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1 Introduction

We study the system of PDEs

∂tu+ div(u⊗ u)−∆u+∇π = div(FF>) (1a)

divu = 0 (1b)

∂tF + u · ∇F = ∇uF (1c)

describing the unsteady motion of a viscoelastic fluid in a bounded domain
Ω ⊂ R2 with sufficiently smooth boundary. The system is complemented with
the no-slip boundary condition

u|∂Ω = 0 (1d)

and the initial conditions

u(0, ·) = u0, F(0, ·) = F0. (1e)

Our aim is to analyze the error of a suitable approximation of the problem. In
particular, we combine the lowest order Taylor-Hood finite element discretiza-
tion of the flow part (piecewise quadratic velocity and piecewise linear pressure)
with either piecewise linear finite elements or finite volumes for the deformation
tensor.

The paper is organized as follows. In section 2 we introduce space discretiza-
tions of (1). The main result on convergence rates is stated in section 3. Sections
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4 and 5 are devoted to the proof of the main result. In the second part of the
proof we use a variant of the multiplicative trace inequality, which is proved in
section 6. Finally, we present results of a numerical test in section 7.

2 Approximation

Let {Th}h>0 be a family of partitions of Ω into triangles and h := ‖Th‖. For any
T and k = 0, 1, 2, . . . we denote by Pk(T ) the space of k-th order polynomials
on T . We define the spaces

Wh := {v ∈W 1,2
0 (Ω;R2); ∀T ∈ Th : v|T ∈ P2(T )2},

Lh := {q ∈ L2
0(Ω) ∩ C(Ω); ∀T ∈ Th : q|T ∈ P1(T )},

Xh := {G ∈ C(Ω;R2×2); ∀T ∈ Th : G|T ∈ P1(T )2×2},
Zh := {G ∈ L2(Ω;R2×2); ∀T ∈ Th : G|T ∈ P0(T )}.

Let e be an interior edge shared by elements T1 and T2. Define the unit
normal vectors n1 and n2 on e pointing exterior to T1 and T2, respectively. For
a function ϕ, piecewise smooth on Th, with ϕi = ϕ|Ti

we define the average {ϕ}
and the jump [ϕ] :

{ϕ} =
1

2
(ϕ1 + ϕ2), [ϕ] = ϕ1n1 + ϕ2n2 on e ∈ E0

h,

where E0
h is the set of all interior edges e. For a vector-valued function φ,

piecewise smooth on Th, we define the average and the jump analogously

{φ} =
1

2
(φ1 + φ2), [φ] = φ1 · n1 + φ2 · n2 on e ∈ E0

h.

Let β be a vector-valued function, continuous across e. The upwind value of a
quantity βϕ is defined as follows:

{ϕ}u =


βϕ1 if β · n1 > 0,

βϕ2 if β · n1 < 0,

β{ϕ} if β · n1 = 0.

We introduce the following space semi-discretizations of (1).

A. Finite element approximation. Find (uh, πh,Fh) ∈ C1([0, T ];Wh) ×
C([0, T ];Lh)× C1([0, T ];Xh) such that

• for all (vh, qh,Gh) ∈ Wh × Lh ×Xh and t ∈ (0, T ) the following integral
identities hold:

(∂tuh(t),vh)− (uh(t)⊗ uh(t),∇vh) + (∇uh(t),∇vh)

− (πh(t),div vh) + (Fh(t)F>h (t),∇vh) = 0, (2a)
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(qh,divuh(t)) = 0, (2b)

(∂tFh(t),Gh)− (uh(t) · ∇Gh,Fh(t))− 1

2
((divuh(t))Fh(t),Gh)

− (∇uh(t)Fh(t),Gh) = 0; (2c)

• uh and Fh satisfy the initial conditions

∀v ∈Wh (uh(0, ·),v) = (u0,v), ∀G ∈ Xh (Fh(0, ·),G) = (F0,G). (3)

B. Finite element-finite volume approximation. Find (uh, πh,Fh) ∈
C1([0, T ];Wh)× C([0, T ];Lh)× C1([0, T ];Zh) such that

• for all (vh, qh,Gh) ∈ Wh × Lh × Zh and t ∈ (0, T ), the integral identities
(2a), (2b) hold true and furthermore:

(∂tFh(t),Gh) +
∑
e∈E0h

({uh(t)Fh(t)}u, [Gh])e −
1

2
(divuh(t)Fh(t),Gh)

− (∇uh(t)Fh(t),Gh) = 0; (4)

• uh and Fh satisfy the initial conditions

∀v ∈Wh (uh(0, ·),v) = (u0,v), ∀G ∈ Zh (Fh(0, ·),G) = (F0,G). (5)

In what follows we shall assume that the family {Th} is regular. Conse-
quently, the discrete spaces Wh, Lh, Xh and Zh enjoy the following properties:

• (inf-sup condition) There exists a constant C > 0 independent of h > 0
such that

∀qh ∈ Lh : sup
vh∈Wh, vh 6=0

(qh,div vh)

‖vh‖1,2
≥ C‖qh‖2; (6)

• (interpolation into Wh) There exists an operator Πu
h : W 1,2

0 (Ω;R2)→Wh

such that

– for all v ∈ W 1,2
0 (Ω;R2) ∩ W k,q(Ω;R2), 1 ≤ q ≤ ∞, k ∈ {1, 2, 3},

r ∈ {0, . . . , k}:
‖Πu

hv − v‖r,q ≤ Chk−r‖v‖k,q, (7)

where C > 0 is independent of h > 0;

– for all v ∈W 1,2
0 (Ω;R2) and qh ∈ Lh:

(qh,div Πu
hv) = (qh,div v); (8)
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• (interpolation into Lh) There exists an operator Ππ
h : L2

0(Ω) → Lh and a
constant C > 0 independent of h > 0, such that

‖Ππ
hs− s‖r,q ≤ Ch2−r‖s‖2,q (9)

for all s ∈ L2
0(Ω) ∩W 2,q(Ω), 1 ≤ q ≤ ∞, r ∈ {0, 1};

• (interpolation into Xh) There exists an operator ΠF
h : L2(Ω;R2×2)→ Xh

and a constant C > 0 independent of h > 0, such that

‖ΠF
hG−G‖r,q ≤ Ch2−r‖G‖2,q, (10)

for all G ∈W 2,q(Ω;R2×2), 1 ≤ q ≤ ∞, r ∈ {0, 1}.

• (interpolation into Zh) There exists an operator Π0
h : L2(Ω;R2×2) → Zh

and a constant C > 0 independent of h > 0, such that

‖Π0
hG−G‖q ≤ Ch‖G‖1,q, (11)

for all G ∈W 1,q(Ω;R2×2), 1 ≤ q ≤ ∞.

In the error analysis of the FE/FV scheme we will need the following variant
of multiplicative trace inequality.

Lemma 1. Let F ∈ W 2,2(Ω). Then there exists a constant c > 0 independent
of h such that ∑

e∈E0h

‖F −Π0
hF‖4,e ≤ ch3/4‖F‖2,2. (12)

The proof will be done in section 6.
The global in time existence of weak solutions to (1) is an open problem. It

is only known that (1) has a unique strong solution for small data or on a short
time interval [3, 4, 1]. For example Lin et al. [4] proved that if the initial data
satisfy

F0 = ∇×Φ0, ∇Φ0 ∈W k,2(Ω), u0 ∈W k,2(Ω), k ≥ 2, (13)

then there exists a positive time T , which depends only on ‖∇ϕ0‖2,2 and
‖u0‖2,2, such that the system (1) possesses a unique solution in the time in-
terval [0, T ] with

∂jt∇αu ∈ L∞(0, T ;W k−2j−|α|,2(Ω)) ∩ L2(0, T ;W k−2j−|α|+1,2(Ω)),

∂jt∇αF ∈ L∞(0, T ;W k−2j−|α|,2(Ω)),
(14)

for all j and α satisfying 2j + |α| ≤ k (see [4], Theorem 2.2).
For the approximate problems A and B we assume the existence of a unique

global in time solution that satisfies the inequality:

sup
τ∈(0,T )

‖uh(τ, ·)‖22 + sup
τ∈(0,T )

‖Fh(τ, ·)‖22 +

∫ τ

0

‖∇uh‖22 ≤ C, (15)

where C > 0 depends on the data (Ω, u0, F0), but is independent of h > 0.
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3 Main result

We state the main result on the error rates.

Theorem 1. Let the family {Th}h>0 be regular, the initial data (u0,∇ ×Φ0)
satisfy u0,∇Φ0 ∈W 2,2(Ω) and [0, T ] be the maximal time interval in which the
strong solution (u, π,F) to (1) exists. Then there exist constants h0 > 0 and
C > 0 such that for all h ∈ (0, h0) it holds:

‖u− uh‖L∞(0,T ;L2(Ω)) + ‖∇(u− uh)‖L2(0,T ;L2(Ω))

+ ‖F− Fh‖L∞(0,T ;L2(Ω)) ≤ Ch, (16)

where (uh, πh,Fh) is the solution to (2)–(3).
Similarly, there exist constants h0 > 0 and C > 0 such that for all h ∈ (0, h0)

it holds:

‖u− ūh‖L∞(0,T ;L2(Ω)) + ‖∇(u− ūh)‖L2(0,T ;L2(Ω))

+ ‖F− F̄h‖L∞(0,T ;L2(Ω)) ≤ Ch3/4, (17)

where (ūh, π̄h, F̄h) is the solution to (2a), (2b), (4) and (5).

4 Error estimates for finite element approxima-
tion

In this section we prove the first part of Theorem 1.

Regularity of the solution to (1). In accordance with (13)–(14), the as-
sumptions of Theorem 1 imply that the exact solution (u, π,F) satisfies:

∂tu ∈ L∞(0, T ;L2(Ω)) ∩ L2(0, T ;W 1,2(Ω)),

u ∈ L∞(0, T ;W 2,2(Ω)) ∩ L2(0, T ;W 3,2(Ω)),

∂tF ∈ L∞(0, T ;L2(Ω)),

F ∈ L∞(0, T ;W 2,2(Ω)).

(18)

From (1b) and (1c) we furthermore obtain that

∇π = div(FF>)− ∂tu− div(u⊗ u) + ∆u ∈ L2(0, T ;W 1,2(Ω)),

∂tF = ∇uF− u · ∇F ∈ L∞(0, T ;W 1,2(Ω)).
(19)

Equations satisfied by the errors. Multiplying (1) with vh ∈Wh, qh ∈ Lh
and Gh ∈ Xh, respectively, and integrating over Ω, we obtain for a.a. t ∈ (0, T )
the following identities:

(∂tu(t),vh)− (u(t)⊗ uh(t),∇vh) + (∇u(t),∇vh)

− (π(t),div vh) + (F(t)F>(t),∇vh) = 0, (20a)
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(qh,divu(t)) = 0, (20b)

(∂tF(t),Gh)− (u(t) · ∇Gh,F(t))− (∇u(t)F(t),Gh) = 0; (20c)

Let us denote eu := u−uh, eπ := π−πh and eF := F−Fh. Taking the difference
of (20) and (2) we obtain:

∫ T

0

[
(∂teu,vh)− (eu ⊗ u+ uh ⊗ eu,∇vh) + (∇eu,∇vh)− (eπ,div vh)

+ (FF> − FhF>h ,∇vh)
]

= 0, (21a)∫ T

0

(qh,div eu) = 0, (21b)

∫ T

0

(∂teF ,Gh)− (uiF− uhiFh, ∂iGh) +
1

2
((divuh)Fh,Gh)

− (∇uF−∇uhFh,Gh) = 0, (21c)

for any (vh, qh,Gh) ∈ L2(0, T ;Wh)× L2(0, T ;Lh)× L2(0, T ;Xh).

Estimates of the errors. In order to derive estimates of eu, eπ, eF in suitable
norms, we decompose

eu = (u−Πu
hu) + (Πu

hu− uh) =: ηu + δu.

Similarly we introduce

ηπ := π −Ππ
hπ, δπ := Ππ

hπ − πh, ηF := F−ΠF
h F, δF := ΠF

h F− Fh.

The properties of the interpolation operators imply the following estimates:

sup
τ∈(0,T )

‖ηu(τ, ·)‖22 ≤ Ch4 sup
τ∈(0,T )

‖u(τ, ·)‖22,2,

∫ T

0

‖∇ηu‖22 ≤ Ch4

∫ T

0

‖u‖23,2,

sup
τ∈(0,T )

‖ηF (τ, ·)‖22 ≤ Ch4 sup
τ∈(0,T )

‖F(τ, ·)‖22,2.

Hence, with the help of (18) we obtain:

sup
τ∈(0,T )

(
‖eu(τ, ·)‖22 + ‖eF (τ, ·)‖22

)
+

∫ T

0

‖∇eu‖22 ≤ Ch4

+ sup
τ∈(0,T )

(
‖δu(τ, ·)‖22 + ‖δF (τ, ·)‖22

)
+

∫ T

0

‖∇δu‖22. (22)
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The proof of Theorem 1 will be complete as soon as we estimate the δ-terms in
the previous inequality by Ch2. Due to the initial conditions (3) it holds that
‖δu(0)‖2 = ‖δF (0)‖2 = 0. Hence, for any τ ∈ (0, T ) we have:

1

2

(
‖δu(τ, ·)‖22 + ‖δF (τ, ·)‖22

)
+

∫ τ

0

‖∇δu‖22

=
1

2

(
‖δu(τ, ·)‖22 − ‖δu(0, ·)‖22 + ‖δF (τ, ·)‖22 − ‖δF (0, ·)‖22

)
+

∫ τ

0

‖∇δu‖22

=

∫ τ

0

[(∂tδu, δu) + (∂tδF , δF ) + (∇δu,∇δu)]

=

∫ τ

0

[(∂teu, δu) + (∂teF , δF ) + (∇eu,∇δu)]

−
∫ τ

0

[(∂tηu, δu) + (∂tηF , δF ) + (∇ηu,∇δu)] = J1 + J2. (23)

The last integral can be estimated using the Hölder and the Young inequality
and (7)–(10):

J2 ≤

(∫ T

0

‖∂tηu‖22

)1/2(∫ τ

0

‖δu‖22
)1/2

+

(∫ T

0

‖∂tηF ‖22

)1/2(∫ τ

0

‖δF ‖22
)1/2

+

(∫ T

0

‖∇ηu‖22

)1/2(∫ τ

0

‖∇δu‖22
)1/2

≤ 1

2

∫ τ

0

‖δu‖22 +
1

2

∫ T

0

‖∂tηu‖22 +
1

2

∫ τ

0

‖δF ‖22 +
1

2

∫ T

0

‖∂tηF ‖22

+ α

∫ τ

0

‖∇δu‖22 +
C

α

∫ T

0

‖∇ηu‖22

≤ 1

2

∫ τ

0

‖δu‖22 + Ch2

∫ T

0

‖∂tu‖21,2 +
1

2

∫ τ

0

‖δF ‖22 + Ch2

∫ T

0

‖∂tF‖21,2

+ α

∫ τ

0

‖∇δu‖22 +
Ch4

α

∫ T

0

‖u‖23,2. (24)

Here α > 0 is arbitrary number to be specified later. The regularity of the
solution (18), (19) implies that

J2 ≤
1

2

∫ τ

0

‖δu‖22 +
1

2

∫ τ

0

‖δF ‖22 + α

∫ τ

0

‖∇δu‖22 + Ch2 +
Ch4

α
. (25)
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The first integral on the r.h.s. of (23) can be substituted from (21) as follows:

J1 =

∫ τ

0

[
(eu ⊗ u+ uh ⊗ eu,∇δu) + (eπ,div δu)− (FF> − FhF>h ,∇δu)

+ (uiF− uhiFh, ∂iδF ) +
1

2
((divuh)Fh, δF ) + (∇uF−∇uhFh, δF )

]
=:

∫ τ

0

6∑
j=1

Tj .

We shall estimate the resulting terms T1, . . . , T6 subsequently.

Term T1 can be decomposed as follows:

T1 = (ηu ⊗ u,∇δu) + (δu ⊗ u,∇δu)︸ ︷︷ ︸
=0

+(uh ⊗ ηu,∇δu) + (uh ⊗ δu,∇δu),

where the second term vanishes since divu = 0. The remaining terms can
be estimated with help of the Hölder, Sobolev and Young inequality and the
properties of the interpolation operators:∫ τ

0

|(ηu ⊗ u,∇δu)| ≤ C
∫ τ

0

‖ηu‖1/22 ‖∇ηu‖
1/2
2 ‖u‖

1/2
2 ‖∇u‖

1/2
2 ‖∇δu‖2

≤ α
∫ τ

0

‖∇δu‖22+
C

α

(
sup
(0,T )

‖ηu‖2

)(
sup
(0,T )

‖u‖2

)(∫ T

0

‖∇u‖22

)1/2(∫ T

0

‖∇ηu‖22

)1/2

≤ α
∫ τ

0

‖∇δu‖22 +
Ch4

α

(
sup
(0,T )

‖u‖2,2

)2(∫ T

0

‖u‖23,2

)
.

Similarly we get:∫ τ

0

|(uh ⊗ ηu,∇δu)| ≤ α
∫ τ

0

‖∇δu‖22

+
Ch4

α

(
sup
(0,T )

‖uh‖2

)(
sup
(0,T )

‖u‖2,2

)(∫ T

0

‖uh‖21,2

)1/2(∫ T

0

‖u‖23,2

)1/2

.

Finally, using the same inequalities we obtain:∫ τ

0

|(uh ⊗ δu,∇δu)| ≤
∫ τ

0

‖uh‖1/22 ‖∇uh‖
1/2
2 ‖δu‖

1/2
2 ‖∇δu‖

3/2
2

≤ α
∫ τ

0

‖∇δu‖22 +
C

α3

(
sup
(0,T )

‖uh‖2

)2 ∫ τ

0

‖uh‖21,2‖δu‖22.

Due to (18), (19) and (15), the previous estimates altogether yield:∫ τ

0

T1 ≤ 3α

∫ τ

0

‖∇δu‖22 +
C

α3

∫ τ

0

‖uh‖21,2‖δu‖22 +
Ch4

α
. (26)
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Term T2. Thanks to (21b) and (8), we can write:

T2 = (ηπ,div δu) + (δπ,div eu)︸ ︷︷ ︸
=0

− (δπ,div ηu)︸ ︷︷ ︸
=0

≤ ‖ηπ‖2‖∇δu‖2 ≤
Ch2

α
‖π‖21,2 + α‖∇δu‖2.

Thus ∫ τ

0

T2 ≤ α
∫ τ

0

‖∇δu‖22 +
Ch2

α
. (27)

Terms T3 and T6 can be rewritten in the following way:

T3 + T6 = −(ηFF>,∇δu)− (ΠF
h Fη>F ,∇δu) + (δF η

>
F ,∇u) + (δFΠF

h F>,∇ηu)

+ (δF δ
>
F ,∇Πu

hu)− (ΠF
h Fδ>F ,∇δu).

We estimate the resulting terms as follows:∫ τ

0

|(ηFF>,∇δu)| ≤
∫ τ

0

‖F‖∞‖ηF ‖2‖∇δu‖2

≤ α
∫ τ

0

‖∇δu‖22 +
Ch4

α

(
sup
(0,T )

‖F‖2,2

)4

,

∫ τ

0

|(ΠF
h Fη>F ,∇δu)| ≤

∫ τ

0

‖ΠF
h F‖∞‖ηF ‖2‖∇δu‖2

≤ α
∫ τ

0

‖∇δu‖22 +
Ch4

α

(
sup
(0,T )

‖F‖2,2

)4

,

∫ τ

0

|(δF η>F ,∇u)| ≤
∫ τ

0

‖δF ‖2‖ηF ‖3‖∇u‖6 ≤
∫ τ

0

‖δF ‖22‖u‖22,2 +Ch2

∫ T

0

‖F‖22,2,

∫ τ

0

|(δFΠF
h F>,∇ηu)| ≤

∫ τ

0

‖δF ‖2‖ΠF
h F‖∞‖∇ηu‖2

≤

(
sup
(0,T )

‖F‖2,2

)2 ∫ τ

0

‖δF ‖22 + Ch4

∫ T

0

‖u‖23,2,∫ τ

0

|(δF δ>F ,∇Πu
hu)| ≤ C

∫ τ

0

‖δF ‖22‖u‖3,2,

∫ τ

0

|(ΠF
h Fδ>F ,∇δu)| ≤

∫ τ

0

‖ΠF
h F‖∞‖δF ‖2‖∇δu‖2

≤ α
∫ τ

0

‖∇δu‖22 +
C

α

(
sup
(0,T )

‖F‖2,2

)2 ∫ τ

0

‖δF ‖22.
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In summary we have:∫ τ

0

T3 + T6 ≤ 3α

∫ τ

0

‖∇δu‖22 + C

∫ τ

0

(
1

α
+ ‖u‖3,2

)
‖δF ‖22 + Ch2 +

Ch4

α
.

(28)
Before proceeding to the remaining two terms we recall some basic identities

related to the advective term u · ∇F.

Lemma 2. Let v ∈W 1,2(Ω;R2) be such that v · n = 0. Then

∀G ∈W 1,2(Ω;R2×2) : (viG, ∂iG) =
1

2
((div v)G,G); (29)

∀G,H ∈W 1,2(Ω;R2×2) : (viG, ∂iH) = −((div v)G,H)− (viH, ∂iG). (30)

The proof is done by integrating by parts.

Terms T4 and T5. We rearrange these terms as follows:

T4 + T5 = (uiηF , ∂iδF ) + (euiΠ
F
h F, ∂iδF ) + (uhiδF , ∂iδF ) +

1

2
((divuh)Fh, δF ).

(31)
Using (30) we obtain:

(uiηF , ∂iδF ) = −(uiδF , ∂iηF ), (32)

(euiΠ
F
h F, ∂iδF ) = ((divuh)ΠF

h F, δF )− (euiδF , ∂iΠ
F
h F). (33)

Due to (29), the last two terms in (31) can be rewritten as

(uhiδF , ∂iδF ) +
1

2
((divuh)Fh, δF ) =

1

2
((divuh)δF , δF ) +

1

2
((divuh)Fh, δF )

=
1

2
((divuh)ΠF

h F, δF ). (34)

Equations (31)–(34) and the fact that divu = 0 yield:

T4 + T5 = −(uiδF , ∂iηF )− 3

2
((div eu)ΠF

h F, δF )− (euiδF , ∂iΠ
F
h F). (35)

Decomposing eu = ηu + δu and using similar arguments as in the previous
paragraphs we can estimate terms on the r.h.s. of (35) as follows:

−
∫ τ

0

(uiδF , ∂iηF ) ≤
∫ τ

0

‖u‖∞‖δF ‖2‖∇ηF ‖2

≤ 1

2

∫ τ

0

‖u‖22,2‖δF ‖22 +
1

2

∫ T

0

‖∇ηF ‖22

≤

(
sup
(0,T )

‖u‖2,2

)2 ∫ T

0

‖δF ‖22 + Ch2

(
sup
(0,T )

‖F‖2,2

)2

, (36)
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− 3

2

∫ τ

0

((div eu)ΠF
h F, δF ) ≤ 3

2

∫ τ

0

(‖∇ηu‖2 + ‖∇δu‖2) ‖ΠF
h F‖∞‖δF ‖2

≤ Ch4

∫ T

0

‖u‖23,2 + α

∫ τ

0

‖∇δu‖22 +
C

α

(
sup
(0,T )

‖F‖2,2

)2 ∫ τ

0

‖δF ‖22,

−
∫ τ

0

(euiδF , ∂iΠ
F
h F) ≤

∫ τ

0

(‖ηu‖4 + ‖δu‖4) ‖δF ‖2‖∇ΠF
h F‖4

≤ Ch4

∫ T

0

‖u‖23,2 + α

∫ T

0

‖∇δu‖22 +
C

α

(
sup
(0,T )

‖F‖2,2

)2 ∫ T

0

‖δF ‖22. (37)

Altogether we have:∫ τ

0

T4 + T5 ≤ 2α

∫ τ

0

‖∇δu‖22 +
C

α

∫ τ

0

‖δF ‖22 + Ch2 + Ch4. (38)

Gronwall’s inequality for the errors and the end of the proof. Col-
lecting (25), (26), (27), (28), (38) and inserting the result to (23), we obtain:

1

2

(
‖δu(τ)‖22 + ‖δF (τ)‖22

)
+ (1− Cα)

∫ τ

0

‖∇δu‖22

≤ C
∫ τ

0

(
1 +
‖uh‖21,2
α3

)
‖δu‖22 + C

∫ τ

0

(
1

α
+ ‖u‖3,2

)
‖δF ‖22 +

C

α

(
h2 + h4

)
.

Choosing α sufficiently small and using the Gronwall inequality we obtain for
h ∈ (0, h0):

sup
(0,T )

‖δu‖22 + sup
(0,T )

‖δF ‖22 +

∫ T

0

‖δu‖21,2 ≤ Ch2.

This in accordance with (22) completes the proof of Theorem 1.

Remark 1. The question arises, whether the derived error estimate can be
improved provided the exact solution is more regular. Essentially, the first order
with respect to h arises due to (36), where ‖∇ηF ‖2 can only be bounded by O(h)
due to the piecewise linear approximation of F. In view of this, it seems that
the result cannot be improved.

Remark 2. One can easily incorporate a forcing term f ∈ L2(0, T ;L2(Ω;R2))
on the right hand side of the momentum equation. This would yield the same
error estimates.
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5 Error estimates for finite element - finite vol-
ume approximation

The essential difference in the proof of error estimates for the solution of problem
(2a), (2b), (4) and (5) is in the term ”u·∇F”. It is therefore sufficient to estimate
the error of∫ T

0

(u · ∇F, δF )−
∑
e∈E0h

({uhFh}u, [δF ])e +
1

2
(divuhFh, δF )

 . (39)

Proof. (Error estimate for term ”u · ∇F”)
Let us first denote by F one component of the tensor F, similarly by Gh one
component of Gh. Then we can write:

(u · ∇F,Gh) =
∑
T∈Th

∫
T

div(uF)Gh dx =
∑
T∈Th

∫
∂T

(u · n)F [Gh] dS

=
∑
e∈E0h

∫
e

{uF}[Gh] dS.

For the approximate solution it holds:∫
e

{uhFh}u [Gh] dS =

∫
e

{uhFh}[Gh] dS +

∫
e

|uh · n|
2

[Fh][Gh] dS ∀ Gh ∈ Zh.

Thus, we can rewrite (39) as follows:

. . . =

∫ T

0

∑
e∈E0h

∫
e

{(u− uh)F}[δF ] dS dt+

∫ T

0

∑
e∈E0h

∫
e

{uh(F− Fh)}[δF ] dS dt+

+

∫ T

0

∑
e∈E0h

∫
e

|uh · n|
2

[F− Fh][δF ] dS dt+
1

2

∫ T

0

∫
Ω

divuhFhGh =

=
4∑
i=1

Ii.

In what follows, we will estimate these terms separately.
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Term I1.

I1 =

∫ T

0

∑
e∈E0h

∫
e

{(u− uh)F}[δF ] dS dt =

∫ T

0

∑
T∈Th

∫
∂T

(u− uh) · n F δF dS dt =

=

∫ T

0

∑
T∈Th

∫
T

div
(
(u− uh)F

)
δF dx dt =

=

∫ T

0

∫
Ω

div δu FδF dx dt+

∫ T

0

∫
Ω

div ηu FδF dx dt+

+

∫ T

0

∫
Ω

δu · ∇F δF dx dt+

∫ T

0

∫
Ω

ηu · ∇F δF dx dt ≤

≤
∫ T

0

c1‖∇δu‖2,Ω‖F‖2,2,Ω‖δF ‖2,Ω + c2‖∇ηu‖2,Ω‖F‖2,2,Ω‖δF ‖2,Ω+

+

∫ T

0

c3‖δu‖4,Ω‖∇F‖4,Ω‖δF ‖2,Ω + c4‖ηu‖4,Ω‖∇F‖4,Ω‖δF ‖2,Ω ≤

≤ α
∫ T

0

‖∇δu‖22 +
C

α

(
sup
(0,T )

‖F‖2,2
)2
∫ T

0

‖δF ‖22+

+ C

∫ T

0

‖δF ‖22 + Ch4
(

sup
(0,T )

‖F‖2,2
)2
∫ T

0

‖u‖23,2.

Terms I2 + I4 .

I2 =

∫ T

0

∑
e∈E0h

∫
e

{uh(F− Fh)}[δF ] dS dt =

=

∫ T

0

∑
e∈E0h

∫
e

{uhδF }[δF ] dS dt+

∫ T

0

∑
e∈E0h

∫
e

{uhηF }[δF ] dS dt = A1 +A2

A1 =

∫ T

0

∫
Ω

1

2
divuhδ

2
F dx dt = −

∫ T

0

∫
Ω

1

2
div euΠ0

hFδF dx dt− I4

= −
∫ T

0

∫
Ω

1

2
div ηuΠ0

hFδF dx dt−
∫ T

0

∫
Ω

1

2
div δuΠ0

hFδF dx dt− I4

≤ C
∫ T

0

‖ηu‖1,2‖δF ‖2 + C

∫ T

0

‖∇δu‖2‖δF ‖2 − I4

≤ Ch2 + α

∫ T

0

‖∇δu‖22 +
C

α

∫ T

0

‖δF ‖22 − I4.
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A2 ≤
∫ T

0

∑
e∈E0h

∫
e

|uh · n|
2
{|ηF |}|[δF ]| dS dt

≤
∫ T

0

∑
e∈E0h

‖c1/2e [δF ]‖2,e‖c1/2e ‖4,e‖{|ηF |}‖4,e

≤ α
∫ T

0

∑
e∈E0h

‖c1/2e [δF ]‖2,e +
C

α
h3/2

(
sup
(0,T )

‖F‖2,2

)2 ∫ T

0

‖∇uh‖22 dt,

where the trace inequalities for ηF and ce were used and ce = |uh·n|
2 . Further

we have:

I3 =

∫ T

0

∑
e∈E0h

∫
e

|uh · n|
2

[ηF ][δF ] dS dt+

∫ T

0

∑
e∈E0h

∫
e

|uh · n|
2

[δF ][δF ] dS dt =

= B1 +B2,

where B1 can be estimated in the same way as A2 and

B2 =

∫ T

0

∑
e∈E0h

‖c1/2e [δF ]‖22,e.

Finally, we can conclude:

(1− α)

∫ T

0

∑
e∈E0h

‖c1/2e [δF ]‖22,e ≤ Cα
∫ T

0

‖∇δu‖22 +
C

α

∫ T

0

‖δF ‖22 + Ch3/2 + Ch2 + Ch4 .

(40)

6 Multiplicative trace inequality

This section is devoted to the proof of Lemma 1. We first state an auxiliary
result.

Lemma 3. There exists a constant c > 0 independent of h and T, such that for
T ∈ τh, v ∈ H1(T ), h ∈ (0, h0) we have

‖v‖4L4(∂T ) ≤ c
[
4‖v‖3L6(T )|v|H1(T ) +

d

hT
‖v‖4L4(T )

]
. (41)

Proof of Lemma 1. Assume that (41) holds, take v = F −ΠF
h F , where

F ∈W 2,2(Ω)

ΠF
h F : W 2,2(Ω)→ P0, P0 = {p|T = const.}.
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Then it holds

‖F −ΠF
h F‖4L4(∂T ) = ‖ηF ‖4L4(∂T ) ≤ c1

[
4h3‖F‖3W 1,6(T )|F |H1(T ) +

2

h
h4‖F‖4W 1,4(T )

]
≤

≤ c2
[
h3‖F‖4W 2,2(T ) + h3‖F‖4W 2,2(T )

]
≤

≤ c3h3‖F‖4W 2,2(T ).

This implies

‖F −ΠF
h F‖L4(e) ≤ ch3/4‖F‖W 2,2(T ).

The proof of Lemma 3 is analogous as the proof of Lemma 3.1. in [2].

Proof. Let us denote by x̃i the center of the largest d-dimensional ball inscribed
in T = Ti. W.l.o.g. put x̃i to the origin of the coordinate system.
We start from the relation∫

∂T

v4 x · n dS =

∫
T

∇ · (v4 x) dx ∀ v ∈ H1(T ).

Let us denote nij the outer normal to Ti on ∂Tij = ∂Ti ∩ ∂Tj , where Tj is a
neighbor of Ti, i.e.

j ∈ S(i) = {j;Tj ∩ Ti 6= 0}.
We have

x · nij = |x||nij | cosα = |x| cosα = tij , x ∈ ∂Tij , j ∈ S(i),

where tij is the distance of x̃i from ∂Tij . We know

tij ≥ ρTi
∀ j ∈ S(i),

where ρTi
is the radius of the inscribed ball.
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Now, the following holds:∫
∂Ti

v4 x · n dS =
∑
j∈S(i)

∫
∂Ti∩∂Tj

v4 x · nij dS =
∑
j∈S(i)

tij

∫
∂Ti∩∂Tj

v4 dS ≥

≥ ρTi

∑
j∈S(i)

∫
∂Ti∩∂Tj

v4 dS = ρTi‖v‖4L4(∂Ti)
. (42)

Further it holds∫
Ti

∇ · (v4x) dx =

∫
Ti

v4 ∇ · x+ x · ∇v4 dx = d

∫
Ti

v4 dx+ 4

∫
Ti

v3 x · ∇v dx ≤

≤ d‖v‖4L4(Ti)
+ 4

∫
Ti

|v3 x · ∇v| dx ≤

≤ d‖v‖4L4(Ti)
+ 4 sup

x∈Ti

|x|
∫
Ti

|v|3.|∇v| dx ≤

≤ d‖v‖4L4(Ti)
+ 4hTi‖v‖3L6(Ti)

|v|H1(Ti). (43)

From (42) and (43) we have

ρTi‖v‖4L4(∂Ti)
≤
∫
∂Ti

v4 x · n dS =

∫
Ti

∇ · (v4 x) dx ≤

≤ d‖v‖4L4(Ti)
+ 4hTi

‖v‖3L6(Ti)
|v|H1(Ti),

which yields

‖v‖4L4(∂Ti)
≤ d

ρTi

‖v‖4L4(Ti)
+ 4

hTi

ρTi

‖v‖3L6(Ti)
|v|H1(Ti) ≤

≤ c
(

4‖v‖L6(Ti)3 |v|H1(Ti) +
d

hTi

‖v‖4L4(∂Ti)

)
.

7 Numerical experiments

We consider the flow in a rectangular domain Ω = (0, 1)2 driven by the boundary
condition

u =

{
(4x(1− x), 0)> if y = 1,

(0, 0)> otherwise,

with the initial conditions u0 = (0, 0)>, F0 = I. The calculation was run on
the time interval (0, 0.2) with fixed timestep 0.01. The problem was solved on
a series of regular triangular meshes consisting of 8 to 256 elements in each
direction. We have compared 3 methods:

a) finite element method (FEM) for velocity, pressure and stress,
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eu ∇eu eπ eF
h L∞(L2) EOC L2(L2) EOC L2(L2) EOC L∞(L2) EOC

1/8 2.08e-02 2.11 1.77e+02 1.00 4.19e+02 0.96 1.37e-01 0.73
1/16 4.80e-03 2.02 8.85e+01 1.00 2.14e+02 0.99 8.21e-02 0.89
1/32 1.18e-03 2.00 4.42e+01 0.99 1.07e+02 1.00 4.41e-02 0.94
1/64 2.95e-04 2.00 2.21e+01 0.99 5.36e+01 1.00 2.29e-02 0.95
1/128 7.37e-05 1.10e+01 2.68e+01 1.17e-02

(a) FEM

eu ∇eu eπ eF
h L∞(L2) EOC L2(L2) EOC L2(L2) EOC L∞(L2) EOC

1/8 2.07e-02 2.00 1.77e+02 1.00 4.73e+02 0.88 1.94e-01 0.73
1/16 5.16e-03 1.40 8.87e+01 0.98 2.55e+02 0.94 1.16e-01 0.88
1/32 1.94e-03 1.34 4.47e+01 0.98 1.33e+02 0.96 6.33e-02 0.90
1/64 7.67e-04 1.35 2.25e+01 0.98 6.83e+01 0.97 3.37e-02 0.91
1/128 3.00e-04 1.13e+01 3.47e+01 1.78e-02

(b) FEM/dual FVM

eu ∇eu eπ eF
h L∞(L2) EOC L2(L2) EOC L2(L2) EOC L∞(L2) EOC

1/16 0.0111 1.3033 0.2031 1.0027 2.62e-4 1.4997 4.29e-2 0.9633
1/32 0.0045 0.8264 0.1013 1.0338 9.26e-5 1.4215 2.20e-2 1.0086
1/64 0.0025 0.5759 0.0495 1.0216 3.46e-5 1.2854 1.09e-2 1.0099
1/128 0.0017 0.5159 0.0244 0.9968 1.42e-5 1.1783 5.4e-3 0.9985
1/256 0.0012 0.0122 6.3e-6 2.7e-3

(c) FDM+FVM

Table 1: Error norms and experimental order of convergence for driven cavity
problem.

b) FEM for velocity and pressure, dual finite volume method (FVM) for
stress,

c) finite difference method (FDM) for velocity and pressure, FVM for stress.

In the case b) the stress was approximated by piecewise constants on dual
elements, that arise by connecting the barycenters of primary elements with
the edge midpoints. In the latter case the so-called staggered discretization of
velocity was used.
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