134 (2009) MATHEMATICA BOHEMICA No. 4, 411–425

OSCILLATION OF A HIGHER ORDER NEUTRAL DIFFERENTIAL EQUATION WITH A SUB-LINEAR DELAY TERM AND POSITIVE AND NEGATIVE COEFFICIENTS

Julio G. Dix, San Marcos, Dillip Kumar Ghose, Radhanath Rath, Orissa

(Received November 21, 2008)

Abstract. We obtain sufficient conditions for every solution of the differential equation

[y(t) − p(t)y(r(t))]^{(n)} + v(t)G(y(g(t))) − u(t)H(y(h(t))) = f(t)

to oscillate or to tend to zero as t approaches infinity. In particular, we extend the results of Karpuz, Rath and Padhy (2008) to the case when G has sub-linear growth at infinity. Our results also apply to the neutral equation

[y(t) − p(t)y(r(t))]^{(n)} + q(t)G(y(g(t))) = f(t) when q(t) has sign changes. Both bounded and unbounded solutions are consideted here; thus some known results are expanded.

Keywords: oscillatory solution, neutral differential equation, asymptotic behaviour MSC 2000 : 34C10, 34C15, 34K40

1. Introduction

This article concerns the oscillation of solutions to the neutral functional differential equation

(1.1) (y(t) − p(t)y(r(t)))^{(n)} + v(t)G(y(g(t))) − u(t)H(y(h(t))) = f(t),

where n is an integer greater than 1, the functions f, g, h, p, r are in C([0, ∞), R), the functions u, v are in C([0, ∞), [0, ∞)), the functions G and H are in C(R, R), and p is a function with n continuous derivatives. The delay functions g, h, r are non-decreasing with g(t) � t, h(t) � t, r(t) � t and these functions approach ∞ as t → ∞.

Let t_0 � 0 and t_{−1} := min{r(t_0), g(t_0), h(t_0)}. By a solution of (1.1) we mean a function y ∈ C([t_{−1}, ∞), R) such that y(t) − p(t)y(r(t)) is n times continuously differentiable on [t_0, ∞) and the neutral equation (1.1) is satisfied for t � t_0.

In this work we assume the existence of solutions and study only their qualitative behaviour. For results on existence and uniqueness of solutions, we refer the reader to [4].

Given an initial function φ ∈ C([t_{−1}, t_0], R), we assume that there exists a unique solution to (1.1) satisfying y(t) = φ(t) for t ∈ [t_{−1}, t_0]. Such a solution is said to be non-oscillatory if it is eventually positive or eventually negative; otherwise it is called oscillatory.

The function G in (1.1) is said to have linear growth (or to be linear) at infinity, if lim_{x→∞} |G(x)|/x is a positive constant. G is super-linear if lim_{x→∞} |G(x)|/x = ∞, and G is sub-linear if lim_{x→∞} |G(x)|/x = 0.

Oscillation and non-oscillation of neutral differential equations have been studied by many authors during the previous two decades [6], [10], [11], [13], [14], [21], [9], [24]. However, there are only a few publications on the oscillatory behaviour of higher order (n � 2) neutral differential equations with positive and negative coefficients. In a recent paper Karpuz et al [6] obtained results assuming that G is linear or super-linear; see Theorem 2.1 below. In this article, we omit the superlinear growth condition on G. By doing this, our results also apply to the neutral differential equation

(1.2) (y(t) − p(t)y(r(t)))^{(n)} + q(t)G(y(g(t))) = f(t),

where q is allowed to change sign; see Section 3. The majority of the existing publications have results for q positive, and very few for q having sign changes; see [1], [2], [12], [16], [17], [18], [19], [21], [23]. The main difficulty is that when q(t) is oscillatory, then for a non-oscillatory solution y(t) of (1.2), the function (y(t) − p(t)y(r(t))^{(n)} − f(t) may be oscillatory. To the best of our knowledge, when q(t) changes sign, (1.2) has been studied only for n = 1; see [3]. Thus, our results extend and generalize some results from [3], [6], [21].

2. Main results

In the sequel, unless otherwise specified, when we write a functional inequality, it will be assumed to hold for all t sufficiently large. Our results will use the following hypotheses:

(H0) lim inf_{x→∞} G(x) > 0, lim sup_{x→−∞} G(x) < 0; (H1) xG(x) > 0 for x ≠ 0, (H2) H is bounded; (H3)

∫_∞

t_0 v(t) dt = ∞;

(H4)

∫_∞

t_0 t

n−1u(t) dt < ∞;

(H5) there exists a bounded function F such that F^{(n)}(t) = f(t); (H6) the function F in (H5) satisfies lim_{t→∞} F (t) = 0.

Note that (H6) is satisfied for example if

∫_∞ 0 t^{n−1}|f(t)| dt < ∞.

2.1. Results for unbounded solutions. First we state a theorem that assumes G being linear or superlinear.

Theorem 2.1 [6, Theorem 2.4]. Assume that G is nondecreasing and that there exist positive constants p_1, p_2 such that

(2.1) −1 < p_1 � p(t) � 0 ∀t or 0 � p(t) � p_2 < 1 ∀t.

Also assume (H1)–(H2), (H4)–(H5), ∫_∞

t_0

t^{n−2}v(t) dt = ∞ (n � 2),

(2.2)

lim inf t→∞ g(t)/t > 0,

(2.3) lim inf x→∞ G(x)/x > 0, lim inf_{x→−∞} G(x)/x > 0.

(2.4)

Then every unbounded solution of (1.1) is oscillatory.

The following example shows that (2.4) is necessary in the setting of the above theorem.

E x a m p l e 2.2. Consider the neutral equation

(2.5) (y(t) − cy(t − 1))^{′′′} + v(t)y^{1/3}(t − 1) − u(t)H(y(t − 2)) = 0

for t � 4, where v(t) = 3(t^{−6} + t^{−3/2} − c(t − 1)^{−3/2})/(8 √ t − 1), H(y) = y/(y^2 + 1), u(t) = 3(1 + (t − 2)^3)/(8t^6(t − 2)^{3/2}), and 0 < p(t) ≡ c < 1/2 or −1 < p(t) ≡ c < 0. Note that G(y) = y^{1/3} which is sub-linear. Clearly, the conditions for Theorem 2.1 are satisfied except for (2.4), and the solution y(t) = t^{3/2} is unbounded and nonoscillatory.

Now we state our main result, without assuming that G is non-decreasing and without conditions (2.2)–(2.4). In fact, we replace (2.2) by (H3), which is more restrictive than (2.2) when n � 3. However, these two conditions are the same when n = 2.

Theorem 2.3. Assume (H0)–(H5). For p(t) satisfying (2.1), every unbounded solution of (1.1) is oscillatory.

P r o o f. For the sake of contradiction, assume that there exists an unbounded solution y which is eventually positive. Because g, h, r approach ∞ as t → ∞, there exists t_0 such that y(t) > 0, y(h(t)) > 0, y(g(t)) > 0, y(r(t)) > 0 for t � t_0. Define

(2.6) k(t) =

(−1)^{n−1} (n − 1)!

∫_∞ t (s − t)^{n−1}u(s)H(y(h(s))) ds for t � t_0.

By assumptions (H2) and (H4) the above integral converges, thus k(t) is a well defined real-valued function, and

(2.7) lim_{t→∞} k(t) = 0.

Note that the nth derivative of k is k^{(n)}(t) = −u(t)H(y(h(t))). For simplicity of notation, we define

(2.8) w(t) = y(t) − p(t)y(r(t)) + k(t) − F (t),

where F^{(n)}(t) = f(t). Then from (1.1),

(2.9) w^{(n)}(t) = −v(t)G(y(g(t))).

Then by (H1) we have w^{(n)}(t) � 0. By (H3), w^{(n)}(t) is not identically zero in any interval [t_1, ∞). As in [8, Lemma 5.2.1], we can show that there exists t_1 � t_0 such that w, w^′, . . . , w^{(n−1)} are monotonic and of constant sign on [t_1, ∞). However, we do not know yet that w > 0.

Since y is positive and unbounded, there exists an increasing sequence {a_j } such that lim_{j→∞} a_j = ∞, lim_{j→∞} y(a_j ) = ∞, with y(a_j ) = max_{t1 ⩽s⩽aj} y(s).

By (2.7), for each ε > 0 there exists N_0 such that

k(a_j ) < ε for j � N_0.

Since g(t), h(t), r(t) approach ∞ as t → ∞, there exists N_1 � N_0 such that: a_j , g(a_j ), h(a_j ), r(a_j ) > t_1 for j � N_1.

By (H5), there is an upper bound η for |F |. Using that y(t) > 0, the definition of {a_j } and that r(t) � t, we have: for the case 0 � p(t) � p_2 < 1,

w(a_j ) = y(a_j ) − p(a_j )y(r(a_j )) + k(a_j ) − F (a_j ) � (1 − p_2)y(a_j ) − ε − η, j � N_1;

and for the case −1 < p_1 � p(t) � 0,

w(a_j ) = y(a_j ) − p(a_j )y(r(a_j )) + k(a_j ) − F (a_j ) � y(a_j ) − ε − η, j � N_1.

Taking limits in both the inequalities above, we have lim_{j→∞} w(a_j ) = ∞. Since w, w^′, . . . , w^{(n−1)} are monotonic and of constant sign, it follows that w > 0 and w^′ > 0. Now by [8, Lemma 5.2.1], w^{(n)} � 0 and w > 0 imply w^{(n−1)}(t) > 0 for t � t_1.

Next we show that y is bounded below by a positive constant, which will be used for bounding the G term from below.

Using that w is positive and increasing and that r(t) � t, we have for the case −1 < p_1 � p(t) � 0,

(1 + p_1)w(t) � w(t) + p_1w(r(t)) � w(t) + p(t)w(r(t)) = y(t) + k(t) − F (t) + p(t)[−p(r(t))y(r(r(t))) + k(r(t)) − F (r(t))];

and for the case 0 � p(t) � p_2 < 1,

w(t) � w(t) + p(t)w(r(t))

= y(t) + k(t) − F (t) + p(t)[−p(r(t))y(r(r(t))) + k(r(t)) − F (r(t))].

Since p(t) and p(r(t)) have the same sign and y > 0 in each of the two inequalities above, and 1 − p_2 � 1, we have

(1 − p_2)w(t) � y(t) + ε + η + p_2ε + p_2η, for t � t_1.

Since lim_{t→∞} w(t) = ∞, it follows that lim_{t→∞} y(t) = ∞. Then there exists t_2 � t_1 such that for t � t_2, y(t), y(g(t)), y(h(t)), y(r(t)) are bounded below by a positive constant. By (H0)–(H1), for s � t_2, G(y(g(s))) is bounded below by a positive constant α. Integrating (2.9) we obtain

w^{(n−1)}(t) = w^{(n−1)}(t_2) +

∫_t

t_2

−v(s)G(y(g(s))) ds � w^{(n−1)}(t_2) − α

∫_t

t_2

v(s) ds.

Note that by (H3) the right-hand side approaches −∞, while the left-hand side is positive. This contradiction implies that the solution cannot be unbounded and eventually positive.

Now assume that the solution y is unbounded and eventually negative. Because g, h, r approach ∞ as t → ∞, there exists t_0 such that y(t) < 0, y(h(t)) < 0, y(g(t)) < 0, y(r(t)) < 0 for t � t_0. Define w(t) as in (2.8). Then w^{(n)}(t) � 0 and it is not identically zero in any interval [t_1, ∞). As in [8, Lemma 5.2.1], we can show that there exists t_1 � t_0 such that w, w^′, . . . , w^{(n−1)} are monotonic and of constant sign on [t_1, ∞). However, we do not know yet that w < 0.

Since y is negative and unbounded, there exists an increasing sequence {a_j } such that lim_{j→∞} a_j = ∞, lim_{j→∞} y(a_j ) = −∞, with y(a_j ) = min_{t1⩽s⩽aj} y(s).

Since g(t), h(t), r(t) approach ∞ as t → ∞, there exists N_1 � N_0 such that: a_j , g(a_j ), h(a_j ), r(a_j ) > t_1 for j � N_1.

By (H5) there is an upper bound η for |F |. Using that y(t) < 0, the definition of {a_j }, and that r(t) � t, we have: For the case 0 � p(t) � p_2 < 1,

w(a_j ) = y(a_j ) − p(a_j )y(r(a_j )) + k(a_j ) − F (a_j ) � (1 − p_2)y(a_j ) + ε + η, j � N_1;

and for the case −1 < p_1 � p(t) � 0,

w(a_j ) = y(a_j ) − p(a_j )y(r(a_j )) + k(a_j ) − F (a_j ) � y(a_j ) + ε + η, j � N_1.

Taking limits in both the inequalities above, we have lim_{j→∞} w(a_j ) = −∞. Since w, w^′, . . . , w^{(n−1)} are monotonic and of constant sign, it follows that w < 0 and w^′ < 0. Now by [8, Lemma 5.2.1], w^{(n)} � 0 and w < 0 imply w^{(n−1)}(t) < 0 for t � t_1.

Using that w is negative and increasing, and that r(t) � t, we have: For the case −1 < p_1 � p(t) � 0,

(1 + p_1)w(t) � w(t) + p_1w(r(t)) � w(t) + p(t)w(r(t)) = y(t) + k(t) − F (t) + p(t)[−p(r(t))y(r(r(t))) + k(r(t)) − F (r(t))];

and for the case 0 � p(t) � p_2 < 1,

w(t) � w(t) + p(t)w(r(t))

= y(t) + k(t) − F (t) + p(t)[−p(r(t))y(r(r(t))) + k(r(t)) − F (r(t))].

Since p(t) and p(r(t)) have the same sign and y < 0 in each of the two inequalities above, and 0 < 1 + p_1 � 1, we have

w(t) � y(t) − ε − η + p_1ε + p_1η, for t � t_1.

Since lim_{t→∞} w(t) = −∞, it follows that lim_{t→∞} y(t) = −∞. Then there exists t_2 � t_1 such that for t � t_2, y(t), y(g(t)), y(h(t)), y(r(t)) are bounded above by a negative constant. By (H0)–(H1), for s � t_2, G(y(g(s))) is bounded above by a negative constant δ. Integrating (2.9), we obtain

w^{(n−1)}(t) = w^{(n−1)}(t_2) +

∫_t

t_2

−v(s)G(y(g(s))) ds � w^{(n−1)}(t_2) − δ

∫_t

t_2

v(s) ds.

Note that by (H3) the right-hand side approaches +∞, while the left-hand side is negative. This contradiction implies that the solution cannot be unbounded and eventually negative. This completes the proof. □ The necessity of (H3) in the above theorem can be shown using Example 2.2. Note that by setting p(t) = 0, Theorems 2.1, 2.3 apply to the equation

y^{(n)}(t) + v(t)G(y(g(t))) − u(t)H(y(h(t))) = f(t).

Also note that Theorems 2.1, 2.3 answer the open problem posed in [23, p. 195]; i.e., to study oscillatory behaviour of unbounded solutions of (1.1) when p(t) satisfies (2.1).

2.2. Results for bounded solutions. The superlinearity conditions (2.4) and (H0) are not needed in this subsection because the solution y does not approach ±∞. The next result is a modification of [6, Theorem 2.10], we omit the assumption that G is non-decreasing.

Theorem 2.4. Assume (H1)–(H2), (H4)–(H6), that the delayed argument r(t) is strictly increasing, and that

(2.10)

∫_∞

t_0

t^{n−1}v(t) dt = ∞.

Then every bounded solution of (1.1) is oscillatory or tends to zero as t → ∞, for each of the following four cases:

(2.11) p_4 � p(t) � p_3 < −1 ∀t; −1 < p_1 � p(t) � 0 ∀t; 0 � p(t) � p_2 < 1 ∀t; 1 < p_5 � p(t) � p_6 ∀t, where p_1, p_2, p_3, p_4, p_5, p_6 are constants.

P r o o f. We follow the steps in [6, Theorem 2.10]. By contradiction assume y is an eventually positive solution of (1.1) which does not tend to zero as t → ∞. Then there exists a t_0 such that for t � t_0, y(t), y(h(t)), y(g(t)), y(r(t)) are positive. Define w(t) by (2.8). Then, as above, w^{(n)} � 0 and w, w^′, . . . , w^{(n−1)} are monotonic and of constant sign on some interval [t_1, ∞). Let λ := lim_{t→∞} w(t) which exists as a finite number because w is monotonic and bounded. Integrating (2.9) n times, we obtain w(t) − λ =

(1)^{n−1} (n − 1)!

∫_∞ t (s − t)^{n−1}v(s)G(y(g(s))) ds.

Since w is bounded, the above integral is convergent. This in turn, by (2.10), implies lim inf s→∞ G(y(g(s))) = 0. As G(x) ≠ 0 for x ≠ 0, we have lim inf_{s→∞} y(g(s)) = 0 and because lim_{t→∞} g(t) = ∞, we have lim inf_{t→∞} y(t) = 0.

Since lim_{t→∞} w(t) exists, k(t), F (t) approach zero and p(t) is bounded, it follows that lim_{t→∞} y(t)−p(t)y(r(t)) exists as a finite number. A result in [23, Lemma 1] shows that lim inf s→∞ y(s) = 0 implies lim_{t→∞} y(t) − p(t)y(r(t)) = 0 under each of the assumptions in (2.11), with r(t) strictly increasing. Therefore λ = lim_{t→∞} w(t) = 0.

For p(t) � 0 (including p(t) � p_3 < −1) we have w(t) � y(t) + k(t) − F (t) and

0 = lim_{t→∞} w(t) � lim sup_{t→∞} y(t) � 0.

For 0 � p(t) � p_2 < 1 we have w(t) � y(t) − p_2y(r(t)) + k(t) − F (t) and

0 = lim_{t→∞} w(t) � lim sup_{t→∞} [y(t) − p_2y(r(t))] � lim sup t→∞ y(t) + lim inf_{t→∞} [−p_2y(r(t))] = (1 − p_2) lim sup_{t→∞} y(t) � 0.

For 1 < p_5 � p(t) � p_6 we have w(t) � y(t) − p_5y(r(t)) + k(t) − F (t) and

0 = lim_{t→∞} w(t) � lim inf_{t→∞} [y(t) − p_5y(r(t))] � lim sup t→∞ y(t) + lim inf_{t→∞} [−p_5y(r(t))] = (1 − p_5) lim sup_{t→∞} y(t) � 0.

Therefore, under each of the four hypotheses in (2.11), lim sup_{t→∞} y(t) = 0. Therefore, bounded eventually positive solutions must approach zero.

The proof for bounded eventually negative solutions is similar to the proof above; so we omit it. The proof is complete. □

2.3. Results for bounded or unbounded solutions. Theorems 2.3 and 2.4 are combined to give a general result as follows.

Theorem 2.5. Assume (H0)–(H6) and that r(t) is strictly increasing. Then every solution of (1.1) is oscillatory or tends to zero as t → ∞, for p(t) satisfying (2.1).

The following oscillation result does not assume that r(t) is increasing, but restricts p(t) furthermore than the theorem above.

Theorem 2.6. Assume (H0)–(H6) and that 0 � p(t) � p_2 < 1. Then every solution of (1.1) is oscillatory or tends to zero as t → ∞.

P r o o f. By contradiction assume y is an eventually positive solution of (1.1) which does not tend to zero as t → ∞. Then there exists a t_0 such that for t � t_0, y(t), y(h(t)), y(g(t)), y(r(t)) are positive and lim sup_{t→∞} y(t) > 0. Define w(t) by (2.8). Then, as above, w^{(n)} � 0 and w, w^′, . . . , w^{(n−1)} are monotonic and of constant sign on some interval [t_1, ∞). We do not know that w > 0 yet. Since 0 � p(t) � p_2 < 1 and y > 0, we have

w(t) � y(t) − p_2y(r(t)) + k(t) − F (t).

Taking the limit superior, using that w is monotonic and that k(t) and F (t) converge to zero, we obtain

λ = lim_{t→∞} w(t) � (1 − p_2) lim sup_{t→∞} y(t) > 0.

Then w(t) is positive for t large enough. By [8, Lemma 5.2.1], w^{(n)} � 0 and w > 0 imply the existence of t_1 such that w^{(n−1)}(t) > 0 for t � t_1. Next we show that lim inf t→∞ y(t) > 0, which will be used for bounding G(y(g(s))) from below by a positive constant. Using that 0 � p(t) and y > 0, we have

w(t) � y(t) + k(t) − F (t).

Taking the limit inferior, using that w is monotonic and that k(t) and F (t) approach zero, we have 0 < λ = lim_{t→∞} w(t) � lim inf_{t→∞} y(t).

Then there exists a t_2 � t_1 such that for t � t_2, y(t), y(h(t)), y(g(t)), y(r(t)) are bounded below by a positive constant. By (H0)–(H1), for s � t_2, G(y(g(s))) is bounded below by a positive constant α. Integrating (2.9), we obtain

w^{(n−1)}(t) = w^{(n−1)}(t_2) +

∫_t

t_2

−v(s)G(y(g(s))) ds � w^{(n−1)}(t_2) − α

∫_t

t_2

v(s) ds.

Note that by (H3) the right-hand side approaches −∞, while the left-hand side is positive. This contradiction implies that the solution cannot be eventually positive without approaching zero.

Now assume that y is eventually negative and does not tend to zero as t → ∞. Then there exists a t_0 such that for t � t_0, y(t), y(h(t)), y(g(t)), y(r(t)) are negative and lim inf_{t→∞} y(t) < 0. Define w(t) by (2.8). Then w^{(n)} � 0. As above, w, w^′, . . . , w^{(n−1)} are monotonic and of constant sign on some interval [t_1, ∞). Since 0 � p(t) � p_2 < 1 and y < 0, we have

w(t) � y(t) − p_2y(r(t)) + k(t) − F (t).

Taking the limit inferior, using that w is monotonic and that k(t) and F (t) approach zero, we have λ = lim_{t→∞} w(t) � (1 − p_2) lim inf_{t→∞} y(t) < 0.

Then w(t) < 0 for t large enough. Now by [8, Lemma 5.2.1], w^{(n)} � 0 and w < 0 imply the existence of t_1 such that w^{(n−1)}(t) < 0 for t � t_1. Next we show that lim sup t→∞ y(t) < 0, which will be used for bounding G(y(g(s))) from above by a negative constant. Using that 0 � p(t) � p_2 < 1 and y < 0, we obtain

w(t) � y(t) + k(t) − F (t).

Taking the limit superior, using that w is monotonic and that k(t) and F (t) approach zero, we have 0 > λ = lim_{t→∞} w(t) � lim sup_{t→∞} y(t).

Then there exists a t_2 � t_1 such that for t � t_2, y(t), y(h(t)), y(g(t)), y(r(t)) are bounded above by a negative constant. By (H0)–(H1), for s � t_2, G(y(g(s))) is bounded above by a negative constant δ. Integrating (2.9), we arrive at

w^{(n−1)}(t) = w^{(n−1)}(t_1) +

∫_t

t_1

−v(s)G(y(g(s))) ds � w^{(n−1)}(t_1) − δ

∫_t

t_1

v(s) ds.

Note that by (H3) the right-hand side approaches ∞, while the left-hand side is negative. This contradiction implies that an eventually negative solution must approach zero as t → ∞. This completes the proof. □

The following example illustrates some of our main results.

E x a m p l e 2.7. Consider the neutral functional differential equation with positive and negative coefficients, for t � 1, (2.12) [y(t) − e^{−5t/3}y(t/3)]^{′′′} + (e^{−t} + 1)G(y(t/2)) − 8e^{−t}(e^{−t} + 1)H(y(t/4)) = 0, where G(x) = x^2 sgn(x)/(1+x^2) and H(x) = x^4 sgn(x)/(1+x^4). Here sgn(x) assumes values −1, 0, 1 for x < 0, x = 0, x > 0, respectively. Clearly, all the conditions of Theorems 2.3, 2.6 and 2.4 are satisfied by the neutral equation (2.12). As such, by these theorems, (2.12) has a solution y(t) = e^{−t}, which tends to zero as t → ∞. Note that in (2.12), G is sublinear; as such, none of the results published before this article can be applied to this neutral equation.

In the next result we remove the barrier at −1 for p(t). However, we introduce additional hypotheses.

Theorem 2.8. Assume (H0)–(H2), (H4)–(H6), p_4 � p(t) � 0, and let the delay functions satisfy g(r(t)) = r(g(t). Also assume that

(2.13)

∫_∞

t_0

min{v(t), v(r(t))} dt = ∞;

that there exists a positive constant δ such that for x, y, z > 0, (2.14) G(x + y) � δ(G(x) + G(y)), G(zx) � G(z)G(x); and that for x, y < 0 and z > 0, (2.15) G(x + y) � δ(G(x) + G(y)), G(zx) � G(z)G(x). Then every solution of (1.1) is oscillatory or tends to zero as t → ∞.

P r o o f. By contradiction assume y is an eventually positive solution of (1.1) which does not tend to zero as t → ∞. Then there exists a t_0 such that for t � t_0, y(t), y(h(t)), y(g(t)), y(r(t)) are positive and lim sup_{t→∞} y(t) > 0. Define w(t) by (2.8). Then, as above, w^{(n)} � 0 and w, w^′, . . . , w^{(n−1)} are monotonic and of constant sign on some interval [t_1, ∞). From p(t) � 0 and y > 0 it follows that w(t) � y(t) + k(t) − F (t). Taking the limit we have λ = lim_{t→∞} w(t) � lim sup_{t→∞} y(t) > 0.

Since k(t) and F (t) approach zero, y(t) − p(t)y(r(t)) is bounded below by a positive constant for all t large enough. Using y(t)−p_4y(r(t)) � y(t)−p(t)y(r(t)), lim_{t→∞} g(t) =

∞, and g(r(t)) = r(g(t)), it follows that y(g(t)) − p_4y(g(r(t))) is also bounded below by a positive constant on some interval [t_2, ∞). Then by (H0)–(H1) there exists a positive constant α such that α � G(y(g(t)) − p_4y(g(r(t)))). Using (2.14) we obtain

α � G(y(g(t)) − p_4y(g(r(t)))) � δ[G(y(g(t))) + G(−p_4)y(g(r(t)))] � δ[G(y(g(t))) + G(−p_4)G(y(g(r(t))))].

From (2.9) we have

w^{(n)}(t) + G(−p_4)w^{(n)}(r(t))

� − min{v(t), v(r(t))}[G(y(g(t))) + G(−p_4)G(y(g(r(t))))] � − min{v(t), v(r(t))}α/δ

Integrating, we arrive at

w^{(n−1)}(t) + G(−p_4)w^{(n−1)}(r(t))

� w^{(n−1)}(t_2) + G(−p_4)w^{(n−1)}(r(t_2)) − (α/δ)

∫_t

t_2

min{v(s), v(r(s))} ds.

Taking the limit as t → ∞, by (H3) and (2.12) we obtain that the right-hand side approaches −∞ while the left-hand side is positive. This contradiction proves that eventually positive solutions must converge to zero. For eventually negative solutions, we proceed as above. Thus the proof is complete. □ As prototypes of functions G satisfying the conditions (H0), (H1), (2.14)–(2.15), we have G(x) = |x|^λ sgn(x) and G(x) = (β + |x|^μ)|x|^λ sgn(x) with λ > 0, μ > 0, λ + μ � 1, β � 1. For verifying these conditions, we may use the well known inequality [5, p. 292]

x^p + y^p � { (x + y)^p, 0 � p < 1, 2^{1−p}(x + y)^p, 1 � p.

Clearly, (2.12) implies (H3), but not the other way around. For example v(t) = max{0, sin(t)} and r(t) = t − π yield

∫_∞ 0 v(t) dt = ∞ and

∫_∞ 0 v(r(t)) dt = ∞ but ∫_∞ 0 min{v(t), v(r(t))} dt = 0. However, when v is monotonic, (2.12) is equivalent to (H3).

A result similar to Theorem 2.8 is shown in [6, Theorem 2.20]. There it is assumed that ∫_∞

t_0

t^{n−2} min{v(t), v(r(t))} dt = ∞

which is less restrictive than (2.12). This is a trade off for G being non-decreasing and of superlinear growth there.

R e m a r k 2.9. Note that, even in the particular cases of our results for u ≡ 0 in (1.1), i.e., for the equation

[y(t) − p(t)y(r(t))]^{(n)} + v(t)G(y(g(t))) = f(t),

Theorems 2.3, 2.6, 2.4 and 2.8 generalize the results in [17], [18]. Due to this generalization, particularly, by relaxing the conditions that G is non-decreasing and super linear, it is now possible to apply these results to the oscillatory and asymptotic behaviour of the higher-order neutral equation (1.2) with an oscillating coefficient q(t) in our next section, which was not hitherto possible.

3. Application to neutral equations with oscillating coefficients

In this section we find sufficient conditions for every solution of the higher order (n � 2) neutral differential equation

(3.1) [y(t) − p(t)y(r(t))]^{(n)} + q(t)G(y(g(t))) = f(t)

to oscillate or tend to zero as t → ∞, where q(t) is allowed to change sign. Let q^+(t) = max{q(t), 0} and q^−(t) = max{−q(t), 0}. Then q(t) = q^+(t) − q^−(t) and the above equation can be written as

(3.2) [y(t) − p(t)y(r(t))]^{(n)} + q^+(t)G(y(g(t))) − q^−(t)G(y(g(t))) = f(t).

Now we proceed as in the previous section by setting v(t) = q^+(t), u(t) = q^−(t) and H(x) = G(x). Assumptions (H3) and (H4) become ∫_∞

t_0

q^+(t) dt = ∞,

∫_∞

t_0

t^{n−1}q^−(t) dt < ∞,

which are feasible conditions. Therefore, the study of (3.1) reduces to the study of (1.1) in Theorems 2.3, 2.4, 2.6, 2.4. However, Theorem 2.1 cannot be applied because (H2) and (2.4) are incompatible conditions.

For the results in this section we need G to be bounded, continuous, and to satisfy (H0) and (H1). The prototype of such a function G(y) is y^{2n} sgn(y)/(1 + y^{2n}). To emphasize the need for condition (H4) in the results in this section, we consider the equation y^{′′}(t) + q(t)y(t − 2π) = 0, where q(t) = (sin(t) − cos^2(t)), n = 2 and p(t) = 0. Then q^+(t) = (sin(t))^+ and q^−(t) = ((sin(t))^− + cos^2(t)). Note that

∫_∞ 0 tq^−(t) dt = ∞ and that the solution y(t) = exp(sin(t)) neither oscillates nor tends to zero as t → ∞.

F i n a l c o m m e n t s. Since (H2) and (2.4) are incompatible, it would be interesting to study the oscillation of solutions to (1.1) or to (3.1), by either relaxing the conditions or by considering the corresponding linear equations.

While studying (1.1) and (3.1), we assumed (H4). However, we do not know yet what would happen if these conditions are not met. Hence it would be very interesting to do research in this direction.

We observe that in the majority of the results for forced equations, non-oscillatory solutions tend to zero at ∞. Can we change this asymptotic behaviour of the nonoscillatory solutions by imposing additional conditions on the coefficient functions of (1.1) or (3.1)?

A c k n o w l e d g e m e n t. The authors are thankful and obliged to the referee for his/her various suggestions how to improve the presentation of this paper.

References

[1] Ming-Po Chen, Z. C. Wang, J. S. Yu, B. G. Zhang: Oscillation and asymptotic behaviour of higher order neutral differential equations. Bull. Inst. Math. Acad. Sinica 22 (1994), 203–217.

[2] Pitambar Das, N. Misra: A necessary and sufficient condition for the solution of a functional differential equation to be oscillatory or tend to zero. J. Math. Anal. Appl. 205 (1997), 78–87.

[3] J. G. Dix, N. Misra, L. N. Padhy, R. N. Rath: On oscillation and asymptotic behaviour of a neutral differential equations of first order with oscillating coefficients. Electron. J. Qual. Theory Differ. Equ. (2008), 1–10.

[4] I. Gyori, G. Ladas: Oscillation Theory of Delay-Differential Equations with Applications.

Clarendon Press, Oxford, 1991.

[5] T. H. Hildebrandt: Introduction to the Theory of Integration. Academic Press, New York, 1963.

[6] B. Karpuz, R. N. Rath, L. N. Padhy: On oscillation and asymptotic behaviour of a higher order neutral differential equation with positive and negative coefficients. Electron. J. Differ. Equations 2008 (2008), 1–15.

[7] I. Kubiaczyk, Wan-Tong Li, S. H. Saker: Oscillation of higher order delay differential equations with applications to hyperbolic equations. Indian J. Pure. Appl. Math. 34 (2003), 1259–1271.

[8] G. S. Ladde, V. Lakshmikantham, B. G. Zhang: Oscillation Theory of Differential Equations with Deviating Arguments. Marcel Dekker, New York, 1987.

[9] Wantong Li, Quan Hongshun: Oscillation of higher order neutral differential equations with positive and negative coefficients. Ann. Differ. Equations 11 (1995), 70–76.

[10] J. Manojlovic, Y. Shoukaku, T. Tanigawa, N. Yoshida: Oscillation criteria for second order differential equations with positive and negative coefficients. Appl. Math. Comput. 181 (2006), 853–863.

[11] Ozkan Ocalan: Oscillation of neutral differential equation with positive and negative coefficients. J. Math. Anal. Appl. 331 (2007), 644–654.

[12] N. Parhi, R. N. Rath: Oscillation criteria for forced first order neutral differential equations with variable coefficients. J. Math. Anal. Appl. 256 (2001), 525–541.

[13] N. Parhi, S. Chand: On forced first order neutral differential equations with positive and negative coefficients. Math. Slovaca 50 (2000), 81–94.

[14] N. Parhi, S. Chand: Oscillation of second order neutral delay differential equations with positive and negative coefficients. J. Ind. Math. Soc. 66 (1999), 227–235.

[15] N. Parhi, R. N. Rath: On oscillation and asymptotic behaviour of solutions of forced first order neutral differential equations. Proc. Indian. Acad. Sci., Math. Sci. 111 (2001), 337–350.

[16] N. Parhi, R. N. Rath: Oscillatory behaviour of solutions of non linear higher order neutral differential equations. Math. Bohem. 129 (2004), 11–27.

[17] N. Parhi, R. N. Rath: On oscillation of solutions of forced nonlinear neutral differential equations of higher order. Czech. Math. J. 53 (2003), 805–825.

[18] N. Parhi, R. N. Rath: On oscillation of solutions of forced nonlinear neutral differential equations of higher order II. Ann. Pol. Math. 81 (2003), 101–110.

[19] R. N. Rath: Oscillatory and asymptotic behaviour of higher order neutral equations.

Bull. Inst. Math. Acad. Sinica 30 (2002), 219–228.

[20] R. N. Rath, N. Misra: Necessary and sufficient conditions for oscillatory behaviour of solutions of a forced non linear neutral equation of first order with positive and negative coefficients. Math. Slovaca 54 (2004), 255–266.

[21] R. N. Rath, P. P. Mishra, L. N. Padhy: On oscillation and asymptotic behaviour of a neutral differential equation of first order with positive and negative coefficients. Electron. J. Differ. Equations 2007 (2007), 1–7.

[22] R. N. Rath, N. Misra, P. P. Mishra, L. N. Padhy: Non-oscillatory behaviour of higher order functional differential equations of neutral type. Electron. J. Diff. Equations 2007 (2007), 1–14.

[23] Y. Sahiner, A. Zafer: Bounded oscillation of non-linear neutral differential equations of arbitrary order. Czech. Math. J. 51 (2001), 185–195.

[24] Jianshe Yu: Neutral delay differential equations with positive and negative coefficients.

Acta Math. Sinica 34 (1991), 517–523.

[25] Jianshe Yu, Zhicheng Wang: Some further results on oscillation of neutral differential equations. Bull. Austral. Math. Soc. 46 (1992), 149–157.

[26] Zhicheng Wang, Xianhua Tang: On the oscillation of neutral differential equations with integrally small coefficients. Ann. Differ. Equations 17 (2001), 173–186.

Authors’ addresses: Julio G. Dix, Department of Mathematics, Texas State University, San Marcos TX 78666, USA, e-mail: julio@txstate.edu; Dillip Kumar Ghose, Department of Mathematics, S. K. C. G. College, Paralakimidi, Dt Ganjam, Orissa, India, e-mail: dillip.math@gmail.com; Radhanath Rath, Department of Mathematics, Veer Surendra Sai University of Technilogy, Burla, Dist: Sambalpur, Orissa, India, 768018, e-mail: radhanathmath@yahoo.co.in.