. Then there is a constant ¢ = ¢(, k1/ko, k} / ko),
and a sequence C, that converges to zero, such that

(5.23) IVED | L2y < (1 + go)Na + C,.

Proof. The proofis very similar to the proof of Proposition 5.4.
Using the relation (4.46), the operator B, of Lemma 5.3 and the functional F' L%Q)
2,0
(cf. (5.19)), the relation (4.35) is equivalent to

(5.24) /Q/-égvgf) Vo = /Q{@f) + (abtns — a2 TW) x Ve } - vy

+(Bo(6P + U1),0) + F (v), Vv e WH(Q).

2,0

For the variable w, := §§2) + Uy, it follows that

(5.25) / fioVw, - Vv = / {Eﬁf) +(abtns — a3 TW) x Vel + £, VUL } - Vo
Q Q

+ (By(w,),v) + F (v), Vve W),

where it is possible to choose v := w,. The estimate (5.23) follows with arguments

similar to the proof of Proposition 5.4. U

Proposition 5.6. Let the assumptions of Theorem 5.1 be satisfied. If u denotes
the weak solution to (P), then u € W22(Q;) for i = 1,2. Moreover,

¢ = 1O . vu inWh(Q) (fori=1,2), &P —kns-Vu in WH(Q).
Proof. Proposition 5.2, and either Proposition 5.4 in the case of (Py,,), or
Proposition 5.5 in the case of (Pp_,), provide uniform bounds for the sequences {{ él) 1
and either {522)} or {§é3)}, in the space W12(2). Due to the gradient representations
of Lemma 4.1, it then follows for both problems that there is C' > 0 independent of

o0 such that HVféi)HLz(Q) < O for i = 1,2,3. Thanks to the reflexivity of W12((Q),
we find £) € W2(Q) such that

¢ = €W in Wwh(Q) for i =1,2,3.

On the other hand, {éi) — TW. Yy fori =1,2and 5&3) — kng-Vu almost everywhere
in © (cp. Lemma 3.1). Thus

TO . Vu=£9D e wh2(Q) (i=1,2), rng-Vue WH3(Q).
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6. W1 REGULARITY

Theorem 6.1. Same assumptions as in Theorem 5.1. Assume that there is gy > 3
such that f € L% (). For the problem (1.3), let Q) satisfy (2.20) with ¢ = qo; for
the problem (1.4), let u. satisfy (2.22) with ¢ = qo. Then Vu € L*(R), and the
estimate ||Vu| ) < chO is valid, with a constant c that depends continuously
on 2, on gg, on ki /ko, on kj/ko, and also on g, for the problem (Py).

For the proof, we will show that the functions ¢, i = 1,2, 3, belong to L>®(9).
However, we cannot prove that the approximation method (P,) converges in the
space W1°°(Q). Fortunately, once the result of Theorem 5.1 is ensured, we can
derive in the limit new regularity properties that turn out to be sufficient for the
result.

Proposition 6.2. Assume that S € C?. Let u denote the weak solution to (P).
Assume that there is qo > 3 such that f € L% (), and such that u either satisfies
(1.3) with Q € W'/% % (') or (1.4) with u, € W2%(Q). Then ¢V belongs to
Whao(Q) and satisfies the estimate

(6.1) 1M w100 2) < Ngo-

Here, the constant ¢ depends continuously on 2, on gg, on ki/ko, and on k} /kq.

Proof. Welet o — 0 in (4.32) to see in the case of the boundary condition
(1.3) that £ € W2(Q) satisfies

(6.2) / ﬁVﬁ(l) Vo = /{@(1) + curl(Q(T(l) xnr))} Vo Yoe WQ’Q(Q),
Q Q

). The estimate (4.31) ensures

where Lemma C.1 is used to rewrite the functional Fg
that

1GY w0y < 1Lz + cgoka | Vel ooy
Since we can obtain a bound on ||Vu/| 4 () with the arguments of Lemma A.1, the
right-hand side of (6.2) belongs to [W1%(€2)]*, with a corresponding norm estimate.
The result now follows in principle from Theorem 1.2 in [4]. We give the idea of
the proof in the appendix, Lemma A.1. In the case of the boundary condition (1.4),

introduce él) =71 . Vu, to see that the function &) — §§1) satisfies
(6.3) / KV(ED — W) vy = /{6“) —kVEW} . Vo, Yoe WhQ).
Q Q

Here again, the right-hand side of (6.3) extends by continuity to an element of the
space [VVO1 % (Q)]*, and the regularity follows from the same fundamental result in [4].
O
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For the regularity of €2 and ¢, we need to state some further properties valid
on the surface I'. We introduce a weighted space (cf. (2.14))

(6.4) V(D) = {ue WY UD): fy(a, Ayu € WD)},
lullvecry = lullwisaamy + [ fala, Aullysarary-
Lemma 6.3. Let u € W12(Q) be the weak solution to (P). Assume that the
hypotheses of Theorem 6.1 are valid. If u is associated with (Py), then there are
Q1, Qs € W1/90:90 (T") such that

(6.5) €@ = —fd(a,A)(§(3) + @1) —Q, ae. onl,
(6.6) fala, A)(ED + Q1) € W),

If u is associated with (Pp), then there is Uy € W1/%:9(T") such that

(6.7) €3 = fa(e, AEPD +U) + Uy ae onT,
(6:8) Jale, A)(E®) +Uh) e WH2A(D).
Proof.  The relations (6.5) and (6.7) are easy consequences of Lemma 4.5

and of the convergence in Proposition 5.6. We recall the notation (2.13). Defining
Ql, QQ, Us as accumulation points of the sequences Q1 0 QQ 0> Us. .0, the representa-
tions derived in Lemma 4.4 yield

Q1 =Q1+giEW,

3,3

Q2=7"(Q2) + ”11,1@/sma — fal, A1)Q

Us =~y (U )—l—al 5(1 ( @) . vu )/sma—fd(a A)U;.
Thus, the assumptions on Q1,Qs, Uy, Us, the result of Proposmon 6.2, and the
property (B.1) are sufficient to verify the W/9:90 regularity of Ql, Qg, Us.

Since £2) + Qy € W1/22(I'), (6.5) directly proves (6.6). The proof of (6.8) is
completely similar. (I

Lemma 6.4. For u € V2(I') and v € W?2(Q), define the bilinear form

(6.9) (B(u),v) = — /F fa(a, Au(r? - Vo).
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Then B extends by density to an element of L(V2(T'), [W2(2)]*), and for 2 < g < 6,
the inequalities

(6.10) (B(u), (u—m)") < &1+ go)lull p2aorsry |V (w — m)
(6.11)  (B(u), (u+m)") < &1+ go)llull pzaora ) IV (u +m)

+ HL(IE) (Q)’

are valid for all u € W2(Q) such that u € V2(T), and for all m € N. Here ¢ := ckj*
for (Py), and é := cky for (Pp).

Proof. Forue V2(I') and v € W??2(2), Lemma C.1 implies the inequality
(6.12) |(B(w), )| < egoll fale, A)ullwrirez ) IVl L2,

so that B extends by density to an element of L(V.2(T'), [W12(Q)]*).
For u € W22%(T) such that u € V2(T') and for m € N (cf. (5.7)) we have

(6.13) (B(u), (u —m)*) = lirr%)(Bg(u), (u —m)™).
o—
The inequalities (6.10) and (6.11) therefore immediately follow from (5.8) and (5.9)

and Holder’s inequality. Due to the density Lemma B.4 these inequalities remain
valid for all u € W12(Q) such that u € VZ(T). O

Proposition 6.5. Same assumptions as in Theorem 6.1 for the problem (Py).
Then £©) belongs to L°(Q) with an estimate

(6.14) sup €@ < eNg-

Proof. Denote w :=&®) +C§1. Passing to the limit ¢ — 0 in the relation (5.21)
for test functions v € W22(Q), it follows that
(6.15)

/[ml’l]*lkv@u-Vv:/{@(?’)+M(3)V€(”+[m1’1]717€v@1}'v“
Q Q

a33 a3? ~
—/ (cot a—7 + —3 l)w(T(Q) - V) — / Qo(7? - Vo).
r m> r

mL1

In view of Lemma 6.4, (6.15) is equivalent to
/(ml’l)fl/%Vw Vv = /{6(3) + MOVED 4 )RV QL ) - Vi
Q Q
+ (Bw),v) + FS) (),

where the choices v := (w —m)" and v := (w + m)~ are possible for all m € N.
The claim follows using Lemma C.4, in connection with the estimates (6.10), (6.11),
(5.4), as well as (4.33) and Proposition 6.2. O
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Proposition 6.6. Let the hypotheses of Theorem 6.1 for the problem (Pp) be
valid. Then £?) belongs to L°°(Q) and satisfies the estimate

(6.16) sgp|§(2)| < eNy,.

Proof. Define w := ¢? + U;. Passage to the limit in the relation (5.25) for
test functions v € W1322(Q), and Lemma 6.4 yield

(6.17) / EVw - Vv = /{@(2) + (a*3TW — aMlng) x veW) 4 ZVUL Y - Vo
Q Q
+ (B(w),v) + Fi (v).

We complete the proof as in Proposition 6.5. O

We are now able to complete the proof of Theorem 6.1.

Proof of Theorem 6.1. We first consider the case of the boundary condition
(1.3). Due to Propositions 6.2 and 6.5, £ £6) are globally bounded in the domain
Q. The relation (6.5) and the triangle inequality yield

k _ _
(6.18) sup €@ < k—i Sgp(|€(3)| + Q1) + Q2 (-
0

On the other hand, we can pass to the limit in the relation (4.34) to see that £ €
W12(Q) satisfies, for all v € W,?(Q),

/Qﬁvé?) Vo = /Q{G@ + (@®1TW — gblng) x VeWY . V.
Lemma C.4 implies that
€<y < sup €] + (1T 1av @) + IVED anien)
and the claim follows from the estimate (6.18) and Proposition 6.2.
In the case of the boundary condition (1.4), Propositions 6.2 and 6.6 yield the

global boundedness of the components ¢V, ¢(2). Using the relation (6.7) and the
triangle inequality, we obtain

(6.19) SI;P €@ < Ky sl(llp(|§(2)| +[Uh]) + ||[72HL°°(F))7

and the claim follows from (4.35) and Proposition 6.2. O
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7. W2P_REGULARITY

This section is essentially devoted to the proof of Theorem 2.3. In the case that the
compatibility condition (2.19) is violated, it is still possible to prove the existence of
second weak derivatives for the weak solution to (P). This is based on the following
observation.

Lemma 7.1. Let g € C'(R) be nonnegative and nondecreasing, and assume
moreover that M, := fjo(f [t|g’(t) dt < oo. Then the mapping B, from Lemma 5.3
satisfies for all u € W12(Q) the inequality

(7.1) (B,(u), g(u)) < cMj.

Proof. Fort e R, define G(t) := f(f s¢'(s) ds. The function G is by assumption
bounded by the number M, and for u € W?2(Q) arbitrary, the identity

(7.2) (By(uw), g(u) = / faler, Ag)r® - VG(u)

is valid. For the (Py)-case of (2.12), integration by parts yields (cf. (5.12))

033 023
13 B = [ (eorar® v e v S 6
My My

033 2,3

—|—/F <din(cot ar®) 5)171 + divp(r®) a{ 1>G(u).

Mo my'

Observe that under the assumptions of the present lemma

(7.4) Ql/{ s dist (o008 < }G(u) < Myo 'meas({z € T: dist(z,I'NS) < o})
xel': dist(z,I'NS) <o

— Mymeas(I'N S).
Arguing as in (5.13), (5.15), the inequality (7.1) follows. The arguments for (Pp)
are completely similar. In Lemma 5.3, we have already proved that the mapping

B, extends by density to an element of L(W12(Q), [W12(Q)]*). In view of the
continuity property (5.10), the inequality (7.1) is valid for all u € W12(Q). O

Proof of Theorem 2.3. For 6 € )0, 1], consider the function

. 1
(7.5) gs(t) := sign(t) (1 - W)
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Then g4(t) = (14 8)(1 + [t|)~27%, and it follows that M,, < co. We consider the
relation (5.21) in the case of (Py). In the case of (Pp), we start from (5.25) and the
arguments are completely similar. In (5.21), choose v := gs(w,) as the test function.
Using in particular Lemma 7.1, we can prove that there is C' independent of ¢ such
that

(7.6) [ mi) g, T, - Vi, < .

It is to note here that the uniform bounds on éf_f’) (Lemma 4.3), on Q3 , (Lemma 4.4)
and on Vfél) (Prop. 5.2) are still valid since they were obtained independently of
the condition (2.19). Denote hs(t) := fot \/95(s)ds. The function hs is globally
bounded, and the inequality (7.6) shows that there is C' independent of g such that
IVhs(we)|lr2(0) < C. Therefore, hs(w,) — x € WH2(Q) weakly. Moreover, using
Lemma 3.1 and Lemma 4.4, we can show that xy = hs(w), where w = £3) + @1.
Using the lower semicontinuity of the norm, the latest result and (7.6) yield

(7.7) /Qgg(w)|Vw|2 <0

Let p < 2. Then Hélder’s inequality and (7.7) imply that

(7.8) /Q|Vw|p < (/QQS(U’)WWIQY/Q(/Q|gg(w)|P/<2P>)(2_p)/2

N (2-p)/2
< C2/p< / 14 |w||p<2+6>/<2p>) ,
Q

The main theorem of [4] implies, via arguments similar to Lemma A.1, that there is
qgo > 3 such that the weak solution to (P) satisfies u € W% (Q). This yields £©) €
L%(£)). Thanks to Lemma 4.4, Q; € L5(Q2). Therefore, w € L*(Q), s = min{qo, 6}.
If p < 2s/(s + 2), then there is ¢ > 0 such that the right-hand side of (7.8) is finite,
which implies that Vw € LP(Q2). We obtain that £¢3) € L5(Q) N W1HP(Q). Due to
Lemma 4.1, also £?) € L3(Q) NWP(Q2). Therefore, Vu € WP () fori = 1,2. O
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8. CONCLUSION

In this paper we derived sufficient conditions under which the weak solution to
the transmission problem (P) satisfies higher (W?22(€);), or the optimal W1°(Q))
regularity near the intersection of a C? surface with the smooth outer boundary of
the domain. These sufficient conditions are essentially compatibility conditions that
involve the angle of contact of the two surfaces, the anisotropic coefficient matrix
K, the type of the boundary condition and the boundary data. The compatibility
function of the problem f, defined in (2.12) plays an essential role (cf. Section 2.3
for the representation of f; in the case of a scalar coefficient k).

The proof of the regularity results relies on one simple fact: according to its sign,
the quantity [f4] (= jump of f; at the intersection of the two surfaces S and T')
regularizes a certain component of the gradient. The function f; associated with the
Neumann problem regularizes the oblique component skng - Vu = £©) (ct. Propo-
sition 5.4), the function f; associated with the Dirichlet problem regularizes the
conormal component 72 - Vu = ¢2) (cf. Proposition 5.5) of the gradient.

According to this theory, the changes of sign of the quantity [f4] are critical. This
is also the topic of the representation conditions (2.20), (2.21), and (2.22) (see the
section 2.3) that impose a decay of the boundary data as [f4] approaches zero on the
curve I'N S.

It is obvious and easy to motivate that representation conditions of the type (2.20),
(2.21), and (2.22) at the contact line are necessary for every higher regularity of u
that implies the existence of traces for Vu on manifolds. In the context of our method,
we have not yet been able to discuss the question whether also (2.19) is necessary.
This will be the object of further investigations. Nevertheless, we could prove with
our method in Section 7 that a certain W?2? regularity is preserved independently of
the latest compatibility condition.

APPENDIX A. AN AUXILIARY REGULARITY RESULT

Lemma A.1. Let x € [C(Q;)]° fori =1,2. Let F € [L%(Q)] with 3 < qo < 3+6
(6 = a positive constant defined in the paper [4]). Assume that u € W12(Q) satisfies

(A1) /wu-vu:/F-vu, Vo e Wh(Q).
Q Q
Then u belongs to W% (Q), and it satisfies the estimate

(A.2) lullwiao ) < c(IF ooy + cs{l|Fllzz2) + IVull 2 })-
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The constant ¢ depends on €2, ky and k. The constant cs depends on the surface S
only upon its C*-norm, and on the matrices x; (i = 1,2) upon their C-norm.

Proof. For simplicity, we only prove the regularity in a neighborhood D (D C
R3 open) of the curve I' N S, which is clearly the challenging point. For o € T'N S
there are, due to the definition of C? surfaces, a neighborhood U of zy and a C?-
diffeomorphism ¢ that maps U onto the unit cube @i, and such that p(zp) = 0,
o NU) = ]-1,1[x{0} x |-1,1] and (S NU) = ]-1,1[x]—1,1[x{0}. Define
Y=

To attain the model configuration of the paper [4], consider for 0 < r < 1 a prism
P, := A, x]—r,r[C Q1, where A\, is an equilateral triangle with sidelength = r, and
with its base located in the line |1, 1[x {0} x {0}. Denote I, := 0P.N]—1,1[x{0} x
]-1,1[ and ¥, := 0P, \ I',. Due to the choice of P, ¢)(P,) C U for all r < 1.

Transforming the formula (A.1), we obtain that

(A.3) /Puva-v@:/Pﬁ-Vﬁ, W)eWzl;f(Pr)

where @ = u o ¢, and p is the piecewise Lipschitz continuous, symmetric, and uni-
formely positive definite matrix |det ’|[1)'] ~'k o ¥[¢']~T, and F is the vector field
det ' |[/] T F o .

Introduce in P, the piecewise constant matrix u® such that p? := 1;(0) for i = 1, 2.
Ifwe Wéf (P,) satisfies

(A.4) /PMOVw'VfD:/Pf-VT), Vi e WEA(P),

'

Theorem 1.2 in [4] implies that there is a constant co = co(u°) such that

(A.5) [wllwao £y < Coll Fll oo (-

(The independence of ¢y of r is easy to check: use the transformation ¥, (z) := rz
from the unit prism P; onto P,, and apply on P; Theorem 1.2 of [4]).

It has been shown for instance in [2] that the Banach perturbation argument
implies the existence of a positive 79 = ro(u) such that for all » < r¢ and for @
satisfying (A.3)

- co — 1., = .
IVa|lwiaop,) < T '] Lao P,y + ;{||F||L2(PT) + HVUHLz(PT)}),

—cof(r) (
where f(r) := [l — pollL=(p,)-

The minimal necessary size of r depends only on the surfaces S,I" and on the
uniform continuity of the matrices x;, so that a finite covering of a neighborhood of
the curve I' N S is possible. (]
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APPENDIX B. AUXILIARY PROPOSITIONS CONCERNING TRACE SPACES

We first note a useful elementary property of the spaces W1/ q"q(I‘).

Lemma B.1. Let 1 < ¢ < oo be arbitrary. If u € W/99(T') and g € C%1(T),
then gu belongs to W'/9-4(T'), and there is a constant ¢ = ¢(q,T) such that

ngHWl/q':’l(F) < C(I”gHCOvl(F)HUHWl/q’vq(F)'

Proof. For ¢ = oo the claim is obvious. Otherwise, the triangle inequality

implies that

e e P T e
< Jiwer (e ) e e ([ 2 o) oo

Define ¢, := sup( [ |z — y|~ dy)'/9. Due to Lipschitz continuity of g, it follows that
zel

HQUHWl/q’«(r) < &l VgllLoe@yllull Loy + ||gHL°°(F)Hunl/qu(r‘)a

and (B.1) follows easily. O

The following lemma states basic properties of the spaces V4(T"), and of the oper-
ators v and v~ (cf. (2.13)).

Lemma B.2. Let u € L>®(Q) be piecewise Lipschitz continuous, that is, j :=
wi € COY(Q;) fori =1,2. Then:
(1) The mapping u — pu is continuous from V4(T) into W'/4-4(T) for all 1 < q <
0.
(2) Define d(x) := dist(z,I'NS) forz € I'. Forl < ¢ < o0, a functionu € W1/4-4(I)
belongs to V4(T') if, and only if, |Ju/d"/¢ | Laqr,) < oo.

Proof. (1): OnT, one has pu = p1y~ (u) + poy™ (u). Due to Lemma (B.1) and
the triangle inequality, it follows that

ey~ (@ llwasarary + l2(w =~ (W) llwr/aaqr
c(llpallwros ry + l[2llwiee o)) 1wl vary.-

(B'l) HMUHWI/%q(F) <
<
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(2): The definition of v~ implies that

_ u(@) = u(y)| / o
dedy + 2 a4q /4" q
I ey = [ i drdy+2 [ o), 277
q'/q
dr, () == < |x—y|<2+q/q>dy> wery.
s

There are constants ¢, ca such that c;d~!(z) < dr, (x) < c2d~!(z) on I'y, proving
the claim. O

Remark B.3. The elements of the space V¢(I") satisfy a critical decay property
u/d"/7 e LYT;) (cf. [10], Cor. 5.1). In the case ¢ = 2, it is possible to relate the
space V2(I') to the space Wolo/Q’2

In the following lemma, we note a density property of the space VI(T') (cf. (6.4)).

Lemma B.4. Assume that u € V2(I'). Then there is a sequence {vi}ren C
C>=(Q) N V2(T') such that vy — u in V2(T).

Proof. We first show some preliminaries. With the abbreviation p := f4(a, A),
the definition of V2 implies that

lullvz @y = llullwrrze @y + [lpullwzer),
and since pu = p1y~ (u) + p2y ™ (u), it follows that

(B2) |

20y < llullwrza + iy (W) lwi/zaqy + a2y @llws ).

Lemma B.2, (2) and Lemma B.1 yield

lnullyseeqryy + lw/d?| 2,
cllpllcor oy lwllwr/zeey + lmu/d 2| L2,y

1y~ (W)llwrszz )

NN

By similar arguments, it follows from (B.2) that

(B.3) lullvamy < er(lullwrzemy + lmw/d?|| e, + [|p2u/dY 2] ar,).
To start the proof of the approximation property, consider first the truncation

Tr(u) = sign(w) min{|ul, k}, at level & € N. Due to the dominated convergence,
note that

2,2
niu
WM%@—WMWMWQZ/ i
{z€T: Ju(z)|>k}
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Since it is well-known that Ty (u) — u in WH2(Q), or in W/22(T), the inequality
(B.3) shows that Tj(u) — u in VZ(I') as k — oo. Therefore, there is no loss of
generality in assuming u € V2(I') N L>(T).

Since p € L*(T'), (B.3) implies immediately that

(B.4) [ullvzry < ezllullvaqry, VA(T) S VIT).

In the second step, we prove that V?(I') is dense in V.Z(T).
For k € N, we choose a Lipschitz continuous function 1, € C%!(Q) such that

=1 if dist(z,I'nS) > 1/k,
Yp(x) ¢ €10,1] if 1/2k < dist(z, ' N S) < 1/k,
=0 if dist(z,I'NS) < 1/2k,
(B.5) |Vipr| < k, supp(Vipg) C {x € Q: dist(x,I'NS) < 1/k}.

Then the sequence {¢,u} is uniformly bounded in W' 2(Q) and in W'/22(T'), since
luVir] L2y < ||u||Loo(Q)kmeas(supp(vwk))l/2 < C.

Since also ¥x|u| < |u| on T, the inequality (B.3) shows that the sequence {yyu} is
uniformly bounded in V2(T') as well. Due to the Hilbert space structure of V.2(T),
tru — u in V2(T) for a subsequence.

Weak and strong closures coincide for convex sets (an argument sometimes called
Mazur’s Lemma), and we can extract a sequence of convex combinations of ¢, u that
strongly converges to u in V2.

In the third step, we show that C°°(Q) N V2(I') is dense in V2(I). If & € V2(I),
then the extension by zero to S (same notation) satisfies &« € W'/%2(9€;) for i = 1, 2.
Therefore, via extension into 2 with the trace theorem, there is a sequence {(x} C
C(Q\ S) such that ¢, — @ in W12(Q;). Thus, by the argument of Lemma B.2, (2)
we have

7™ (G = Dllwrr22ry = 16 — llwir2.2(00,) — 0,

establishing the density in V2.

For € > 0, thanks to the first and second steps of this proof there is a . € V2(T),
such that [[u — Gc|ly2r) < e. Due to the third step, there is (. € C*°() N V3(T)
such that ||(; — @c||v2(r) < e. It follows from (B.4) that

”u_(:s

V() S flu— 7:LEHV,E(F) + (16 — 715”\/3(1“) < (14 co)e,

proving the approximation property. (I
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Lemma B.5. Let u, := L,(u) denote the approximation (3.2) of the coefficient .
Assume that v € V2(T). Then p,u — pu in W/22(T).

Proof. For xz €T, define g,(x) := po(z) — p(z). Due to Lemma B.2, (2), it is
clear that g,u € W'/22(T'). Denote T', := {x € I": dist(z,S) < ¢}. Then g,(x) =0
for all z € I'\ T',. Therefore, we have

lgoul? —2 / dy da
eriw/zA ) I\l |x—y|2

// (ug,) |x_(ng)(y>|2 dy da.

By assumption, u?dr, € L'(T') (cf. Lemma B.2), and therefore

dydx é/ u?g?dr, — 0,
/F\F / |33 - y|3 \[, et
by the dominated convergence theorem. On the other hand,
2
|x - y| Ty T, |$ —yff
2
u(z) — u(y
[ atop( [ M= 0y o
Ty Ty lz -yl

We estimate |g,(z) — g,(y)|* < 4Hu|\%x(9) and obtain that

/FQ |u(a:)|2(/re % dy) 4||N||Loo(ﬂ)/F u?dr, — 0,

e

due to the absolute continuity of the integral. On the other hand, denoting f(z) :=
Jp lu(z (y)|?/]x — y|* dy € LY(T'), we have the majoration

/FQ '9@("6)'2< /F % dy) do < /F Igu(e) @) dz =0
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APPENDIX C. SOME USEFUL PROPERTIES

Lemma C.1. Let 1 < ¢ < oo be arbitrary, let g € W14(Q), and let T €
{7, 72} where () is defined by (2.4). For v e W4 (Q),

(1) /Fg(T-VU) _ /chrl(g(T X nr)) - Vo,
(C.2) '/Fg(er)

< (90llgllLacy + IVl La@)IVVll Lo o)

Proof. The representation (C.1) follows from integration by parts. The esti-
mate (C.2) is obvious due to Holder’s inequality. O
Lemma C.2. For all u € W12(Q), we have the estimate
(C.3) [ullZr) < coll Vaull L2 llull L20)-
Proof. The inequality (C.3) is proved in [6], Chapter 2, Paragraph 2. O

The proof of the following Lemma follows from elementary vector identities.

Lemma C.3. Let T, T be given by (2.5), and let 7V, 7() be given by (2.4).
Then we have on T’

(C.4) TW .M Z 7@ Z 70—,
(C.5) 7@ .70 =0, 7@ . 732 = cosa, T? - np = sina,
(C.6) ng ™M =0, ng-7? = —sina, ng-nr = cosa.

Lemma C.4. Let gy > 3 be an arbitrary real number, and let mg € N. For all
m € N such that m > myg, let u € W2(Q) satisfy

+2 +
(©) [ V=) < RV = m)
Then there is a consant ¢ depending on §2 such that supu < mg + cK. Under the
Q

same conditions, let u satisfy

—12 —
(€8) 9 < KVt m) g

Then igfu > —mg — cK with a constant ¢ depending on ().

Proof. Lemma C.4 follows from a (nowadays classical) lemma by G.Stampac-
chia [16]. Supplements to the original proof are to be found, for instance, in [17],
Chapter 2, Section 2.3. Similar results were obtained in [6], Chapter 3, Paragraph 13.

O

223



References

[1] C.Bacuta, A.L.Mazzucato, V. Nistor, L. Zikatanov: Interface and mixed boundary
value problems on n-dimensional polyhedral domains. Doc. Math., J. DMV 15 (2010),

687-745.
[2] J. Elschner, J. Rehberg, G.Schmidt: Optimal regularity for elliptic transmission prob-

lems including C'! interfaces. Interfaces Free Bound. 9 (2007), 233-252.
[3] D. Gilbarg, N.S. Trudinger: Elliptic Partial Differential Equations of Second Order.

Reprint of the 1998 ed. Classics in Mathematics. Springer, Berlin, 2001.

[4] R. Haller-Dintelmann, H.-C. Kaiser, J. Rehberg: Elliptic model problems including
mixed boundary conditions and material heterogeneities. J. Math. Pures Appl. (9) 89

(2008), 25-48.
[5] A. Kufner, O. John, S. Fu¢ik: Function Spaces. Academia, Praha, 1977.
[6] O.A. Ladyzhenskaya, N. N. Ural’tseva: Linear and Quasilinear Elliptic Equations. Math-

ematics in Science and Engeneering 46. Academic Press. New York, 1968.
[7] O.A. Ladyzhenskaya, V. Ya. Rivkind, N. N. Ural’tseva: The classical solvability of diffrac-

tion problems. Tr. Mat. Inst. Steklova 92 (1966), 116-146. (In Russian.)

[8] O.A. Ladyzhenskaya, V. A. Solonnikov: Solutions of some non-stationary problems of
magnetohydrodynamics for a viscous incompressible fluid. Tr. Mat. Inst. Steklova 59
(1960), 115-173. (In Russian.)
[9] Y. Y. Li, M. Vogelius: Gradient estimates for solutions to divergence form elliptic equa-
tions with discontinuous coefficients. Arch. Ration. Mech. Anal. 153 (2000), 91-151.
[10] J. L. Lions, E.Magenes: Problémes aux limites non homogenes. IV. Ann. Sc. Norm.

Super. Pisa, Sci. Fis. Mat., III. Ser. 15 (1961), 311-326. (In French.)
[11] J. L. Lions, E. Magenes: Inhomogenous Boundary Problems and Applications. Vol. 1, 2.

Dunod, Paris, 1968. (In French.)
[12] D. Mercier: Minimal regularity of the solutions of some transmission problems. Math.

Methods Appl. Sci. 26 (2003), 321-348.

[13] S. Nicaise, A.-M. Sindig: Transmission problems for the Laplace and elasticity opera-
tors: Regularity and boundary integral formulation. Math. Models Methods Appl. Sci.

9 (1999), 855-898.
[14] G. Savaré: Regularity results for elliptic equations in Lipschitz domains. J. Funct. Anal.

152 (1998), 176-201.
[15] G. Stampacchia: Su un probleme relativo alle equazioni di tipo ellitico del secondo ordine.

Ricerche Mat. 5 (1956), 1-24. (In Italian.)

[16] G. Stampacchia: Le probleme de Dirichlet pour les équations elliptiques du second ordre
a coefficients discontinus. Ann. Inst. Fourier 15 (1965), 189-257 (In French.); Colloques

Int. Centre Nat. Rech. Sci. 146 (1965), 189-258.
[17] G. M. Troianzello: Elliptic Differential Equations and Obstacle Problems. The University
Series in Mathematics. Plenum Press, New York, 1987.

Author’s address: Pierre-Etienne Druet, Weierstrass Institute for Applied Analysis and
Stochastics, D-10117 Berlin, Mohrenstr. 39, Germany, e-mail: druet@uias-berlin.de.

224


http://www.emis.de/MATH-item?1207.35117
http://www.emis.de/MATH-item?2735986
http://www.emis.de/MATH-item?1147.47034
http://www.emis.de/MATH-item?2314060
http://www.emis.de/MATH-item?1042.35002
http://www.emis.de/MATH-item?1814364
http://www.emis.de/MATH-item?1132.35022
http://www.emis.de/MATH-item?2378088
http://www.emis.de/MATH-item?0364.46022
http://www.emis.de/MATH-item?0482102
http://www.emis.de/MATH-item?0164.13002
http://www.emis.de/MATH-item?0244627
http://www.emis.de/MATH-item?0165.11802
http://www.emis.de/MATH-item?0958.35060
http://www.emis.de/MATH-item?1770682
http://www.emis.de/MATH-item?0115.31302
http://www.emis.de/MATH-item?0140938
http://www.emis.de/MATH-item?0165.10801
http://www.emis.de/MATH-item?0247243
http://www.emis.de/MATH-item?1035.35035
http://www.emis.de/MATH-item?1953299
http://www.emis.de/MATH-item?0958.35023
http://www.emis.de/MATH-item?1702865
http://www.emis.de/MATH-item?0889.35018
http://www.emis.de/MATH-item?1600081
http://www.emis.de/MATH-item?0073.32001
http://www.emis.de/MATH-item?0082607
http://www.emis.de/MATH-item?0151.15401
http://www.emis.de/MATH-item?0192177
http://www.emis.de/MATH-item?0655.35002
http://www.emis.de/MATH-item?1094820

