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Abstract

We consider an abstract functional-differential equation derived from the pressureless Euler
system with variable coefficients that includes several systems of partial differential equations
arising in the fluid mechanics. Using the method of convex integration we show the existence
of infinitely many weak solutions for prescribed initial data and kinetic energy.
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1 Introduction

The concept of weak solution is indispensable in the mathematical theory of inviscid fluids, where
solutions of the underlying non-linear systems of partial differential equations are known to develop
singularities in a finite lap of time no matter how smooth the initial data might be. The weak
solutions are being used even in the analysis of certain viscous fluids like the standard Navier-Stokes
system, where a rigorous theory in the classical framework represents one of the major open problems
of modern mathematics. In the absence of a sufficiently strong dissipative mechanism, solutions of
non-linear systems of conservation laws may develop fast oscillations and/or concentrations that
inevitably give rise to singularities of various types. As shown in the nowadays classical work of
Tartar [19], oscillations are involved in many problems, in particular in those arising in the context
of inviscid fluids.

The well know deficiency of weak solutions is that they may not be uniquely determined in terms
of the data and suitable admissibility criteria must be imposed in order to pick up the physically
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European Union’s Seventh Framework Programme (FP7/2007-2013)/ ERC Grant Agreement 320078



relevant ones, cf. Dafermos [9]. Although most of the admissibility constraints are derived from
fundamental physical principles as the Second law of thermodynamics, their efficiency in eliminating
the nonphysical solutions is still dubious, cf. Dafermos [10]. Recently, DeLellis and Székelyhidi [11]
developed the method previously known as convex integration in the context of fluid mechanics, in
particular for the Euler system. Among other interesting results, they show the existence of infinitely
many solutions to the incompressible Euler system violating many of the standard admissibility
criteria. Later, the method was adapted to the compressible case by Chiodaroli [7].

In this note, we introduce an abstract functional-differential equation that may be viewed as the
pressureless Euler system with variable (functionally solution dependent) coefficients. We present
an abstract version of the so-called oscillatory lemma and use it in order to show the existence
of infinitely many solutions adapting the method of [11]. Various specific systems arising in fluid
dynamics will be then identified as special cases of the abstract problem.

The paper is organized as follows. In Section 2, we introduce the abstract problem and formulate
our main result proved in the remaining part of the paper. To this end, we adapt the apparatus of
convex integration including the concept of subsolution in Section 3. In Section 4, we present the
oscillatory lemma and show the existence of infinitely many solutions. Several specific examples are
discussed in Section 5. Finally, Section 6 addresses the problem of strong continuity of the weak
solutions at the initial time.

2 Abstract problem, main result

The symbol RYXN will denote the space of N x N symmetric matrices over the Euclidean space R™,

Sym

N =23, RS]\;Q% is its subspace of those with zero trace. For two vectors v,w € R, we denote

1
NN voOw=vRWwW— —Vv-wl

NxN
R sym,0? N

veOwE R, vewlj =vv;, andvOwER

For the sake of simplicity, we suppose the physical space to be the “flat” torus

= <[_1’1H{1,1}>N’

meaning, the functions of z €  are (2-)periodic in RY.

2.1 Abstract problem

We consider the following problem:



Find a vector field u € Cyear ([0, T]; L*(2; RY)) satisfying

dyu + div, <(“ * h[u])rﬁl](u +hiu) H[u]> —0, divou=01in D((0,T) x % RY),  (2.1)
;mt[};gu”(t,x) = e[u](t, x) for a.a. (t,z) € (0,T) x Q, (2.2)
u(0,-) = ug, u(7,-) =uy, (2.3)

where h[u], r[u], H[u], and e[u] are given (nonlinear) operators.

Remark 2.1 The problem (2.1 — 2.3) is seemingly overdetermined as both the initial and the end
state are prescribed. Moreover, the associated ‘“kinetic energy” is constrained by (2.2). Specific
applications will be given in Section 5.

Remark 2.2 The choice
h=0,r=1H=0,e=e(t)

gives rise to the pressureless (incompressible) FEuler system
Ju+div,(u®@u) =0, div,u=0
with the prescribed kinetic enerqgy
Sluf? = e(t)
—|lul"=e
2

studied by Chiodaroli [7] and DeLellis, Székelyhidi [11].
Remark 2.3 Note that a “more complex” problem

(u+ hju]) ® (u+ hlu))
r[ul]

Opu + div, ( + H[u]) + V, Iu] =0, divzu=0 (2.4)

can be converted to (2.1), (2.2), with

where Z is an arbitrary spatially homogeneous function.



Remark 2.4 The “pressure” Il in (2.4) can be incorporated in H by solving the problem
div,Hy = V,IT in Q, Hy(x) € RYXN, © € Q.

We can take, for instance, the solution of the Lamé system
T 2
Hy =V, U+ V, U — Ndwaﬂ.

As observed by Desvillettes and Villani [12, Section IV.I, Proposition 11], the vector field U is
uniquely determined up to an additive constant. Of course, in order to preserve certain continuity of
Hyr, more reqularity of 11 is needed.

The quantities h, r, H, and e are operators depending on the solution u. In order to specify their
properties, we introduce the following definition:

Definition 2.1 Let Q C (0,7) x Q be an open set such that
QI =1(0,T) x .

An operator

b1 Cyearc([0, T); L2(€2; RN)) N L>®((0,T) x Q; RY) — Cy(Q, RM)

1s (Q—continuous if:
e b maps bounded sets in L°((0,T) x Q; RN) on bounded sets in Cy(Q, RM);
e b is continuous, specifically,
b[v,] — b[v] in Cy(Q; RM) (uniformly for (t,x) € Q )
whenever (2.5)
Vi — V in Cuear ([0, T); L2(8; RY)) and weakly-(*) in L>=((0,T) x Q; RN);
e b is causal (non-anticipative), meaning

v(t,-) =wl(t,-) for 0 <t <71 <T implies blv] = b[w] in [(0,7] x Q] N Q. (2.6)



In this paper, we suppose
h = hu] : Cueax([0, T]; L2( BY)) — Cyp(Q; BY),

r=r[u] : Cyear([0, T]; L2 RN)) — Co(Q; R), 7 > 0, .
2.7
e = e[u] : Cyear ([0, T]; L*(Q; RY)) — Cy(Q; R), € > 0,

H = H[u] : Cyeax([0, T]; L2(; RY)) — Cy(Q; RYXY)

sym,0

are given (J—continuous operators for a certain open set Q).

2.2 Subsolutions

Before stating our main result concerning solvability of problem (2.1-2.3), it is convenient to introduce
the set of subsolutions. Let Ayax[A] denote the maximal eigenvalue of a matrix A € RY Y. Similarly
to DeLellis and Székelyhidi [11], we introduce the set of subsolutions:

Xy = {v \ v € Cyeax([0, T]; L2(€; RY) N L2((0,T) x Q; RY), v(0,-) =ug, v(T,-) =up, (2.8)

O -+ div,F = 0, div,y = 0 in D'((0,7) x % R), for some F € L((0.T) x 2 RY:Y).
v e C(QRY), FeC(Q:RYY).

sym,0
SM)NMM[W+hWD®w+hWD
(t,x)eQ,t>T 2 T’[V]

— F + H[V]

—e[v]<0forany0<T<T}.

Remark 2.5 Note that, in contrast with [11], the inequality

— F + H[v]

N [w+hWD®W+%WD < e[v]

2 Ama r[v]

1s satisfied only on the open set ), where all quantities are continuous. Moreover, the inequality is
strict on any open time interval (1,T), 0 <7 < T.

2.3 Main result

We are ready to state our main result.



Theorem 2.1 Let the operators h, r, H, and e given by (2.7) be Q—continuous, where ) C
[(0,T) x Q] is an open set,
QI =1(0,T) x Q.

In addition, suppose that r[v] > 0 and that the mapping v — 1/r[v] is continuous in the sense
specified in (2.5). Finally, assume that the set of subsolutions Xy is non-empty and bounded in
L=((0,T) x ©; RV).

Then problem (2.1 — 2.3) admits infinitely many solutions.

The next two sections will be devoted to the proof of Theorem 2.1. For the set of subsolutions to
be non-empty, the energy e must be chosen large enough. For instance, taking ug = uy € C(Q; RY),
div,up = 0 we check easily that X is non-empty, specifically ug € Xy, as soon as

N h h
D e |0 ) © (o + Ao]) 1| o). (2.9)
2 r{uo)
Recalling the purely algebraic inequality (cf. [11])
1hP? N hoh -
— < — Amax — — , 2.1
2 r 2 [ r ] (2.10)
where the equality holds only if o
- h®h 1 |h?
H = - = I 2.11
PN 7 (2.11)
we get from (2.9) that
1 |ug + hlug)?
2 rlug] < eluol,

meaning the relation (2.2) is violated at the initial time. This is the undesirable initial “energy jump”
characteristic for the weak solutions obtained by the method of convex integration. A possible remedy
for this problem will be discussed in Section 6.

3 Convex integration
As the set X is bounded, there exists a positive constant € such that

elv] <e for any v € X. (3.1)



Under the hypotheses of Theorem 2.1 we may define a topological space X as the closure of the space
of subsolutions X, with respect to the (metrizable) topology of Cyeax ([0, T'; L?*(€; RN)). Accordingly,
Xy is a (non-empty) complete metric space with the distance of two functions v, w given by

sup d[V(t, )7 W(t7 )]7
te[0,7)

where d is the metrics induced by the weak topology on bounded sets of the Hilbert space L?(Q; RY).
Note that, in view of (2.10), (3.1) and boundedness of all operators involved in the definition of Xy,
the associated fluxes F are bounded in L°°, in particular,

Ov + div,F = 0, div,v =0 in D'((0,T) x Q; RY), (3.2)

for any v € Xy, where the flux F € L*((0,T) x Q; RY %) can be obtained as a weak limit of fluxes
in Xy. Moreover, by convexity of the function

];Amax [(V—l—h)%(v—l—h) _]F+H]
in v and F, we get
];Amax [(V ks h[v])rti](v +hiv) _ F+H[v]| <e[v] a.a. in (0,7") x . (3.3)

Next, we introduce a countable family of functionals

I,[v] = /fn/Q BW - e[v]] dr : Xog — (—00,0].

In accordance with the hypotheses (2.7), each I, can be seen as a lower semi-continuous functional
on Xy. In particular, by means of Baire’s category argument, the set

S =Ny>o {V € X, ’ v is a point of continuity of In}

has infinite cardinality.
In the next section, we show that

if v is a point of continuity of I, in Xy, then I,[v] = 0. (3.4)

In accordance with (2.10), (2.11), combined with the previous observations stated in (3.2), (3.3), this
implies that S consists of weak solutions to problem (2.1-2.3). Consequently, the proof of Theorem
2.1 reduces to showing (3.4).



4 Oscillatory lemma, infinitely many solutions

In accordance with the previous discussion, the final step in the proof of Theorem 2.1 is to show
(3.4). The main tool we shall use is the following variant of the oscillatory lemma (cf. De Lellis and
Székelyhidi [11, Proposition 3|, Chiodaroli [7, Section 6, formula (6.9)]) proved in [13, Lemma 3.1] :

Lemma 4.1 Let U C R x RN, N = 2,3 be a bounded open set. Suppose that

he CWU;RY), me C(U;RNN), &6, FeCU), 7>0, é<einU

sym,0

are given such that

N [h@h .
7/\max ~ —H
2 r

<éinU. (4.1)

Then there exist sequences

w, € C(U; RY), G, € C*(U; RNy, n=0,1,...

sym,0
such that
ow,, + div,G,, = 0, divy,w, =0 in RV,
N h+w,) ® (h+w, 5
2Amax[( +W)§?( +W)—(H—I—Gn) <éeinU, (4.2)
T
and

2
w, — 0 weakly in L*(U; RY), liminf ’W?’

n—oo Jy T

de dt > Ae) /

U r

1|02\

for a certain A(€) > 0 depending only on the energy upper bound e.

Remark 4.1 Note that Lemma 4.1 applies to continuous, not necessarily bounded, functions on the
open set U.

With Lemma 4.1 at hand, we may show the following result that contains (3.4) as a particular
case.
Lemma 4.2 Let

]D:/D[;W—e[v] dz dt : X9 — (—00,0]

be a functional defined on an open set D C [(1,T) x QNQ,0< 7 <T.
Then Ip vanishes at any of its points of continuity.

8



Proof:
Arguing by contradiction we assume that v € X is a point of continuity of I such that

ID[V] < 0.

Since I is continuous at v, there is a sequence {v,,}>_, C X, (with the associated fluxes F,,) such
that
Vi — Vi Cyear ([0, T); L2(; RY)), Ip[vy] — Ip[v] as m — oo.

As [V, Fp| are subsolutions and 7 > 0, we get, thanks to (2.8),

Ny [+ h[vi]) ® (Vi £ h[vi])
2 max r [Vm]

— Fpy + H[V,]

<e[vp] = 0m in [[7,T) x Q)] N Q for some 4, \, 0.
Now, fixing m for a while, we apply Lemma 4.1 with
N=23,U=D, 7=rv,], h=v, +hv,], H=F, —HV,], é=e[V,] — 0.
For {[Wy,., G}, | the quantities resulting from the conclusion of Lemma 4.1, we set
Vi = Vi + Winny Fmn = Fpy + G
Obviously,
OV + divyFp, =0, divyve, =0in D'((0,7) x Q), Viun(0,-) = Vo, Viun(T,:) = vr.

Moreover, in accordance with (4.2) and the fact that w,, G,,, vanish outside D,

N

2 g [ (G2 D) (s )

r[Vin]

—Fon +H[vi] | <e€[vi] —6min [7,T) x QNQ,

2

and, by virtue of the causality property (2.6),

(Vm,n +h[Vina)) ® (Vien + h[Vm,n])

T[Vm,n]

N
sup EAmax [ — Fpn + H[Vm,n]] - e[vm,n] <0

(t,x)eQ,s<t<T

for any 0 < s < 7. Consequently, in view of continuity of the operators v +— hiv], r[v], e[v], H[V]
specified in (2.5), we may infer that for each m there exists n = n(m) such that

Vim,n(m) € Xo, m=1,2,...

9



Moreover, by virtue of (4.3), we may suppose that
Vinn(m) — V il Cyear ([0, T7; L*(Q; R?))
in particular,

Ip[Vinnm] = Ip|V] (44)

as m — oo.
Finally, using again the conclusion of Lemma 4.1 combined with Jensen’s inequality, we observe
that the sequence v,, ,,m) can be taken in such a way that

liminf Ip[vy, 5(my] = lim inf

m—00 m—00

D

— e[Vin + Wi n(m) | do dt
T[Vm + Wm,n(m)]

m—00

~ lim <|V + h[viy + Wi ()|
D

= —e|lvy + Wenom | | dz di
2 T[Vm+Wmn(m)] [ i )]>

2
—Himinf/ 3 ‘Wmnm)’ dz dt
r[v

m=eo m T+ W n(m)]

— h 2\ 2
> Ip[v] + A(e) lim inf s (e([vm]) — O — ;W) dz dt
Ae 1|Vyn + h[v,,]? ’ Ae)
> S = I
> 1pf + e tnint ([ (ettwnd = 0 30 s ) ot 4 5 o,
which is compatible with (4.4) only if Ip[v] = 0.

Q.E.D.

We have shown (3.4); whence Theorem 2.1.
5 Examples

There are many systems arising in mathematical fluid dynamics that can be written in the abstract
form (2.1 — 2.3). We review some of them already studied in the available literature.

10



5.1 Euler-Fourier system

The Euler-Fourier system describes the time evolutions of the mass density o = o(t, z), the velocity
u = u(t, ), and the (absolute) temperature ¢ = (¢, x):

0o + div,(pu) = 0, (5.1)
Oi(ou) + divy(ou ® u) + V,(00) =0, (5.2)
2(@@) + div, (o) — AY = —oidiv,u. (5.3)

Following [8] we first write the momentum pu as its Helmholtz decomposition
ou=v+V,P div,v=0.
Accordingly, we may fix the density p and the acoustic potential ® so that

d0 + AP = 0 holds,

meaning equation (5.1) is satisfies as div,v = 0.
With o, ® given we may determine the temperature field J = 9[v] as the (unique solution) of
(5.3), specifically

1
;)<Q8t19 + (v+ V,P)- Vxﬁ) — AY = —pddiv, (Q (v+ Vﬁb))

endowed with appropriate initial data.
Finally, we rewrite (5.2) in the form

P P
v + div, <(V +Va?) ‘i’ v+V )) + Y, (0,V,® + od[v]) = 0. (5.4)
Fixing the “energy” so that
1 P2 N
SV =z T 09— i), (5.5)

where Z = Z(t) is a suitable spatially homogeneous function, we reduce (5.4) to

(Vv+V,P) o (v+V,P)
0

@v+m%< ):QdMW:Q (5.6)

which is an equation in the form (2.1).
With certain effort, it is possible to show that the hypotheses of Theorem 2.1 are satisfied for
Q = (0,7) x Q, and we obtain the following result, see [8, Theorem 3.1]:

11



Theorem 5.1 Let T > 0 be given, along with the initial data
0(0,-) = 00 € C*(2), 00 >0, V(0,-) =y € C*(Q), Yo >0, u(0,-) =uw € C*(KRY), (5.7

Q= ([—1; 1]{_1;1})N, N =23

Then the Euler-Fourier system (5.1 — 5.3) admits infinitely many weak solutions in (0,T) x §2
emanating from the same initial data (5.7).

As already pointed out, the solutions obtained in Theorem 5.1 may be non-physical in the sense
they violate the principle of energy conservation. However, this drawback can be removed at least
for certain initial data. We will discuss this issue in Section 6.1.

5.2 Quantum fluids

The Euler-Korteweg-Poisson system describes the time evolution of the density o = o(t,z) and the
momentum J = J(¢,z) of an inviscid fluid:

B0 + div,J = 0, (5.8)

) JxJ 1, 9
03 + v, (25 ) 4 V(o) = —ad + oV, (K(Q)Axg + S K(0)| V.ol ) 4oV, V (5.9)
AV =0-0 (5.10)

where K : (0,00) — (0,00) is a given function, see Audiard [3], Benzoni-Gavage et al. [4], [5]. The
choice K = K > ( yields the standard equations of an inviscid capillary fluid (see Bresch et al.
[6], Kotchote [16], [17]), while K (o) = 4% gives rise to the quantum fluid system (see for instance
Antonelli and Marcati [1], [2], Jiingel [15, Chapter 14] and the references therein).

For

x(0) = 0K (o),

it can be shown that system (5.8 — 5.10) can be recast in the form

(v+h)® (v+h)

O + div,, ( + H> + VI =0, (5.11)

with
r=c¢e'o, h=¢V, M,

1 1 1
H(t, z) = 4e' (x(g)vz\/é ® Var/0 — gx(@lvm\/@\% — VeV @ V.V + 12|va|211) ,

12



and

1, 4 1
I(t,z) = ¢’ (p(g) + M + M = x(0)Ave = 5X (0)|V.0* + gx(@)lvx@IQ — oV + 6IVIVIQ) ,

where ¢ and M are suitably chosen functions, see [13].
Now, Theorem 2.1 can be applied to obtain the following result, see [13, Theorem 2.1] and the
proof therein.

Theorem 5.2 Let T > 0 be given. Suppose that p and x satisfy
p € C'0,00) N C*0,00), p(0) =0, x € C?[0,00), x >0 in (0,00).
Let the initial data be given such that
0(0,-) = 0o = 13, 19 € C*(R), meas {$ =Y/ ‘ ro(z) = O} =0, (5.12)

J(0,-) = Jo = 00Uy, Uy € C3(Q; R?). (5.13)
Then the initial value problem (5.8-5.10), (5.12), (5.13) admits infinitely many weak solutions
in (0,T) x Q.
In the situation described in Theorem 5.2, the set () must be taken

Q=(0,7) x Q\ {(t,) | ot,z) = 0}.

5.3 Binary mixtures of compressible fluids

We consider a physically motivated regularization of the Euler equations proposed in the seminal
paper by Lowengrub and Truskinovsky [18]. The model describes the motion of a mixture of two
immiscible compressible fluids in terms of the density o = o(t, z), the velocity u = u(t, z), and the
concentration difference ¢ = ¢(¢,x). The fluid is described by means of the standard Euler system
coupled with the Cahn-Hilliard equation describing the evolution of ¢:

o + div,(pu) = 0, (5.14)

Oi(ou) + div,(ou ® u) + V,po(o, ¢) = div, <QV;,;C ® Ve — §|Vzc\2}1> , (5.15)
1

Oi(oc) + div,(ocu) = A (uo(g, c) — Edivm (QVIC)> ) (5.16)

13



where

po(o,¢) = Qzﬁfogi’c), po(o, ¢) = afoa(i’c) (5.17)

for a given free energy function fy. The system is neither purely hyperbolic nor parabolic as the
dissipation mechanism acts in a very subtle way through the coupling of the Euler and the Cahn-
Hilliard systems.
The machinery of convex integration can be applied, first fixing 0 and ®, similarly to Section 5.1,
to solve
(9159 + Ad = 0,

then taking ¢ = c[v], div,v = 0 to be the unique solution of the equation

Oi(oc) + divg(oc(v + Vo @) = A (Mo(g, ¢) — ;divx (va0)> :

Accordingly, we obtain

v(0,-) = vq, div,v =0, (5.18)
Ov + div, <(V +V.?) Cz (v+Va®) 0 (Vzc[v] ® VIC[V])> =0, (5.19)
ST eyl = 200 - 5 (§IVaelIP + ol civ) + 0V (520

where Z is a spatially homogeneous function.
Theorem 2.1 yields the following result, see [14] for details:

Theorem 5.3 Let the potential fo = fo(o,c) satisfy

1-— 1 _
folo,¢) = H(c) + log(o) (041 5 ¢ + as ;_C>, H e C*R), |H"(¢c)| < H forallce R

Then for any choice of initial conditions
0(0,-) = go € C3(2), igf 00 >0, u(0,-) =ug € C*(% R?), ¢(0,-) =co € C*(Q),

the problem (5.14 - 5.16) admits infinitely many weak solutions in (0,T) x Q.

14



6 Continuity at the initial time, admissible solutions

The major drawback of the construction delineated in the previous part of the paper and the main
reason why the weak solution obtained via convex integration can be eliminated as physically unac-
ceptable is the energy jump at the initial time discussed in Section 2.3. On the other hand, however,
once a subsolution v along with the associated energy e[v] are obtained, it is possible to show the
existence of another subsolution defined on a possibly shorter time interval for which the initial en-
ergy is attained. Such a subsolution can be then used in the process of convex integration to produce
weak solutions that are strongly continuous at the initial time and dissipate energy.

We first state the result for the abstract system and then shortly comment on possible applications.
Modifying slightly the procedure used in the proof of Theorem 2.1 we can show the following assertion:

Theorem 6.1 In addition to the hypotheses of Theorem 2.1, suppose that
HxEQ ‘(t,x)é@}‘:]m forany 0 <t <T. (6.1)

Then there exists a set of times R C (0,T) dense in (0,T) such that for any T € R there is
v € X with the following properties:

v € Go([(0, 1)U (1, T) x QN Q; RY) N Cyear ([0, T); L2 (2 RY)), v(0,-) = g, v(T,-) = ug;

(6.2)
) Ov + div,F =0, div,v =0 in D'((0,T) x Q; RY) (6.3)
for some F € Cyo([(0,7) U (1,T) x Q NQ; ngxn?]’,o);
JQVAmaX [(V + h[v])ﬁ](v D) o mp| < efv] in [(0,7) x Q] N O, (6.4)
sup ﬁkmax [(V Fhlv) @ (v+hiv) F+ HM] —e[v] <0 forany 0 <s<T —r,
(t,x)EQt>T+s T[V} (6 5)
;/g'vt[hvgv”ﬁ, ) de = [ e(r,) dr (6.6)

15



Remark 6.1 Unlike the subsolutions considered in the proof of Theorem 2.1, the function v satisfies
(6.6) and is therefore strongly continuous at the point T attaining the desired energy e[v](T,-) in the
integral sense. There is no energy jump at the time t = 7! Moreover, the set of such times is dense
in (0,7).

Remark 6.2 In view of hypothesis (6.1) we have
Co(Q; RM) C Cioe (0, T; LY(Q; RM)) for any 1 < q < oc. (6.7)
This observation justifies (6.6) and will be frequently used in the proof below.

Proof:
The function v will be constructed recursively as a limit

Vi — v in Cyear ([0, T); L*(€2; RY)) for suitable vy, € X. (6.8)

We start by fixing the open interval (ag,by) C (0,7) in which the time 7 is to be localized. As
the space X of subsolutions is non-empty, we take

vy € Xp, along with the associated flux Fy.

Next, we construct a sequence of functions vy, open intervals (ay, by) C (0,7"), times 7 € (ax, by),
and a decreasing sequence of positive numbers d; ~\, 0 such that:

([ ]
Oy + div,Fy = 0, div,v, =0 in D'((0,7) x ), v(0) =g, v(T) = ur, (6.9)
for a certain field Fy, € C(Q; RY:N),
Vi — Vi1 € CZ(Q; RY), supp[vy, — vi—1] C [(ax, bi) x Q] N Q,
(6.10)
F — Fi1 € C(Q; Riyn), supp[Fr — Fr1] C [(ar, bx) X Q] N Q,
where
O<ak_1<ak<bk<bk_1, 6k:bk—ak—>0f0rk—>oo;
’ 1
sup d(vg(t),vg_1(t)) < ok (6.11)

t€[0,T]
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1
<ok

1
/Q v (Vi — Vi—1) - v, do

sup
te(0,T)

forall j=0,....k—1;
e there exists 7 € (ay, bx) and a positive constant A independent of k such that

1 7 |vi +hlvi]?
2 Ja rivi]

h 2 1
|Vk 1+ hivi_4]| (t,) dz + Ao

(71, ) dx > 5 Vel 2

h 2
/ |Vie—1 + Vk 1] (Te_1, ) dz + /\ 0% for all t € (ay, by),
2 (V1] i

where we have set

b 1 h
ak—/k/<e Vi_1] ‘Vk1+ [Vkl]|>dxdt>0;

r[vi—i]
];[)\max [(Vk : h[Vk];[igw thind) Fr + H[v]| <el[vi] in [(0,a] x QN Q,
];Amx l(Vk + h[Vk]i[éjkgvzg +hvi]) B + H[vi]| < e[vi] — 6 (1 N 21k>
n [(ak,bk) X Q] N Q,
];[)\max l(Vk + h[Vk]BA[@jljv;C +hvi]) By + H[val| < elvi] — 6, (1 N 21k>
0 by b ) X QANQ, j=0,1,... k by =T
Step 1

(6.12)

(6.13)

(6.14)

(6.15)

(6.16)

It follows from the properties of X, that vy satisfies (6.9), along with the bounds (6.14 — 6.16)

for a certain
50 = (5_1 > 0.

Step 2

Suppose we have already constructed the functions v;, along with intervals (a;, b;), the times 7,
and the constants d;, for j = 0,1,...k — 1 enjoying the properties (6.9 — 6.16). Our goal is to find

Vi, (ak, bi), T, and dy.
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First, we fix the interval (ay, bg). To this end, compute
1 |vi_1 + h[vi_1]|?
Vit + Bvi] ) dxd.

o= /b/g (6[““‘1] T2 el

As a consequence of (6.7), the integrand is a continuous function of time continuous function of time;

whence , b )
a1 k/ <€[Vk1} _ L vem 1 Blven] > dxdt
Ek €k r JQ 2 T[Vk_l]
ﬁ
1|ve_y +h[vi_4]]?
/ <6[Vk_1] _ 7‘Vk 1+ [Vk 1” ) (Tk:—l) dz as g, = bk —ay, — 0.
2 r[vi—1]

Consequently, keeping in mind that a; > 0 and repeating the same continuity argument, we may
choose a;_1 < ap < b, < bi_1 and €5 so small that

1 b 1 _ h{v,._]? 2
L Lves Byl dzdt + A(e) £
€r Jap JO 2 r[Vi_1] €k

(6.17)

1 B h B 2 2
Lvies vl gy 4 p@) 2k
2¢eg,

~Ja?2 r[Vi—1]
2

1 |Vk_1 + h[Vk_1]|2 _\ O
= —1,-)dz+ A(e)—% for all t € b
where A(€) is the universal constant introduced in Lemma 4.1.
At this stage, we apply Lemma 4.1 for

U = [(ar, b)) x QNQ, h=v_y+h[v,_y], 7 =r[vi_i],

and )
€= B[kal] — 5k (1 -+ 2kl> 5

where J; > 0 is chosen small enough so that (4.1) may hold.
Now we claim that it is possible to take
Vi = Vi_1 + W, Fr, = Fr_1 + G,, n large enough, (6.18)

where w,,, G,, are the quantities constructed in Lemma 4.1. Obviously, the functions v satisfy (6.9
— 6.12) provided n is large enough. Indeed we observe that n can be chosen so large for (6.12) to be

satisfied. To see this we realize that, by virtue of (6.7), the image

\Z . . 2 N .
(t,-) is compact in L*(2; R™), j=0,...
rvil

k1.

Utelay,bi]
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Next, we use continuity of the operators h, r specified in (6.7) to compute

/bk 1 |V;€ + h[vk Qo df — /bk 1 [Vi—1 4+ h[vi_1 + w,]|? dr dt
k Vk 1+ Wn]
b 2 h
+/k _wal® dxdt+2/ /W" (Vi Fhlvi Fwal) g
2rvk 1+ W r[Vi—1 + Wy
/bk 1"’“+h["’“ araiy s [ /1 [w, e
provided n is large enough, Where e, — 0 as n — oo for any ﬁxed k. Consequently, (4.3) gives rise
to
e 1 h 1 h|
k] Vk 1]
b
k ( 1|Vk 1+h[Vk 1” > de dt
rivii]
AlE) 1 af

/”k 1]vi +h[Vk 1|
Vk 1] 4 |Q| 8k7
where the last line follows from Jensen’s inequality. Thus, using (6.17), (6.19), we may find n large
enough and 7 € (ag, bx) such that (6.13) holds with some A that can be determined in terms of A(e)
and |Q].
Finally, our goal is to check that vy, Fy satisfy (6.14 — 6.16). First we claim that (6.14) is a direct
consequence of the causality property (2.6). Next, Lemma (4.1), specifically (4.2), yields

Ny [(vi+hlvia]) ® (v + hlvea))
2 r[Vi_1]

<e[vk_1]—5k< + 1 )

— Fr + H[Vk_l] h 1

in [(ak, br) x 2] N Q; whence (6.15) follows from uniform continuity of h, r, H and e provided n is
large enough. To see (6.16), we have to realize that vy = vi_y and Fy = Fy_; in [(br,T) X Q] N Q,
and, similarly to the above, relation (6.16) follows from continuity of h, r, H and e as son as n is
chosen large enough.

Step 3

Our ultimate goal is to observe that v, determined by the limit (6.8), enjoys the desired properties
claimed in Theorem 6.1. We set 7 = lim;_., 7. Since the functions vy, Fj coincide with vi_1, Fr_q
on the time intervals (0,ax), (bg,T), the properties (6.2 — 6.5) follow by taking the limit in (6.9),
(6.14 — 6.16) for k — oo.
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To see (6.6), we first observe that, by virtue of (6.13),

Vi + h[vy]?

— d Y as k
2 Jo T[Vk] (Tk) x / as — 00,

and the convergence is uniform on the time intervals (ay, by); whence

/ elv 1|Vk 1+ hive 1” daxdt — 0
k— 1 {Vk_l] )

which in turn implies
‘Vk—F}le
5 / ) dz — / ) dz as k — oo uniformly for t € (ay, bg). (6.20)

We show that (6.20) yields
Wk(Tv ) - W(Ta )

which completes the proof of Theorem 6.1. Indeed we may write

— 2 2 2
/’van‘dx:/Wm‘ dz — ‘V”| —2/ “dz, m > n,
o vy Q 7V

where the difference of the first two integrals vanishes as n — oo uniformly for ¢ € (0,7"); whereas

/Q(V r[vvn]) = do) =

in view of (6.12).

1
2n71

Vk:+1 - Vk n g

x| < uniformly in (0,7)

Q.E.D.

Now, we can define a set of subsolutions on the time interval (7,7"), with
u=v(r), Q=0 =QN[(7.T) x Q]
and the operators h,, v, e,;, H, defined as
v in [0, 7]

h;[w] = h[W||(- 1), where w = { ;
w e [1,T]
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where v is the function constructed in Theorem 6.1. In accordance with (6.6), we have v|j 7 is a

subsolution, and
1 1 Jup + he[u]?
2 Ja r-[uo]

doz = / e-[ug] dz.
Q

Finally we note that in this case the weak solutions u constructed via Theorem 2.1 will satisfy

1|u+ hlu]]”

5 fal (t,x) = e[u](t, x) for a.a. (t,z) € (0,T) x Q and including the initial time ¢ = 0.
rlu

6.1 Example, dissipative solutions to the Euler-Fourier system

Revisiting the Euler-Fourier system introduced in Section 5.1, we say that g, ¥, u is a dissipative
solution of (5.1 —5.3), if, in addition, the energy balance

(s Ve = [ (X 2, 3 )
E(t)—/9<2g|u| +2m9> (t, )dﬂ?—/§2<290\u0| + 500t ) du (6.21)

holds for a.a. ¢t € (0, 7).
As a possible application of Theorem 6.1, one can show the following result, see [8, Theorem 4.2]:

Theorem 6.2 Under the hypotheses of Theorem 5.1, let T > 0 and the data
00, Vo € 02(9)7 00,Uo >0

be given.
Then there exists ug € L>=(2; RY) such that the Euler-Fourier system (5.1 — 5.3), with the initial
conditions (5.7), admits infinitely many dissipative solutions in (0,7 x €.
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