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Abstract

For a quasilinear hyperbolic system with Dirichlet boundary conditions and
with hysteretic constitutive law describing waves in elastoplastic solids, we give
an overview of results on existence, uniqueness, and asymptotic stability of so-
lutions if either initial data or the time-periodicity condition are prescribed.
Convexity in the hysteresis diagrams implies the existence of a second order
dissipation term which in turn prevents the system from formation of shocks.
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Introduction

The main problem in quasilinear hyperbolic equations consists in the fact that shock-
free solutions exist in general only for small times even if the data are smooth, and
weak solutions are difficult to handle. A recent overview can be found e.g. in [4].
The situation is substantially different if the nonlinearity in the constitutive law has
a hysteresis character. In many cases, shocks do not occur and the solution remains
regular. The monograph [14] was an attempt to give an explanation of this fact. It was
shown that in the p-system, trajectories of entropy solutions to the Riemann problem
tend to follow the convex hull of the constitutive graph. If now the constitutive graph
consists of convex hysteresis loops, it is natural to expect that the solution trajectories
will follow the hysteresis branches and, in terms of gas dynamics, only rarefaction takes
place. There is a substantial difference between viscous (rate-dependent) and plastic
(rate-independent) dissipation in hyperbolic equations. While the former transforms
the problem into essentially a parabolic one with unbounded speed of propagation, the
latter preserves the hyperbolic character of the balance equations and the propagation
speed is bounded independently of the hysteresis term, see Proposition 1.0.2 below.

Existence, uniqueness, and qualitative properties of solutions to the wave equation
with elastoplastic hysteresis were studied in [14] for a fairly general class of hysteresis
operators and under mixed boundary conditions, where displacement is prescribed on
one end and stress on the other end of the space interval. The material presented here
is mostly new. Besides the interaction with additional lower order nonlinearities, we
consider the case of Dirichlet boundary conditions, where the displacement (or velocity,
depending on the setting) is prescribed on both ends. This is more difficult, since the
a priori estimate for the space derivative of the stress depends on the sup-norm of the
stress for which no boundary condition is available. The estimation technique thus has
to use more refined arguments based on special properties of the hysteresis memory. In
order to reduce the complexity, we restrict ourselves to the so-called Prandtl-Ishlinskii
hysteresis operator, although much of the results remain valid for a larger class of
convex hysteresis operators, and an example is presented in Subsection 1.4.

If convexity of the hysteresis loops is lost, like in Maxwell’s equations for large am-
plitude electromagnetic waves in ferromagnetic materials, then the regular behaviour
cannot be expected and shocks are again likely to occur. The only publication on this
subject seems to be [26], where existence of weak solutions on a bounded time interval
has been established for a very general class of hysteresis operators.

The text is organized as follows. In Section 1 we state and solve the problem of exis-
tence, uniqueness, and asymptotic stability of regular solutions to an initial-boundary
value problem for a wave equation with a Prandtl-Ishlinskii stress-strain law. We also
show that the regularity is preserved under nonlinear perturbations of the constitutive
law if convexity is not violated. The time-periodic problem is investigated in Section
2 and we again prove results of existence, uniqueness, and asymptotic stability for
this case. The last Section 3 is a collection of known results on the Prandtl-Ishlinskii
model. This part has an auxiliary character and has only be included in order to keep
the exposition as self-contained as possible.



1 An initial-boundary value problem

We consider the model problem

ov = 0.0+ f(o,v,z,t),
Oe = 0O, (1.0.1)
e = FI\ ]
describing e. g. longitudinal oscillations of an elastoplastic beam, where (z,t) € Qp :=
10,1[ x ]0, T[ . We assume that F is a hysteresis operator and f is a function, both

satisfying Hypothesis 1.0.1 below. For System (1.0.1) we prescribe initial and boundary
conditions

v(x,0) = %), e(x,0) = (z) for = €]0,1[, (1.0.2)
v(0,t) = v(1,t) = 0 for te€]0,T]. (1.0.3)

Hypothesis 1.0.1.

(i) F is a Prandtl-Ishlinskii operator of the form (3.5.2) with non-decreasing gen-
erating function h : [0,00] —]0,00[ , and with a given initial configuration \ €

C([0,1]; Ak) for some K > 0;

(ii) f:R?2x Qr — R is a given function such that f(o,v,-,-),0:f(o, v, ) : Qr —
R are measurable for all (o,v) € R%, f(-,-,2,1),0:f(-,,z,t) : R? — R are
continuous for a.e. (x,t) € Qr, f° := f(0,0,-,-) € C([0,T]; L*(0,1)), and
there exist functions oy € L'(0,T) and By € L*(0,T;L*(0,1)) such that the
inequalities

{ |f(0'1,1)1,(l),t) - f(0'27U2,I,t)‘ S af(t) (|0'1 - 02| + |U1 - U2|) ) (104)

0uf (0, 0,3, )] < Br(x,),
hold for a.e. (x,t) € Qr and every o,01,09,v,v1,v3 € R.

(iii) v%,e% € Wt2(0,1), v°(0) =°(1) = 0.

In the case without hysteresis, i.e. h(r) = h(0) for all » > 0, System (1.0.1) is
semilinear hyperbolic with wave propagation speed

co = : (1.0.5)

We now show that even if hysteresis is present, the speed of propagation is bounded by
the same constant ¢y independently of the initial data and of the hysteresis dissipation,
so that the hyperbolic character of the problem is not violated, at variance with the
case where viscosity is included into the model.
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Proposition 1.0.2. Let Hypothesis 1.0.1 be fulfilled, and let cy be the constant in
(1.0.5). Let there exist an interval [z, x2] C]0, 1] such that the data o° v°, N, f satisfy
o%(x) = 0%(z) = Nz,-) =0 for x € [x1,22], f(0,0,2,) =0 for a.e. (x,t) € Q:=
{(z,t) € Qr; T1+ cot < x < x9 —cot}. Then every solution (v,0) of (1.0.1) vanishes
in §2.

Proof. We apply the classical energy method proposed by Courant & Hilbert, see [5].
Put U(z,t) = U\, o](z,t), where U is the potential energy operator associated with
F according to (3.4.1). We have the pointwise inequality

1
Uz, t) > —50°(z,t) a.e. (1.0.6)
2¢;

For t € [0,T] set

t
At) = R/ ar(t)dt', where R=1+4/1+c2. 1.0.7
(t) i 7 () V1it+a (1.0.7)

For a.e. (z,t) € Q we have by (3.4.2), (3.4.3), and (1.0.4) that
o (e (;U 1)) -0
= ¢4 ( Ra(t) (—v + U) +v (O — 0po) + O U — cré?xv)
< oA ( Ra(t) —v +U)+vf(0,v,x,t)>
< ag(t)e® ( <%vz + —0 ) lv] (Jo] + |v!)> < 0.

For an arbitrary 7 € [0, (x2 — 21)/(2¢)] N [0,T] we denote Q, = {(x,t) € Q; t < 7}.
The Green Theorem yields

I (8o (2 00)) - )
T2—CoT 1
_ / o—AM) (_U +U))( T) dx
r1+CoT 2
r1+coT A 1 1 T~ N
N / o= Allz=a1)/c0) (—112 +U+ —W) (x ) o
1 2 “ K
. /:Bz e-A((:EZ_m)/CO) (1@2 +U— i’UO’) <Jj7 Ty — l’) dx .
x2—CoT 2 0 "

All three integrals on the right-hand side of the above inequality are non-negative by
(1.0.6). This is only possible if both v and ¢ vanish in €2, which completes the proof.
|

o
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1.1 Existence and uniqueness of solutions

Theorem 1.1.1. Let Hypothesis 1.0.1 be fulfilled. Then there exists a unique solution
(v,0,6) € C(Qr;R?) of System (1.0.1)—(1.0.8) such that dyw,d,v, 0y, 0,0, 0 belong
to the space L>(0,T; L*(0,1)), and (1.0.1) holds almost everywhere in Qr .

Proof.  The uniqueness argument is straightforward. We consider two solutions
(v1,01,€1), (V2,09,€2), and put © = vy — vy, G = 07 — 03, € = €1 — £2. The hy-
pothesis yields that v(x,0) = &(x,0) = 0 for all x € [0,1]. From Proposition 3.2.1 it
follows that o; = f"[,u,ei] for i = 1,2, hence also &(x,0) = 0. For a.e. (z,t) € Qr
we have

{ at'l_} = 8x5'+f<0'1,1)17l’,t)_f<0'2,'l}2,$,t), (1 1 1)

Testing the first equation in (1.1.1) by ©, the second by &, and using (1.0.4), we
obtain

/0(178t17+68t5_)d:v < af(t)/o (|o| + |o]) |o| dz . (1.1.2)

Let ¢ be as in (1.0.5). From (3.3.2) and the elementary inequality 2pg < dp? + ¢*/¢
for p,q,6 > 0 it follows for ¢ > 0 that

1 1 t 1 1
/ (|v|2+—2|0|2) (t)de < (1+ \/1+c(2)) / af(T)/ <|v|2+—2|0|2) (1)dzdr,
0 0 0 0 &0
(1.1.3)
and the Gronwall argument yields that v =0 =0 a.e.

The existence statement will be proved by space semi-discretization. For n € N we
consider the system of equations

v = nlojn — o)+ filojv,t), j=1,...n—-1, (1.1.4)
g] = n(’l)] — vj—l)? j = 1, .oony, (115)
gj = f[)\j7o'j] , 7=1...n, (116)

coupled with “boundary conditions”
vo(t) = vu(t) =0, (1.1.7)

and initial conditions
(1.1.8)

where we set

—~

i/n j/n
filo,v,t) = n/ flo,v,z,t)dr,  N(r) = n/( Az, r)dz, (1.1.9)

G=1)/n j=1)/n

i/m i/mn
U? = n/( V() dw z—:? = n/( e(z) dx (1.1.10)

i—1/n



for all admissible values of arguments and indices, except for the compatibility condi-
tion v) = v? = 0. It follows from Propositions 3.2.1 and 3.2.2 that Eq. (1.1.6) can be
written in the form

o; = Fluj,e;] (1.1.11)

with Lipschitz continuous operators Flu;,-] : C[0,7] — C[0,T]. System (1.1.4)-
(1.1.5) is of the type

(t) = Pz, -](t), =z(0)=2z" (1.1.12)
for an unknown function z : [0,T] — R*™1 2 = (vy,..., v 1,61,...,&,), With a
mapping @ : C([0, T]; R**~1) x [0,T] — C([0, T]; R**~!) given by the right-hand side
of (1.1.4)—(1.1.5). We solve (1.1.12) as a fixed point problem in C([0,T];R*"~!) for
the operator

Slz|(t) = ZO+/0 O[z, () dr. (1.1.13)

By Hypothesis 1.0.1 and Proposition 3.2.2 there exists a € L'(0,T) such that for all
21,29 € C([0, T];R*1) and ¢ € [0,T] we have

P21, () = @lza, (B)] < alt) ]2 = 22l » (1.1.14)

hence

t
STl = SEall0) < [ ar) s = zall (11.15)
0
For t € [0,T] set A(t) = exp([; a(r)dr) and
1 . 2n—1
oo = max (505 Ielen)  for =€ COLTIEY. (1L10)

In particular, |[-[|, 4 is @ norm in C([0,T7; R?**~1) which is equivalent to |- YK
By (1.1.15), we have for all ¢ € [0,7] that

1 1 ¢ 1
— - < — — |l — 1.
A(t) ||S[Zl] S[ZQ]H[O,t] = A(t) /0 CL(T)A(T) A(T) ||Zl ZZH[O,T] dr (1 1 17)
A 1 A(T) — 1
< (t ||Zl - Zz||A,[o,q < T |21 — 22||A,[0,T] :

We see that S is a contraction on C'([0, T]; R**~!) endowed with norm ||-[| , ;5. 4y, and
its unique fixed point is a solution to (1.1.4)—(1.1.8).

We now derive estimates which enable us to pass to the limit as n — oo. To this
end, we differentiate Eqs. (1.1.4)-(1.1.5) and test by ©; and ¢;, respectively. From
Hypothesis 1.0.1 we obtain

Uj0; <m0y — 05)0; + (8;(t) + ap(t)(lo;] + [05]) 951, (1.1.18)

éj(j'j = n(’[)j—i)j,l)dj, (1119)



where §;(t) =n [, ]] / nl) /n Bf(x,t)dx. The boundary conditions (1.1.7) yield

—_

n—

(Gj41 — v]—l—z — @, 1)a; = 0, (1.1.20)
1

<.
Il

and by virtue of Theorem 3.4.1 we have for all ¢ €]0,7] that

t
/ 630'] dr Z
0

From (1.1.5) and (1.1.8) it follows that &;(0+) = &;(0) = n(v) —v)_,). Using (1.1.11)
and (3.2.11) we obtain

—_

Leo)(04). (1.1.21)

(£505)(t=) = 3

N |

5,004)] = i 71o,(1) = 03(0) < lim ey = 5O = 0] (1122

hence
n

n
1

(6€;)(0+) < %;yvg’—vg?_l\?. (1.1.23)

Jj=
The right-hand side of (1.1.23) can be estimated independently of n. To do so, we
decompose the sum as

n n—1
ny ) —vialf = n (\v?\2+1v2_112+zrv2—v;?_112> | (1.1.24)
Jj=1 j=2

Formula (1.1.10) yields

1/n)—z 1/n)—z
/ / ") dx' dx <n/ / 10,0° (2")|? da’ da

1/n  pl
nlv? > < n/ / 10,0° (2")|? da’ da .
0 (n—1)/n)—z

For j =2,...,n—1 we have

n|o?d]? = n?

and similarly

(j/n)—z
(2') dx’ dx

n]v? — 1)?71|2 =

((G-1)/n)~=

1/n p(j/n)—z
< / / 10,0°(2') | da’ da .
((G-1)/n)—=

From the above computations it follows that

n 1
nz W) =)\ < / 10,0°(2))|* da” . (1.1.25)
j=1 0



We similarly have

1 n—1

—Zm 0))* < —Z(n\oj+1<0>—aj<0>|+!fj<oj<0>,vj<0>,0>\>2- (1.1.26)

n
7=1
From (1.1.11) and Propositions 3.2.1-3.2.2 it follows that
2 0
|0541(0) = 0;(0)] < 0 )|€]+1 1

and arguing as in (1.1.25) we obtain

nz |0541(0) — 0;(0)> < (%)2/01 10,°(2)|? dux . (1.1.27)

We further have

lim 37 1£3(03(0), 5;00),0)f < / Flo(2,0),00),2,0)de (1.1.28)

and
1n—1 ) 1 )
I g/o B, 1) de. (1.1.29)
j=1
Let us introduce auxiliary functions
1 n—1 ‘2 1 n L
Walt) = — > 9j(t), Si(t) = EZaj(t). (1.1.30)
j=1 j=1

In the following series of estimates, C' denotes any positive constant independent of
n and T, and Cr is a constant independent of n and possibly dependent on T'.

We integrate (1.1.18)—(1.1.19) from 0 to t. Combining the inequality &;(¢)d;(t) >

h(0)a7(t) (which follows from (3.2.17)) with (1.1.20)—(1.1.29), we obtain

Sp(t)+Wy(t) < C 1+/0 \/Wn(T)/O B, 7) dx + a(7)(Sn(T) + Wi (1)) dr

(1.1.31)
Using the inequality W,/? < (1+W,)/2 and the hypothesis that the function &(t) =
(fol B3 (x,t) dx)'? + ag(t) belongs to L'(0,T), we obtain from (1.1.31) that

Su(t) + Wi(t) < Cp (1+/0 (@(7)(sn(7)+wn(7>)>df) (1.1.32)

for almost all ¢ €]0, 7, and Gronwall’s Lemma yields that

Sp(t) + Wi(t) < Cr  a.e. (1.1.33)
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We now define piecewise linear and piecewise constant approximations of (v,o) by
the formula

S (2 t) = v a(t) 47 (;1: - %) (0:(8) — v (1)), (L1.34)

&M (x,t) = o;1(t)+n (x — ‘%) (0(t) —aj_1(t)), (1.1.35)

o™ (1) = (1), (1.1.36)

" (x,t) = o4(t), (1.1.37)

o™z, t) = o;(t), (1.1.38)

AW (1) = N(t), (1.1.39)

flo,v,2,t) = fi_i(o,v,t), (1.1.40)

W = FAM &) (1.1.41)

for x € [(j—1)/n,j/n[, j=1,...,n, continuously extended to = = 1, where we set
fo(o,v,t) = 0. Equations (1.1.4)—(1.1.5) then have the form

oo™ = 9,6™ + f(e™, 5™ x,t), (1.1.42)

9™ = 9,0 (1.1.43)

From (1.1.34) it follows that the functions 9,0™ 9,6 9,5 9,6 are bounded in
L>=(0,T; L?(0,1)) independently of n. We further have

1 n—1
r n) —(n 2 1
/0 e 0wt de = =3 fog05.0) (1.1.44)
Jj=1

_ %2(fm(o)’vj(o),o)+/0ta%(fj(aj,vj,7>>d7>2

S CT7

hence also 9,0, 0,6 are bounded in L>(0,T"; L?(0,1)) independently of n. De-
note H**(Qr) = {u € L*(Qr) ; dwu, 0yu € L>=(0,T; L*(0,1))}. By compact embed-
ding H*?(Qr) —< C(Qr) we find functions v,o € H*?(Q7) and a subsequence
of {(9™,5M)} (still indexed by n) such that

0,6™ — Qo

9,0 — 9.0 )
weakly-star in  L>(0,7"; L*(0,1)), (1.1.45)
0,5?3(") — 8tU
9,0 — 9w
&M — 0
A uniformly in C(Qr) . (1.1.46)
oM = v
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We furthermore have for « € [(j — 1)/n,j/n| that

6™ (,1) —Q(:zc,t)\2 < oj(t) — o () < Z |0 (t) — a5 (1)

1 ~(n
ﬁ”axg( )H%OO(O,T;LZ(OJ))

IN

and similarly

IA

’ 2 1

‘&(n) (z,t) —o(x,t) EHaﬂc&(n)H%OO(O,T;Lz(O,l)) )

(n _ 2 1 (n
|U( )(5’7;75) _'U(l'at)‘ < ;Haxv( )H%N(O,T;LQ(OJ))?

hence
W = g

AR uniformly in (0, 1; C[0,T]) . (1.1.47)
™ =

The results of Subsection 3.5 enable us to pass to the limit in (1.1.41)—(1.1.43) and

check that (v,0) is a solution of (1.0.1)—(1.0.3). The fact that ¢ is continuous with

respect to z follows directly from Proposition 3.2.2 with A\;(r) = A(x;,7) and w;(t) =
o(zi,t), i =1,2 for any x1,29 € [0, 1]. [

1.2 Global boundedness

In order to investigate the asymptotic behaviour of solutions as ¢t — oo, we first
establish conditions under which the solutions remain globally bounded. In particular,
we assume that the right-hand side of (1.0.1) is independent of ¢. In other words, we

consider the system
v = 0y0+ f(v,z,t),

e = Oyv, (1.2.1)
e = F\o|
under the following hypotheses.
Hypothesis 1.2.1. The right-hand side f :Rx1]0,1[x]0,00[— R of (1.2.1) is such
that the functions f(v,-,-),0f(v,+,-) :]0,1[x]0,00[— R are measurable for all v €
R, f(-,2,t),0:.f(,z,t) : R — R are continuous for a.e. (x,t) €]0,1[x]0,00[, f0:=

f(0,-,-) € L>(0,00; L%*(0,1)), and there exist a constant v; > 0 and a function
By € L>(0,00; L2(0,1)) such that for almost all arguments we have

= < Ouf(v,z,t) <0, (1.2.2)
10 f (v, 2, t)] < Brlx,t). (1.2.3)
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Hypothesis 1.2.2. Let h and k be the functions associated with the operator F
according to (3.2.1) and (3.4.8). For p >0 set

3/4
u(p) = max {h(p), ngg} , (1.2.)

and assume that

lim PV RE) (1.2.5)

p—oo  p?

Hypothesis 1.2.3. The function H defined by (3.2.83) satisfies the implication
AL,m,Ry >0 ¥r >0: R>max{Ry, Lr} = 2H(R—r)— H(R) > mR. (1.2.6)

Remark 1.2.4. Condition (1.2.2) says that “negative friction” is excluded. The hys-
teresis dissipation is not strong enough to keep the solution away from resonance if the
energy supply becomes dominant. On the other hand, the results remain valid even if
no friction (9,f = 0) is present.

The functions h(p) and x(p) characterize the slope and the curvature of the hysteresis
branches, respectively. Condition (1.2.5) is fulfilled if, for example, there exist 0 <
he <h*, 19>0,and —1 < a < 2/3, such that

h, max{ro,7}* " < K(r) < h*max{re,r}*' a.e. (1.2.7)
A sufficient condition for (1.2.6) reads for instance

309 > 0 : hmsupM

m s () < 2. (1.2.8)

Indeed, (1.2.8) can be rewritten in the form

H((1+)q) < 9_ (1+d9)m
H(q)  — h(0)

Then (1.2.6) follows from (1.2.9) with L = 1+ 1/dy, 7 = dq, Ro = (1 + do)qo,

R=(1+6)q.

A variant of I'Hopital’s rule implies that condition (1.2.8) is in turn satisfied if, for
example, h(r) is concave for large r.

Ado, m,q0 >0 Vo €10,0] : ¢ > qo = (1.2.9)

The existence and uniqueness of a global solution to Problem (1.2.1) coupled with
(1.0.2)—(1.0.3) under Hypotheses 1.0.1 and 1.2.1 follows from Theorem 1.1.1. The aim
of this subsection is to prove the following global boundedness result.

Theorem 1.2.5. Let Hypotheses 1.0.1 and 1.2.1-1.2.3 hold. Then there exists a
constant C' > 0 independent of t such that the solution (v,o) to (1.2.1), (1.0.2)-
(1.0.3) satisfies a. e. the conditions

/1 ((0w)? + (8,0)° + (010)* + (0,0)?) (z,t)dz < C, (1.2.10)
lv(x,t)| + |o(x,t)] < C. (1.2.11)

11



The proof of Theorem 1.2.5 is split into two parts. We first prove Lemma 1.2.6 below.
Since no boundary conditions for ¢ are prescribed, the transition from Lemma 1.2.6
to (1.2.10)—(1.2.11) is not straightforward and a deeper result on hysteresis memory
structure will have to be established in the subsequent Lemma 1.2.7.

In accordance with the previous notation, we define for ¢ > 0 the sets @, = [0, 1] x [0, t]
and for u € L>(Q;) put

|ullg, = supess{|u(z,7)|; (z,7) € Q:}. (1.2.12)

Lemma 1.2.6. Let Hypotheses 1.0.1 and 1.2.1-1.2.2 hold, and let (v,0) be the solu-
tion to (1.2.1), (1.0.2)—(1.0.8). Then for every § > 0 there exists py > 0 such that
for all p > py the following implication holds true for a.e. t > 0.

1 ! 2 2
lollg, <p = F/O ((00)2 + (9,0)?) (x,t)dz < 6. (1.2.13)

Proof of Lemma 1.2.6. Taking into account the convergences (1.1.45)—(1.1.47), it
suffices to consider the discrete system

z.Jj = n(oj—&-l_aj)"{'fj(vj?t)’ j: 17“'n_1’ (1'2'14)
éj = n(vj —Ujfl), ] = 17--~n7 (1'2'15)
ej = Fl\,o], j=1,...n (1.2.16)

analogous to (1.1.4)—(1.1.6) with boundary and initial conditions (1.1.7)—(1.1.8), and
prove that for every 6 > 0 there exists py > 0 independent of n and ¢ such that for
all p > po the following implication holds.

.....

n n—1
1 /(1 .
Jmax llogllgg <p = <Eza§<t>+n2<%—aj>2<t>> < 5. (1217)
7j=1 j=1

To do so, we define for 7 =1,...,n — 1 auxiliary functions
Gi(v,t) = v f(v,t) — / LW Odd for (nt) €Rx[0,00[,  (12.18)
0
and set

E(t) = % (i@ﬁ(tﬂi@(@@@)) | (1.2.19)

S() = %ij(t)ﬁ, (1.2.20)

n—1

W(t) = % b3 (t), (1.2.21)
20 = Y (Giles(0).6) — vi035(0) (1222)



We have by definition
=7 05(t) < Gy(vy(t),t) < 0, (1.2.23)

The boundary condition (1.1.7) and Eq. (1.1.5) yield

%Z_:Uf(t) < nY (v—va)(t) = %Zéﬁ(t). (1.2.24)

.....

we obtain for ¢ € [0,7] that
&, (D] < hp)los)]  for j=1,....n. (1.2.25)

This, together with (3.2.17), implies that

FSIHOIENIOED SENGLACS (12:26

We now fix a constant ¢* > 0 such that
|Z(t)] < ¢ h(p) E(t) (1.2.27)

for all ¢t € [0,T]. Using (1.2.14)—(1.2.15) yields for a.e. ¢ €]0,T] that

Z0+We) = L3 mnn+ 06 -vnann (1229

IN

S swe + - oI5,

where (3; is as in (1.1.18), hence, by (1.2.25)(1.2.26),

—_

n—

S|

1

n 1/2
Z(t) + %W(t) +E(t) < % Ze'j(t)dj(t) +C ( v?(t)) (1.2.29)

<.
Il

Ch(p) (1+S*3(1)) ,

where C' denotes as before any positive constant independent of n, 7', and p. The
counterpart of (1.1.18)—(1.1.19) reads

505 <m0 — 05)0; + |6; ()] [0;(t)] (1.2.30)
éjé'j = TL(UJ — 'l'lj_l)dj 5 (1231)
hence )
1« 1<
EZ@@)W) + EZéj(t)&j(t) < CWYA(t)  ae (1.2.32)
j=1 j=1
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From Theorem 3.4.1 it follows that for all 0 < s <t < T we have

E(t—)—E(s+)+}1/{(p) /tS(T) dr < C/twl/z(T) dr . (1.2.33)

Let ¢* be as in (1.2.27). Inequalities (1.2.29) and (1.2.33) yield for all 0 < s < ¢ that

(Z +2¢* u(p) E)(t—) — (Z + 2¢* u(p) B)(s+) (1.2.34)

) —
b e ulp /S dT+/ <1W(7)+E<T>> ir

¢ [ (up) W) + i) (14 8%(0) .

IN

hence

(Z 4 2¢* u(p) E)(t—) — (Z + 2¢* u(p) E)(s+) + /t E(T)dr (1.2.35)

) h3(p) .
< C (u (p) + h(p) + —52(p)u2(p)> (t—s)

< C (14 4°(p) (t—s),
where C* is some frozen value of C', and set

Ei(t) = Z(t)+2¢ u(p) E(t), Es(t) = /OE(T)dT—C*(l—I—,uQ(p))t. (1.2.36)

By (1.2.35), the function E; + Es is non-increasing, hence for every non-negative
absolutely continuous test function 7(t) and every ¢ € [0,T] we have

/0 (By+ B)(r)i(r)dr > (By(t=) + Ba(®)n(t) — Bs(0+)n(0),  (1.2.37)

or equivalently,

Ei(t—=)n(t) < E1(0+)n(0) +/0t E(T)n(T)dr — /Ot Ey(7)n(t) dr . (1.2.38)

We choose ]
nt) = e, q = . 1.2.39
(®) 3c* p(p) ( )

Using (1.1.23)—(1.1.28), we estimate E;(0+) by C(1+ p(p)), so that (1.2.38) yields

Ey(t—)e” < C(1+ pu(p)) +/ (qE, — E) (1) " dr + 3(]*(1 + 12(p)) (e —1) .
’ (1.2.40)

We have ¢E\ (1) — E(1) = qZ(7) — 3E(7) <0, hence

Bit=) < C(L+up) e+ < C(1+ 1), (1.241)
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that is,

E(t) < C*;@)El(t) < C(1+p2(p)) for ae te]0,T]. (1.2.42)
Using (1.2.26) we have
%203(75) < Ch(p)(1+ 1*(p)), (1.2.43)
and (1.2.14) yields
ni(%l —0;)%(t) < Ch(p)(1+ p*(p)) for t €10,7], (1.2.44)

and (1.2.17) follows from (1.2.5) and (3.2.17). This completes the proof of Lemma
1.2.6. [ |

Lemma 1.2.7. Let Hypothesis 1.2.3 hold, and let A : [0,1] — Ag, €,0 : [0,1] X
[0,7] — R be continuous mappings, € = F[A, o]|. Assume that there exist constants
1, Co, c3 independent of t such that

/Ole(m,t) de| < ¢ Vtel0,T], (1.2.45)
lo(x,0)] < ¢ Vael0,1], (1.2.46)
/0 owole ) de < 2 Vie 0.T]. (1.2.47)
Put
R = maX{ch,%,cg—i—l,K, RO} . (1.2.48)

Then |o(x,t)| < R for all (x,t) € [0,1] x [0,T7].

Proof of Lemma 1.2.7. Assume that the statement is false. Then there exist xg,t
such that one of the following two alternatives occurs.

(i) o(zo,to) = R, o(z,t) > —R for (z,t) € [0,1] x [0,%o] ;

(i) o(zo,to) = —R, o(x,t) < R for (z,t) € [0,1] x [0, %] .

The two cases are similar, we therefore consider only (i).

For all z € [0, 1] we have
1
o(z,to) > o(zo, to) — / |Oyo(x, )| dT > R — 2¢3, (1.2.49)
0

15



hence, by definition (3.1.13) of the play,
p. [\ ol(x, tg) > o(z,tg) —r > R—2c3—7 (1.2.50)
for all » > 0. By Lemma 3.1.2, we have
p, [\ o](z,t) > min{\(z,r),—R+r} (1.2.51)
for all » > 0 and (z,t) € [0,1] x [0,o]. We have

0 for r > K,
Mz, r) = (1.2.52)
Mz,r) =M, K) > —K+r for 0<r<K,
hence
p.[A\ o](z,t) > min{0,—R+r}. (1.2.53)
Consequently, combining (1.2.50) with (1.2.53), we obtain
p, [\ ol(x,tg) > max{R — 2¢5 — r, min{0, —R + r}}, (1.2.54)

and formula (3.2.1) with w replaced by o yields for every x € [0, 1] that

e(x,tg) > h(0)(R —2c3) + /OR_CB(R — 2¢3 — r)dh(r) + /zj (—R+ r)dh(r) (1.2.55)

= 2H(R—Cg>—H(R) 2 1+C1,
which is a contradiction with the assumption (1.2.45). [ ]

We are now ready to pass to the proof of Theorem 1.2.5 and thus conclude this
subsection.

Proof of Theorem 1.2.5. By virtue of the boundary conditions for v, the solution to

(1.2.1) has the property
1 1
/a(x,t)dx = / e'(z) dx
0 0

for every t > 0. We therefore can apply Lemma 1.2.7 and find a constant C' > 0
independent of ¢ such that for every ¢ > 0 we have

1
lollg, < C (1 +/ (0,0)*(, 1) dx) : (1.2.56)
0
By Lemma 1.2.6 and (1.2.56), we have the implication
V6>03p>0vp2po ¥t >0: |lofly, < p = llollg, < C(1+6dp). (1.2.57)

Choosing for instance § = 1/(2C), we see that |o(x,t)| cannot exceed the value
2(po + C). Using again Lemma 1.2.6 we obtain uniform L2(0,1)-bounds for d,0(-,t)
and 0,0(-,t), which in turn (as a consequence of (3.2.16)) imply a uniform L?(0,1)-
bound for die(+,t). The bounds for d;v and 9,v follow directly from the equations
(1.2.1). n
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1.3 Asymptotic stabilization

Solutions to hyperbolic equations with linear viscous terms and without forcing asymp-
totically vanish with exponential rate. This is not the case if hysteresis is the only
source of dissipation. In our situation, the decay rate is of the order 1/¢, and Example
1.3.3 confirms that this estimate is optimal. Keeping initial and boundary conditions
(1.0.2)—(1.0.3), we consider the system with time-independent external forcing

v = 0o+ f(v,z),
O = 0y, (1.3.1)
e = F[\ ]
under the following hypothesis.

Hypothesis 1.3.1. The function f:Rx]0,1[— R is such that the functions f(v,-) :
10,1[— R is measurable for all v € R, f(-,x) : R — R is continuous for a.e.
z €]0,1[, f°:= f(0,-) € L*(0,1), and there exists a constant ~v; > 0 such that for
almost all arguments we have

- < Ouf(v,2) < 0. (1.3.2)

The main result of this subsection reads as follows.

Theorem 1.3.2. Let Hypotheses 1.0.1 and 1.3.1 hold, and let

im M) (1.3.3)

p—00 p2

Then there exists a constant C' > 0 independent of t such that the solution (v,o) to
(1.3.1), (1.0.2)-(1.0.3) satisfies a. e. the conditions

/01 ((0w)? + (8,0)* + (00)* + (0,0)?) (z,t)dz < C, (1.3.4)
[v(z,t)| + |o(x,t)] < C. (1.3.5)

If moreover the function k from (3.4.8) does not vanish on [0,00[, then there exist
constants 0o, € R and C' > 0 independent of t such that

! 2 2 2 0)2 ¢
/0 ((0)* + (0,0)* + (8,0)* + (050 + [°)?) (z,t)dx < e (1.3.6)
C
lv(z, )] < 112’ (1.3.7)
tlg})lo o(z,t)+ /1 fo(a)dr’ —os| = 0, (1.3.8)

and the limit in (1.3.8) is uniform with respect to x.
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Proof. We proceed as in the proof of Theorem 1.2.5. Relations (1.2.30)—(1.2.33) remain
valid with 5; =0 and C' = 0, hence E(t) is non-increasing in [0, 00[ . The value of
E(0+) is bounded by a constant according to (1.1.23)—(1.1.28), hence so is E(t). In
order to simplify the notation, we argue formally using Eqgs. (1.3.1), having however
in mind the discrete system of the form (1.2.14)—(1.2.16). With this convention, we
have

/1 ((Ow)* + 00 Ose) (2, t)dx < C, (1.3.9)

where C' is some constant independent of ¢ > 0. We now fix 7' > 0 and p > 0 such
that

lollg, < p. (1.3.10)
By (1.3.1) and (3.2.16)~(3.2.17) we have

/0(8121)2(35,15) dx = /0(8t5)2(3:,t) dr < h(p)/o (Opo Oge)(x,t)dx < C h(p)

(1.3.11)
with a constant C' (here and in the sequel) independent of ¢ € [0,7] and p > 0, hence

/1v2(x,t)dac < Ch{p) Ve [0,T], (13.12)
and
/01(8x0)2(x,t)dx < c+/01 (0)® +750%) (w.t)de < C(L+h(p). (13.13)

From Lemma 1.2.7 it follows that |o|, < Cy/1+h(p). Choosing p sufficiently
large we thus obtain from (1.3.3) the global bounds (1.3.4)-(1.3.5).

To prove (1.3.6)—(1.3.7), we pass again to the space-discrete approximations. Note
that a uniform upper bound for |o(x,t)| is already available by virtue of (1.3.5). We
therefore do not have to consider the dependence on p in (1.2.25)—(1.2.34). Using
again the fact that 5, =0 in (1.2.28), (1.2.30), and that ~ is positive, we obtain the
counterpart of (1.2.29) and (1.2.33) in the form

Zt)+Elt) < CS*(t) ace. (1.3.14)

E(t—) — E(s+) + ¢ /tS(T) dr < 0 Yo<s<t (1.3.15)

with some constants ¢,C' > 0. In agreement with (1.2.27), we now fix some m > 0
such that

Z(t)] < %E(t) a.e. (1.3.16)
and set A )
En(t) = Et) 1—i—mmt Z(t) > SE(). (1.3.17)



We have for all 0 < s <t that
4dm 4dm

Em(t—)—Em<S+) + /(CS(T)+1+mTE(T)+m

¢
< / Am¢ 5’2/3(7)617',

2

Z(T)) dr (1.3.18)

14+mr
hence, by Holder’s inequality, there exists another constant C' > 0 such that

E’”(t_)_Em<3+)+/:( - E(T)‘FLQ)ZZ(T))dT < /St( c

1+mr (14+mr 1+ mr)3 T
(1.3.19)

In view of (1.3.16), we have
LE(F) + — 2(2) > 3E,.(7) (1.3.20)

T At mr) ) > 3E,(r) a.e. 3.
hence
b 3m ! C

E.,.(t—)—E, E,(r)dr < —d 1.3.21
12 = Buls)+ [ i Ban)ir < [ a2

for all 0 <s < t. We argue similarly as in (1.2.37). The function

- Em(t)+/0t (%Emm—ﬁ) dr

is non-increasing, hence for every non-negative absolutely continuous test function
n(t) we have

/Ot (Em(r)f?(r) - ( S () — L) n(T)) 0 (13.2)

1+mr (1+m7)?

2 En(t=)n(t) = Em(0+)n(0) .
For n(t) = (1 + mt)?® this yields
En(t=)(1+mt)* < E,(0+)+Ct. (1.3.23)

From (1.3.23) and (1.3.17) we obtain E(t) < C(1+t)™? a.e., and inequalities
(1.3.6)—(1.3.7) easily follow. It remains to prove the convergence (1.3.8) of o.

We fix constants R > K, Fy > 0 such that
1
/ @) de < Fo, o] < B V@) €0, x 0,00,  (1.3.24)
0
and define auxiliary functions
gz, t) = o(x,t) —|—/ o) da’ (1.3.25)
0
)

B A, r for 0<r<R,
Nz,r) = - (1.3.26)
P[0, A(z, R)](r — R) for r > R,

Ex,t) = FIN6)(x,t), (1.3.27)
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where the mapping P is defined by (3.1.16). Note that [\(z, R)| < Fy, hence A(z,7) =
0 for r > R+ Fy. We now claim that

0(x,t) = Oe(x,t) a.e. (1.3.28)
To check this conjecture, we denote
&(a,t) = phol(t), &at) = p,[A6](z.t) (1.3.29)
for > 0 and (z,t) € [0,1] x [0,00[ . By (3.3.1), we have

0 (- . 2
p (&(x,t) — &, t) —/O o) dm’) <0, (1.3.30)
hence
Ex(x,t) — &(z,1) —/ Oy de'| < |&o(x,0) — &(x,0) —/ o2y da’| (1.3.31)
0 0
for all admissible values of r, x, and t. We have by (3.1.10), (3.1.16) that
§7‘(x70) = P[)\(l‘,~),0’(1},0)](7’), ér(x70) = P[X(I,-),&(SL’,O)](T),
hence N
&(2,0) = &.(z,0) +/ fo(2')ydx’  for 0 <r <R, (1.3.32)
0
and (1.3.31) implies that
&(x,t) = ggr(a;,t) a.e. for 0<r<R. (1.3.33)

ot ot

On the other hand, we have A(z,r) =0 for » > R and |\(z, R) — &(x,t)| < R, hence
Hm;\(x (@ (z,-)) ‘[ ] < R for all  and ¢. From Lemma 3.1.2 we conclude that
’ 0,t

d - 0
agr(x,t) = afr(m,t) a.e. for r>R. (1.3.34)

Combining (1.3.33) with (1.3.34), we obtain (1.3.28) from the definition (3.2.1) of the
operator F. This enables us to rewrite the system (1.3.1) in the form

ov = 8335—#- v,z) — f(0,7),
g Flo.2) = 0,2) .
(9,58 = &Ev
together with the identity (1.3.27). In particular, we have for all ¢ > 0 that
1 1
/é(x,t)dx = / E(x,0)dxr = const. (1.3.36)
0 0
Put s(t) = [, &(z,t)dz. The estimate
C
: PN
0] < £
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which follows from (1.3.6) is not sufficient for concluding that s(¢) converges as ¢ —
oo. To prove that this convergence indeed takes place, we have to use again special
properties of the operator F, more precisely Lemma 3.1.2. Set

= limsups(t), s = liminfs(¢), (1.3.37)

t—o0 t—oo

and assume that 5 > s. We fix some o > 0 sufficiently small (it will be specified
below in (1.3.47)), and using (1.3.6) we find 0 < ¢y < ¢; < to such that

1
/ |0,0(x,t)|de < o, s—a<s(t)<s+a fort>ty, (1.3.38)
0

s(t1)) < s+a, s(t) > s—a. (1.3.39)

For all x € [0,1] and ¢ >ty we have
1
6(2,1) — s(t)] < / 0,6 1) dz < a,
0

hence
(z,t1) < s+2a, (v, ta) > §— 2. (1.3.40)

For r > 0 set \i(z,r) = pT[S\,E}](aj,ti), i = 1,2. On the one hand, we have by
definition of the play that

M(z,r) < 6z, ty)+r < s+2a+r, X(z,r) > o(x,ta)—r > 5—2a—r, (1.3.41)
on the other hand, Lemma 3.1.2 and the semigroup property (3.1.21) yield that
Ao(z,r) > min{\(z,r),5§ —2a+ 71}, (1.3.42)
hence
Xa(z,r) > min{\(z,7), \(z,r) —da} = A\(z,r) — 4. (1.3.43)
Combining (1.3.43) with (1.3.41), we obtain
Aoz, r) > max{\(z,r),s+ 20 — 1} — 4o, (1.3.44)
consequently

Xo(z,7) = Ai(x,r) > max{0,5+2a —7r— A\ (z,r)} —4a > max{0,5—s—2r} —4a.

(1.3.45)
Inserting the inequality (1.3.45) into the integral in the definition (3.2.1) of F (note
that h is non-decreasing), we obtain

E(x,ty) —E(x,th) = h(0)(0(x,t2) —a(x, 1)) (1.3.46)

R+Fy
+ / (Aa(z,7) — A1 (z, 7)) dh(r)
0

2H (3_5) —dah(R+ F).



Choosing a > 0 such that

2H (8;5) —4ah(R+Fy) > a, (1.3.47)
we obtain .
/ (E(z,te) —E(x,ty))de > « (1.3.48)
in contradiction with (1.3.36;. We conclude that
5§ = 8 = 0u, (1.3.49)
and the proof of Theorem 1.3.2 is complete. [ |

Note that e(x,t) also converges uniformly to some function £, € C|0,1]. Indeed, by
(3.2.11) we have for 0 < s <t that

e(z,t) —e(z,8)] < Cllo(z,) = a(z,5)lsn

with a constant C' > 0 independent of z,¢, and s. The convergence &(-,t) — 04 1S
uniform with respect to z, hence also £(-,¢) converge uniformly. Since all £(-,¢) are
continuous by Theorem 1.1.1, we conclude that £, is continuous.

Example 1.3.3. In order to illustrate the optimality of the 1/t decay rate as t —
oo, we consider the following ODE system describing an elastoplastic spring-mass
oscillator

v o= —0, (1.3.50)
e = v, (1.3.51)
e = F|0,0], (1.3.52)
with initial conditions
v(0) =0, £(0)=¢e9>0, (1.3.53)

where F|0, -] is the Prandtl-Ishlinskii operator (3.2.1) with A =0, and g¢ is given. In
fact, (1.3.50)—(1.3.52) is related to the space-discrete system (1.1.4)—(1.1.6) for n = 2
which is of the form

0 = 2(09 —o01), (1.3.54)
& = 2u, (1.3.55)
gy = —2u1, (1.3.56)
e = Flo,o], j=1,2. (1.3.57)

~

Indeed, assuming e1(0) = —£59(0) and using the fact that both F and ist inverse F
(see Proposition 3.2.1) are odd, we obtain €1 = —e&y, 01 = —03, so that, after suitable
rescaling, System (1.3.54)—(1.3.57) is equivalent to (1.3.50)—(1.3.52). We thus may use
the argument of the proof of Theorem 1.3.2 and conclude that there exists a constant
C > 0 such that

() + |o(t)] < 1%75 VE>0. (1.3.58)
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It will immediately follow from Proposition 1.3.4 below that this decay rate is optimal.
On the other hand, we show in Remark 1.3.6 that £(¢) does not asymptotically vanish,
but converges as t — oo to some positive limit €., > 0. In mechanical interpretation,
this means in agreement with practical experience that the initial deformation is not
completely recovered during free elastoplastic oscillations.

Proposition 1.3.4. Let the generating function h of the Prandtl-Ishlinskii operator
F be locally Lipschitz continuous in [0,00[, h(0) > 0, h'(r) > 0 a.e. Then there
exist sequences 0 =ty < t1 <ty < ... and o9 > o1 > 09 > --- > 0 such that the
solution (v,0) to (1.83.50)—(1.53.53) has the properties

khm (tk - tkfl) = k—l?g (tk - tkfl) = T h(O) y (1359)

(=1)*o is increasing in [ti_1,te], (=1)*o(ty) = op, (1.3.60)
c

= : > k . 1.3.61

c>0 o =2 1+ k Vk e N ( 3.6 )

The proof will be carried out by induction. The following Lemma constitutes a basis
for the induction step.

Lemma 1.3.5. Under the hypotheses of Proposition 1.3.4, let t, > 0 be such that
o, == o(ts) > 0, &) =0 (1.3.62)
Ir, > 0.0 p[0,0](ts) = ou—1r forre|0,r]. (1.3.63)

Then there exists t* > t, such that ¢(t) <0 in |t., t*], 6(t*) =0, and o* = o(t*) €

] —0.,0[.

Proof of Lemma 1.3.5. By virtue of (3.2.16)—(3.2.17) we have v(t,) =0, v(t.) <0,
hence there exists ¢ > t, such that d(t) <0 in Jt,,t[ . We set

t* = sup{t > t.; o(t) <0 in ]0,¢[, o(t) > —0o.}. (1.3.64)

As in the proof of Proposition 1.0.2, we compute the balance of the total energy
sv? +U[0,0], but in a slightly refined form. Let us first evaluate explicitly p,[0, o](t)
for t € [t,t*]. Set \i(r) = p,[0,0](ts). The identity (3.1.20) and assumption (1.3.63)
yield

ot)y+r for r<i(o.—o(t)),
p.[0,0](t) = { () for 1> L(os — o(1) (1.3.65)
and formulee (3.4.1)—(3.4.3) yield
% (%1)2 +U[0,0]> (t) = _/000 ‘%pr[o,a](t) rdh(r) (1.3.66)

_ s /0(1/2)(0*—0(t))rdh(r) _ O'-(t)f‘(%(o'*—d(t») ;
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where we set I'(s) = sh(s) — H(s) for s > 0, H being given by (3.2.3). We denote
by ‘H the function

H(r) = /07“ H(s)ds for r>0. (1.3.67)

With this notation, we can integrate (1.3.66) from ¢, to ¢ and obtain for ¢ € [t,t*|
that

1 1

§w@y4@+nunﬂ(;@—am0 _ %@—ﬁUDH(?@—JMOUﬁﬁ&

+4H(%w{—dﬂ0.

The function H is strictly convex, hence the right-hand side of (1.3.68) is negative for
t €t.,t*[ and 0,4+ o(t) thus remains negative even for ¢ — t*. By definition (1.3.64)
of t* only one of the following two cases can occur.

(a) t* =00, 0" :=limy o o(t) > —04;

(b) t* < o0, 6(t*) =0, 0" :==0(t") > —0,.

Case (a) can easily be excluded. Indeed, we then would have

lim &(t) = lim &(¢) = lim v(t) = 0. (1.3.69)

t—o00 t—o00 t—o00

We rewrite (1.3.68) in the form

300 =200 1 (50, ~ o)) = 194 3(0. ~o10) | (1.3.70)

and passing to the limit as ¢ — co we obtain
—20" H (5(0* -0 )) = 4H <§(0* -0 )) : (1.3.71)

This implies that ¢* < 0, and from (1.3.50) we obtain lim;_,., 0(t) = —o* > 0, which
contradicts (1.3.69). Consequently, the case (b) takes place together with (1.3.71),
and the assertion of Lemma 1.3.5 follows. [ |

Proof of Proposition 1.3.4. We first apply Lemma 1.3.5 at ¢, = 0. We have by (3.2.4)
that o¢ := 0(0) = H(gp) > 0, hence the conditions are fulfilled with r, = oo. We
conclude that there exists ¢; > 0 such that 6(¢;) = 0, oy := —o(t1) €]0,00[, and
setting rq := 09, 11 = (09 + 01) €Jo1, 7] , we obtain from (1.3.65) that
—oy+r  for r<nry,
p,[0,0](t1) = oy — T for r € [ry,rof , (1.3.72)

0 for r > rg.

24



Recall that the play operator p,[0,-] is odd. We therefore may use again Lemma 1.3.5
for —o instead of o with ¢, = t;, r, = r1, o0, = o1, and find t, > t; such that
o(ta) =0, 09 :=0(t2) €]0,01[, 0 >0 in Jt1,ts[, and

(1.3.73)

09 — 7T for r <ry,
p,[0,0](t2) =

pr[oaa](tl) for r Z To .

By induction we now construct a decreasing sequence {oy}52; of positive numbers,
and an increasing sequence 0 =t, < t; < t3 < ... such that (1.3.60) holds, and

(=D)k(o, —7)  for r <) = %(Uk_1 + o),

p.[0,0](tk) = { (1.3.74)

p,[0,0](tk_1) for r>ry.

for all » >0 and k € N. By Eq. (1.3.71), we furthermore have

op = 2:(5;’“)) = A(r) VkeN, (1.3.75)
hence
Ok—1 — O = Q(Tk—A(Tk)) =: B(Tk) (1376)

We can differentiate the function B defined in (1.3.76) and obtain for all x > 0 the

identity
Bl(z) = HQL(:U) /0 H(s)(h(x) — h(s)) ds. (1.3.77)

By hypothesis, h is positive, increasing, and Lipschitz continuous on [0, 0|, hence B
is increasing, B(0+) =0, and

0 < B(z) < C2* Vx>0, (1.3.78)

with the convention that, similarly as in previous subsections, C' denotes any positive
constant independent of k. Using (1.3.75)—(1.3.78) we see, on the one hand, that the
limit 0 = limg_,o 0 fulfils B(ow) = 0, hence o,, = 0. On the other hand, we have

1 1 Ok—1 — Ok Tk

1 _ <o < CTkH(Tk)'
O Ok—1 Ok Ok—1 Ok H(ry)

(1.3.79)

The function x — (zH(x)/H(x) is bounded in 0, 0], since its limit at © — 0+ is

1/2. Hence,
1 1

Ok Ok—1

< C for keN, (1.3.80)

and (1.3.61) follows.
It remains to check that (1.3.59) holds. Assume for definiteness that & is even; the
other case is similar. For ¢ € [t;_1,tx] we have as in (1.3.65) and (1.3.74) that

o(t)—r for r <r(t) :=(o(t) — o(ty_1)),

(1.3.81)
p,[0,0])(tx_1)  for r>r(t),

p.[0,0](t) = {
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hence, by (3.2.1),

e(t) —e(tye—1) = 2H(r(t)), (1.3.82)
or equivalently
1
o(t)—o(t1) = 2H! <§(€(t) - 5(tk1))) . (1.3.83)
As a consequence of (1.3.50)—(1.3.51) and (1.3.83), the function ¢ solves the differential
equation (according to our notation we have o(ty_1) = —oj_1)
1
Et) —op1 +2H! (é(a(t) — s(tkl))) = 0. (1.3.84)

Testing (1.3.84) by £(t), integrating from t;_; to ¢, and using the fact that é(ty_1) =
0, € > 0 otherwise, we obtain

E(t) = \/2ok_1(5(t)—5(tk_1))—87:{(%(5(t)—5(tk_1))), (1.3.85)

where .
= / H™*(s)ds. (1.3.86)
0
For t = t; we obtain from (1.3.85) in particular that

O'k_l(E(tk) — 6(tk_1)) = 47‘2 (%(6(1%) — E(tk_l))> . (1387)

Set pr = 2(e(tr) — €(tk—1)). Then (1.3.85) can be rewritten as

£(t) = %\/§<e<t>—e(tk_mﬂ(pk)—pm@(e(w—e(tk-m). (13.58)
The substitution .
() = 5 () ~<ltx1)
yields
0 = L2\fsy i~ mHG(), (1380
hence \/5
) / \/SHpk — (1.3.90)

The function h = (H~') is decreasing and

sH(pr) — pe H(s) = s/ / z)dzdr



for s € [0,1], hence

1.3.91)

NG) /1 ds > £<tk ) > V2 /1 ds L

i VAL W OLEED
We have by (1.3.82) that p, = H(rg), hence h(pg) = 1/h(r},), and we conclude that
m/h(ry) > ty—ter > m/h(0). (1.3.92)

We already know that limg .., 7 = 0, and the proof of Proposition 1.3.4 is complete.
|

Remark 1.3.6. We have seen that {e(t;)} is an alternating sequence of decreasing
local maxima and increasing local minima of ¢ whose differences p; tend to 0, hence
Eoo = limy_ o (t) exists. It cannot be expected, however, that ., = 0. This follows
from the identity

o = E0t+2 Z(—l)kpk = Z(pgk—2 — 2pok—1 + Do) , (1.3.93)
k=1 k=1
provided we put pg := €. We still have p, = H(ry) for all k£ > 0, and the relation
1
Top_2 — 2T2k_1 + 1rop = §(B<T2k_2) — B(T’Qk_l)) > 0 (1394)

holds for every k € N by virtue of (1.3.76)—(1.3.77). The function H is increasing
and convex, hence

1 1
pok—1 = H(re—1) < H(§<T2k—2+r2k)) < §(p2k—2 + pa) (1.3.95)

and we see that e in (1.3.93) is positive. Similarly, the total energy E(t) = 1v?(t) +
U[0,0](t) does not asymptotically vanish. Putting Er = E(tx) = U[0,0](tx) for
k > 0, we obtain by a computation similar as in the proof of Lemma 1.3.5 that

Ey=H(oy), Eyx-1—Ex = (op_1—ox)H(ry) for keN. (1.3.96)
Since H is strictly convex, we have

k-1
(Uk—l —O'k) H(T‘k) < / H(S) ds = H(O’k_l) —H<O'k),
ok

hence, using the fact that F(t) is non-increasing, we have

lim B(t) = Eo— > (Bis = Ex) > 0. (1.3.97)
k=1

This fact is not surprising either. A non-zero part of the initial energy is stored in the
remanent deformation of the spring, the rest is dissipated into heat.

To conclude this section, let us note that if we allow h’'(0+) to be infinite, then the
decay rate may be faster than 1/¢t. The computation in [14, Example I11.2.6] shows,
however, that it is never exponential. The case where F in (1.3.52) is replaced by the
Preisach operator (3.2.18) is investigated in [15].
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1.4 Quasilinear perturbations

The results listed in the previous subsections are related to the variational and mono-
tone character of the Prandtl-Ishlinskii operator as linear combination of solution
operators to simple variational inequalities. For the existence of solutions, the convez-
ity of the hysteresis loops is, however, more substantial than monotonicity. We now
show that the existence and regularity result is stable also with respect to quasilinear
perturbations. In other words, no shocks occur provided the convex-concave hystere-
sis behaviour is preserved. Since monotonicity is lost, the question of uniqueness of
solutions is open.

To be more specific, we consider the stress-strain relation in the form
e = FING(o)], (1.4.1)

where G : R — R is a smooth “almost linear” increasing function, and F is the
Prandtl-Ishlinskii operator given by (3.2.1). Note that the superposition F o G is
the so-called generalized Prandtl-Ishlinskii operator as a special case of the Preisach
operator (3.2.18), see [9] for the relationship between the functions h, g, and .
Similar operators play an important role in modelling of piezoelectricity, see [18].
Changing accordingly the notation, we rewrite system (1.0.1) with constitutive law of
the type (1.4.1) in a more convenient form with a parameter ¢ > 0 as

Qe = O, (1.4.2)
e = Fl\o].

The existence part of Theorem 1.1.1 holds for ¢ sufficiently small in the following
form.

Theorem 1.4.1. Let Hypothesis 1.0.1 be fulfilled, let the function k from (3.4.8) be
positive on [0,00], and let g be a non-decreasing function in R with locally Lip-
schitz continuous derivative. Then there exists dg > 0 such that System (1.4.2),
(1.0.2)-(1.0.3) for 0 < § < & admits a solution (v,0,e) € C(Qr;R?) such that
Oy, Oyv, 010, 0,0, Ore belong to L>=(0,T; L*(0,1)), and (1.4.1) holds almost everywhere
m QT'

Proof. We discretize the system (1.4.1) in space in the form similar to (1.1.4)—(1.1.6),
more precisely

vj = nlojn —o;) +0n(g(ojm) —g(o;)) + filoj,v5,t), j=1,..n—=1, (1.43)
é‘j = TL(UJ' _Uj—l)a ] = 1,...71, (144)
€ = ./T[/\j,O'j], ]:1,71 (145)

For each fixed n and 0, the existence of solutions to (1.4.3)—(1.4.5) together with
conditions (1.1.7)—(1.1.10) is obtained in the same way as in the proof of Theorem
1.1.1. The estimates, however, have to be carried out in a more careful way.
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We fix a bound p; > max,—;_, |0;(0)| independent of n, and for each p > p; we
solve (1.4.3)—(1.4.5) with § = §(p) > 0 such that

S(p)maxg(s) < 1. 3(p)supess |g"(s)| < (1.4.6)

Is|<p 15| <p 4h(p)

We define the maximal time 7'(n,p) > 0 for which all |o;(¢)| remain bounded by p,
that is,
T(n,p) = max{t € [0,7T); jmax lo; ()] < p}. (1.4.7)

The counterpart of (1.1.18)—(1.1.19) reads

0y < (6 — 0ty + 5 (o(os) — 9(0,), (1.4.8)
+ (Bi(t) + ap(t)(|05] + [05])) 051,
éjd'j = n(f)j—i}j_l)(j'j, (149)
hence
—Zv]vﬂt Z (1+0(p)g'(0;))és6; < lZ(ﬁj( t)+ap(t)(|6;]+05) |9;] . (1.4.10)

We use Theorem 3.4.1 to obtain for all 0 < s <t <T(n,p) and all j =1,...n that

/sgjdde > @/S \dj\?’dTJr%(éﬁj)(t—)—%(ém)@ﬂ- (1.4.11)

We see that the function
1 t t
t — —(8]0'])(t)+@/ |d’j|3d7—/ éjO"de

in non-increasing in [0,7'(n,p)]. For each absolutely continuous non-negative test
function n and for all ¢ € [0,T(n,p)] we thus have

I(
/Ot (%(éﬂﬂ )+ ( £593) )I a;(7 )|3> n(T)) dr (1.4.12)

> SO0 — 556, (0+)i(0).

We now set n(t) =1+ d(p)g’(o;(t)) in (1.4.12). By hypothesis (1.4.6) we have 1 <
n(t) <2 for t € [0,7(n,p)], hence

%(éj"fj)(t) < (éjdj)(0+)+/0(1+5(19)9/(%(7)))(53"'%)(7)dT (1.4.13)

+ [ (30 esm - Liser) ar.
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From (3.2.16) and hypothesis (1.4.6) it follows that for all ¢ € [0, T(n,p)] we have

3(p)lg" (e ()€ (1)] < @!dj(t)l,

hence the last integral on the right-hand side of (1.4.13) is non-positive. We therefore
have

n

% ( (0 +Z(éjdj)(t)> < % <2 0%(0) +2Z(éjdj)(o+)> (1.4.14)

j= j=1 7=1

5 (Z@j@j)(” b 6<p>g’<aj<7>>><ém><7>> i

n , ,
J=1 Jj=1

for a.e. t €]0,7(n,p)[ . The initial conditions on the right-hand side of (1.4.14) can
be estimated independently of n and p similarly as in the proof of Theorem 1.1.1, and
as a consequence of (3.2.17) we have &;(t)o;(t) > h(0)63(t) a.e. Combining (1.4.14)
with (1.4.10) and using Gronwall’s inequality we find a constant Cp independent of
n and p (and possibly dependent on 7') such that

% (nz @jz(t) + iOJQ(t)> < Cr Vte [O,T(n,p)]. (1.4‘15)

Arguing as in the proof of Theorem 1.1.1, we find a constant Cp independent of n
and p such that

j=1,..,n

n n—1
n (Zm — 020 + 3 oy — a»?(t)) + max |o;(t)] < Cr Ve [0,T(n,p)].
j=1 Jj=1

(1.4.16)
We now fix any py > max{p;,Cr} and set §y = d(py). Then we have T(n,p) = T
for all n € N, and the estimates (1.4.15)—(1.4.16) hold a.e. in [0,7]. This enables
us to complete the proof passing to the limit as n — oo similarly as in the proof of
Theorem 1.1.1. [ ]

2 Periodic solutions

In this section, we consider the system (1.0.1) with boundary conditions (1.0.3) and
with the time-periodicity condition

v, t+T)=v(z,t), o(z,t+T)=0(x,t) (2.0.17)

for all (z,t) € [0,1] x [0,00[ instead of (1.0.2), where T > 0 is a fixed period. Our
analysis will be carried out in the spaces L} = L (]0, 1[x]0, 00[) for 1 < p < 0o and
in the space C% of continuous functions, all satisfying the T-periodicity condition.

Having in mind Corollary 3.1.3 which states that outputs of hysteresis operators with

30



periodic inputs may possibly become periodic only after one period, we define the
norms

2T 1 1/p
|lw|, = </ / |w(x,t)? dmdt) for we L}, 1<p<oco, (2.0.18)
v Jo
|wlleo = supess{|w(x,t)|; (x,t) €]0,1[x]|T,2T[} for w e Ly . (2.0.19)
We endow the space CJ with the norm || - || as well. Recall that the compact
embeddings
H2 = {we L%; 0w € L%, 0w € L3} < CY (2.0.20)
HY? = {we L%; d,we L3, 0w € L2} —— C% o
take place, and we fix constants M, M’ > 0 such that
lwlloe < |J" Jy wa,t) dwdt]| + M (|0sls + [Onlls) Vw e HE, 2021
lolle < |57 Jy wle,t) dwdt| + M (|0awlly + |9elle) Ve € B

An estimate for M, M’ can be found in [14, Appendix 2].

We find sufficient conditions for the existence and uniqueness of solutions to the
Dirichlet-periodic problem and prove its global asymptotic stability.

2.1 Statement of main results

In addition to Hypothesis 1.0.1, we impose the following more restrictive assumptions

on f.

Hypothesis 2.1.1. The following conditions hold for all admissible arguments.

(i) f(o,v,z,t4+T) = f(o,v,x,t);
(i) /2.8 € I3

(111) |80f(0’ v, T, t)| < VEs
(iv) —vf < 0pf(o,v,2,t) <0, where vy > 0 is a fived constant.

In this subsection we list the main results on existence (Theorem 2.1.2), uniqueness
(Theorem 2.1.3), and asymptotic stability (Theorem 2.1.6) of periodic solutions to
System (1.0.1), (1.0.3). Proofs are postponed to the next subsections.

Theorem 2.1.2. Let Hypotheses 1.0.1 and 2.1.1 hold. Assume in addition to (3.2.15)
that the functions h and K in (3.2.1) and (3.4.8) satisfy the condition

h(p)

lim sup = ¢ < o© (2.1.1)
p—oo PH(D)
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with -
4\/7’7qu(1+%’7]0 (1+’)/f67f)) < 1. (212)

Then Eqgs. (1.0.1) with boundary conditions (1.0.3) and periodicity conditions (2.0.17)
admit a solution (v,0) € Ha? x HY®, and Equations (1.0.1) are satisfied for a. e.
(x,t) €]0,1[ x |T, 00 .

The situation is similar as in Subsections 1.2-1.3, cf. Remark 1.2.4. We are able to

prove existence only if no negative friction is present. Moreover, uniqueness is obtained
only if f is independent of ¢, that is, if Problem (1.0.1) has the form (1.2.1). On the
other hand, we can replace (2.1.1) by a weaker condition (2.1.3) below.

Theorem 2.1.3. Let Hypotheses 1.0.1 and 2.1.1 hold with f independent of o. As-
sume, instead of (2.1.1), that

: h*(p) -
h?l—gjpm = ¢ < © (2.1.3)

with
T
9 T1/4 1 Bsll2 M G (1 + %’Yf) < 1. (2.1.4)

Let further ¢ € R be given. Then Problem (1.2.1) with the periodicity conditions
(2.0.17) admits a unique solution (v,o) € H%’Q X Hizp’?’, Egs. (1.2.1) are satisfied for
a.e. (x,t) €]0,1[x|T,00[, and

1 2T
T/ o(0,1)dt = o. (2.1.5)
T

Remark 2.1.4. From (2.1.1) it follows that

. h(p)
B G - he 1) < 210
hence
L < hlp) —hip — 1) < logh(p) —logh(p — 1) (2.1.7)

(¢+1)p — h(p)
for p larger than some p; > 0. We thus obtain that

lim h(p) = oo, Tim YU oy [ R@)JER) (2.1.8)

p—00 p—oo P p—oo \| pKr(p) P

In particular, if condition (2.1.1) is satisfied, then (2.1.3) holds with ¢ = 0. The class
of functions satisfying (2.1.1) is non-empty. For example, for every locally Lipschitz
continuous function h such that

h, max{re,r}* ' < B'(r) < h*max{ry,7}*' a.e. , (2.1.9)
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where 0 < h, < h*, 1y > 0, a €]0,1] are given numbers, we have for p > ry that
k(p) > h.p®t, h(p) < h(0)+h*p*/a, hence (2.1.1) holds. For the validity of (2.1.3),
it suffices to have for instance

h, max{re,r}**"' < K(r) < h*max{r,r}**>"' a.e. (2.1.10)
with some a; €] —1,1] and a; < as < (2/3)(a; +1).

Remark 2.1.5. Below in Remark 2.3.1 at the end of Subsection 2.3 we comment on
the non-uniqueness related to the fact that p is arbitrary. Also the value of p can be
determined uniquely if we consider the Dirichlet boundary conditions in displacements
instead of velocities.

To conclude this subsection, we state, as a complement to Theorem 2.1.3, a result on
asymptotic stability of periodic solutions.

Theorem 2.1.6. Let Hypotheses 1.0.1, 2.1.1 hold with [ independent of o, and let
k(p) >0 for all p > 0. Let us define the set

B = {(v,0) € L>(]0,1[x]0,00[)*; (2.1.11)
O, 00,0y, 00 € L=(0,00; L*(0,1)), v(0,t) =v(1,¢) =0},
and assume that (v,c) € B is a solution of the problem
dv = 0o+ f(v,m,t),
e = O, (2.1.12)
e = FlAd,

where A € C([0,1]; Ax) and K > 0 are fized. Then there ezxists A € C([0,1]; Ag)
with K = max{K, ||¢|lw} and a periodic solution (v,0) € B of (1.2.1) such that

lim (Ju(-,t) = v(-, 1) oegon) + (- 1) — o (-, 8)|[1(0y) = 0. (2.1.13)

Remark 2.1.7. The assumptions of Theorem 2.1.6 are satisfied for instance under the
hypotheses of Theorem 1.2.5. In such a case, condition (2.1.3) automatically holds.

2.2 Existence

This subsection is devoted to the proof of Theorem 2.1.2. We fix some ¢ € R and
consider the problem

2T

1
o = 8xa*+f(a*+6,v,:c,t)—f flo*+o,v,z,7)dr, (2.2.1)
T

Oe® = Oy, (2.2.2)

e = FI\ o] (2.2.3)
d 1 2T
—6(z) = —=— 46 5(0) = 2.2.4
dwa(a:) T/ flo*+o,v,z,7)dr, &(0)=p ( )
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together with the T'-periodicity condition and

2T 27
v(0,t) = v(1,t) = 0, / v(x,t)dt = / o*(x,t)dt = 0 (2.2.5)
T T
for all admissible arguments. We observe that if (v,0*,4d,¢*) is a solution to (2.2.1)—
(2.2.5), then (v,0) with 0 = 0*+6 and € = F[, 0] satisty the conditions of Theorem
2.1.2, since by Proposition 3.3.1 we have 0, = 0,e* for a.e. t > T.

The solution will be constructed by the Galerkin method. For j € Z, k € NU {0},
t >0, z €]0,1] we define basis functions

sin Z2¢ if j >0,
e(t) = { st if <0, (2.2.6)
or(r) = sinkmr, Yp(z) = coskmw. (2.2.7)
For all relevant values of 7, k,x,t we have
%ej(t) _ Q%ej@), %wk(@«) — k() %W) — krou(r). (2.2.8)
For each fixed n € N we set Jo={-n,—n+1,...,—1,1,...,n—1,n}, and define

functions v, o™ £ 5 by the formulse

o t) = 30D viwes(t) rle) (229

jE€Jn k=1

oM@, t) = D> > oje;(t) tr(x), (2.2.10)

j€Jn k=1
MW (x,t) = FI\o™](x,1), (2.2.11)
d
%a—(m(:p) = ——/ flo™ +60 o™ 2 rydr, M(0) =0, (2.2.12)

where vji, 0, are solutions of the system

/QT/ o™ — 9,0 — f(o™ 4+ 5™, (),x,t)) e;(t)pp(x)dedt = 0, (2.2.13)

o
/ / (8,55(”) —8951)(")) e;j(t)Yr(z)dxdt = 0 (2.2.14)
T Jo

for all j € J,, k =0,1,...,n. We first have to prove that (2.2.13)—(2.2.14) has a
solution. The unknown in the problem is the vector v = (vjg,05%), j € Jo, k =
0,1,...,n, with v;o = 0 for all j € J,,, hence v can be considered as an element of
V = R x R2»*(+1D) - The mappings which with v € V associate the functions
e € Y% and 6™ € C[0,1] are continuous, hence the system (2.2.13)-(2.2.14) is of
the form

d(v) = 0, (2.2.15)



where @ is a continuous mapping from V to V. We define a homotopy ¢,: V —V
with parameter s € [0,1] by the left-hand side of the system

or 1
/ / (8,51)(") — 0,0 — 5 f(0™ 50 p™) ,t)) e;(t) pr(z)dedt = 0, (2.2.16)
v Jo

/T N /0 (0, — 0,0 e3(6) dn(a) dodt — 0, (2.2.17)
where
MW (z,t) = Flsh,o™](x,t), (2.2.18)
%&gm(x) = ——/ flo™ +6M oM 2 rydr, 6M(0)=o. (2.2.19)

We now check that (2.2.16)—(2.2.19) has no solution on the boundary of a sufficiently
large ball independently of s € [0,1]. The operator F|0, -] corresponding to the initial
configuration X\ = 0 is odd, hence also ®( is odd in V| so that its Brouwer degree with
respect to this ball and to the point 0 € V is nonzero. By homotopy, also the degree
of ®; = ® is nonzero, hence a solution exists inside the ball. We thus establish the
existence of a solution to (2.2.16)—(2.2.19) provided we prove the following statement.

There exist Puo, Poo > 0 independent of n € N and s € [0 1] such
that if v € V is a solution of (2.2.16)(2.2.19) with ||o(™ ||, = (2.2.20)
then p < poo and [[v™]] oo < e -

To prove the conjecture (2.2.20), we consider some p > K , where K is as in Hypothesis
1.0.1,some n € N, s € [0, 1], and a solution of (2.2.16)(2.2.19) with ||c(™ || < p. We
test (2.2.16) by (275 /T)*v;i., (2.2.17) by (27j/T)%*0jx, and sum them up. Integrating
by parts and using the T -periodicity we obtain

o 1 o7 1
/ / O™ 0,0™ dx dt = / / 0™, (3 f(a(”) + 6§”), o™z, t)) dx dt .
T Jo T Jo

(2.2.21)
Similarly, testing (2.2.16) by —(27j/T)v_j; and (2.2.17) by —(27j/T)o_j; yields
or 1
/ / 0™ |? da dt (2.2.22)
v Jo
o
/ / (8t€(”) d,0™ + 59,0 f(o™ 460 W™ g t)) dxdt.
v Jo
By Hypothesis 2.1.1, we have the pointwise relations
o™ 9, (s f(e™ + 60, v(”),x,t)) < o™ (7f|8ta(”)| + 1541) (2.2.23)
s (o™ 460 o™ 2 1) 00™ = 9, (s F(&gn),v(”),x,t)) (2.2.24)

—s(0,F)(6, 0™ 2, t) + 5 (f(o™ + &M 0 2, 1) — f(65) 00 2,1)) 9™,
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where we set F(o,v,2,t) = [} f(o,v/,z,t) dv'. We have (8,F)(o,v,z,t) < |v||3;] a.e.
Combining (2.2.21)—(2.2.24) and using (3.4.10) and (3.2.16) we obtain that

1 n n n
1@ 00 ™15 < 10wl (vsll00™ 12 + 18yl2) (2.2.25)

10w™ 13 < (B ™ 15+ v¢llo 21000l + [18ll2llo™ ]|z (2.2.26)

We now use the embedding inequalities

T T
[0 s < T00r0 s, [l l2 < o= l100 ™2, 0™ ]2 < S [10w ™
(2.2.27)
(note that both o™ (z,-) and v™(z,-) have zero average on [0,7]) and set
z(p) = 3 sup{0c™|s: o™l < p}
y(p) = 5 sup{llow™l2; o™l < p} ¢, (2.2.28)
1
P

2(p) = g sup{[| 0.0 25 [0l < p}

where the supremum is taken over all possible solutions of (2.2.16)—(2.2.19) and over
all n € N. From (2.2.25)—(2.2.28) we obtain

}lpﬁ(p) () < y(p) (Tl/ﬁw z(p) +@> , (2.2.29)
Pp) < TBh(p) 22(p) + %y(p) (Tl/b‘,yfx(p) + @) : (2.2.30)

and an elementary computation based on hypothesis (2.1.1) and (2.1.8) yields that

limsup \/h(p) z(p) < 4T 3vpq, limsupy(p) < 4T %y4q. (2.2.31)

p—00 p—00

We estimate z(p) using Eq. (2.2.16), which yields

1.0z < 110w ™ 2 + 0Nl + 5 (o™ ll2 + 0]z + [1587]]2) (2.2.32)

T T
< (14— 9,0™ 9,0 0
< (14 5090) 10l 500l + 17

1 1/2
+T1/27f (/ |€r§”)(:p)|2d$) )
0

To estimate the last term on the right-hand side of (2.2.32), we use Eq. (2.2.19) and
obtain

d 2T
A 15m)| < %/T £ + 60 o™ 2 1) dt (2.2.33)

1 2T v 2T
< yled @)+ / @ ldt+ 2 [ (jo®]+ ™) () dt,

T Jr
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hence

max (6] < ¢ (ol + T (170 7 (1o + [0])) - (2230
Combining (2.2.32) with (2.2.34) yields
10:0" 2 < TY2ype2 o] + (1 + 7€) [ ]2 (2.2.35)
T T7/6
# (1 5097 (1425 ) 100 77— @ + 1) [0
hence, in view of (2.2.31),
limsup z(p) < 4TY%y;q <1+—7f 1+7fe7f)) : (2.2.36)
p—o0

By virtue of (2.1.2), (2.1.8), (2.2.31), and (2.2.36), we may choose p., > 0 such that
M(xz(p)+2(p)) < 1 for p> pe. (2.2.37)

In other words, from (2.0.21), (2.2.28) and (2.2.37) it follows that whenever we have
a solution of (2.2.16)—(2.2.19), then the implication

(P> P 10l <p) = 0™l <p (2.2.38)

holds, hence |0™]|, < po independently of n € N. From (2.2.17), (3.2.16),
and (2.2.31) we further obtain that ||0,v™ |3 < h(pso)||0:d™ |3 < Poo h(Pso) T(Pos)
1810 |2 < Poo Y(Poo) » hence also [[V™||oe < M'poc(h(pos) #(Poo) + ¥(Peo)) as a conse-
quence of (2.0.21). We thus proved the conjecture (2.2.20) which implies that (2.2.16)—
(2.2.19) has a solution for every n € N. Moreover, we have found a bound independent
of n for o in H>* and for v™ in H%?. Using the compact embedding (2.0.20),
we may find a subsequence (still indexed by n) and some elements o* € H%:S and

v € HY? such that fTZT v(z,t)dt = 2T o*(z,t)dt =0 a.e., and
v™ v, ¢™ —¢* uniformly, (2.2.39)
o™ = o, 8,6™ — d,0°  weakly in L%, (2.2.40)
9,0 = dv, 9,o™ — 90" weakly in L. (2.2.41)

We can pass to the limit as n — oo in (2.2.11)—(2.2.14) and find &* € C%, ¢ €
W12(0,1) such that

e(z,t) = F\o%](x,t), (2.2.42)
d 1 2T
%0'(.%) = ~7 ; fle*+o,v,z,7)dr, &(0)=p, (2.2.43)
27
/ / (O — Opo™ — f(o* + 6,v,2,1)) Uz, t)dedt = 0, (2.2.44)
v Jo
27
/ / (O™ — 0yv) V(x,t)dxdt = 0 (2.2.45)
T Jo
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for every test function ¥ € L% such that [> 9(z,t)dt = 0 a.e. We now obtain
(2.2.1)-(2.2.2) (and thus complete the proof of Theorem 2.1.2) by putting ¥ = dv —
Op0* — f(o*+6,v,2,t)+(1/T) ;T f(o*+0,v,2,7)dr in (2.2.44), and ¥ = Oie* — ,v
in (2.2.45).

2.3 Uniqueness

In this section, we prove Theorem 2.1.3. Since the nonlinearity f is now independent
of o, the counterpart of (2.2.1)—(2.2.5) reads

2T
o = &m*—l—f(v,x,t)—%/ fv,2,7)dr, (2.3.1)
T
o = 0yv, (2.3.2)
e = F[\ o (2.3.3)
d 1 2T
%a(:c) = —7 . fv,z,7)dr, &(0)=p (2.3.4)

together with the T'-periodicity condition and

2T 2T
0(0,4) = (1) = 0. / o(z,t)dt = / ) dt = 0. (235)

T T
We will not repeat all details of the existence proof which exactly follows the lines of
the proof of Theorem 2.1.2. Estimates analogous to (2.2.25)—(2.2.26) for the system

(2.3.1)—(2.3.5) have the form

1

) 1003

3

IN

1872 180 |2, (2.3.6)

1820115 < A9 ™13 + 11 B¢ll2llv™ Iz (2.3.7)
which, with the notation of (2.2.28), yields similarly as in (2.2.31) that

limsup v/h(p) 2(p) < 2T 4\[[|6yll2,  limsupy(p) < 274G\ /11Bsll2.  (2:3.8)

p—0o0 p—00

Instead of (2.2.32) we directly have

T
o0l < (145 ) 100+ 10k, (239)

and the rest of the existence argument is identical to the one in the previous subsection.

To prove the uniqueness, we consider two solutions (vy,o7), (v2,05) of (2.3.1)—(2.3.5)
(with €f,6;, ¢ = 1,2 having the corresponding meaning) associated with two different
values 01,00 of p in (2.34). Set v = vy —wvy, 6 =0 —0), E=¢f —¢c5. As [ is
non-increasing in v, we obtain from (2.3.1)—(2.3.2) that

2T 1 2T 1
/ / Oodrdt = / / o(f(v,z,t) — f(ug,z,t))dedt < 0. (2.3.10)
T Jo T Jo
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By Proposition 3.3.2 there exists ¢ € W'2(0,1) such that o(z,t) = 6°(z) for t > T.
In view of (2.3.5), we have ¢ = 0, hence o} = 0}, consequently also ¢} = &} and
U1 = vy. We thus have

o1(x) = 02(x) = 01— 02 (2.3.11)

for all x € [0,1], and the uniqueness follows.

Remark 2.3.1. The ambiguity due to the arbitrary choice of ¢ in (2.3.4) can be
removed by considering the Dirichlet boundary conditions in displacements instead
of velocities. More specifically, we denote by (v,0*,d¢) the solution of (2.3.1)—(2.3.5)
corresponding to o = 0. We know from (2.3.11) that (v,0*, 6o+0) is then the solution
to (2.3.1)—(2.3.5) for any o. For (z,t) € [0,1] X [T,00] and p € R set

t T

c@(z,t) = FINo* +60+0(z,t), u@xt) = /U(x,t’)dt’—i—/ (', T)da’ .

T 0

(2.3.12)

We then have 9u® = v, 9,u® = @ u@(x t +T) = u@(z,t) for all (x,t) €
[0,1] x [T, 00[ , and u(@(1,t) = [ £@(z,T) dz. We claim that

JNoeR: u91,t)=0 Vt>T. (2.3.13)

This conjecture follows from the fact that for g, > g2 we have by (3.3.6) and (2.3.11)
that (@) (z,t) —el@)(z,t) > h(0)(0; — 02), and that £@ depends continuously on o.

2.4 Asymptotic stability

This subsection is devoted to the proof of Theorem 2.1.6. For Ay, Ay € C([0,1]; Ak),
(v1,01), (v2,09) € B, we define the functional

V()\l, )\2, VU1, V2,071, 0'2)(t) = /0 (h(O) (O'l - 0'2)2 + (’Ul - U2)2) dx (241)

o 1 | o] = o) dnie) s

Using (3.3.2) we check that whenever (v;,0;) for i = 1,2 are solutions of (1.2.1) with
the respective choice of A = \;, then
d

EV()\l,)\Q,Ul,UQ,O'hO'Q)(t) S 0 a. e. (242)

For n € N and z € [0,1], t > 0, r > 0 we define the sequences

vz, t) = v(x, t +nT), op(x,t) =a(x,t+nT), A\(x,r) =p,[A(:),a(, )](nT).

(2.4.3)
]; Ag) for all n, and
] and t > 0 that

By Lemma 3.1.2 and Proposition 3.1.1 we have \, € C([0,1
putting e, (z,t) = F[A, g](x,t +nT) we obtain for all x € [0,1
en(x,t) = FlAn, o0, 1). (2.4.4)
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The sequence {(v,,0,); n € N} is equibounded in Bj; there exists therefore a subse-
quence {n} in N and an element (v,0) € B such that

(atvnk, aa:“nka 8t0'nk7 azank) — (&,v, aatvu ato-, 8930)

weakly-star in  L>(0, 00; L%(0,1)),
Y ( 0. 1) (2.4.5)

(Ons 0n) = (v,0)
locally uniformly in [0, 1] x [0, co] .
From (3.1.14) it follows that {),} is an equibounded and equicontinuous sequence in

C([0,1]; Ag). Since Ag) is a compact subset of C[0, K], we may use the Arzela-
Ascoli Theorem and assume that the subsequence {n;} is such that

An, — A € C([0,1]; Ag) uniformly in [0, 1] x [0, K] . (2.4.6)

All elements (v, 0,) are solutions to (1.2.1) with ¢, given by (2.4.4). Passing to the
limit as n; — oo we conclude that (v,0) is a solution to (1.2.1). For all k € N we
have by (2.4.2) that

d
EV()\nk,)\,Unk,U,Unk,U)(t) <0 ae. |, (2.4.7)
hence
sup V(A s A, Uny, U, 0, 0)(8) < V(Ays Ay Uiy s 0, 04y, 0)(0) (2.4.8)

t>0

The right-hand side of (2.4.8) tends to 0 as k — oo, and we conclude that

1
lim sup/ (|vn, — o’ + |0, — a|2) (x,t)dx = 0. (2.4.9)
0

k—oo t>0

We now prove that both v and o are T-periodic. Put v, (z,t) = v(z,t +T),
0'+([L',t) = O'(.l’,t + T)v )\+<CL’,7”) = prp\(u ')70(7 )](T)’ and

g = tlim V(As, N vg,v,040,0)(t) > 0. (2.4.10)

For all ¢t > 0 we have

6 = ’}LI&‘/()\TLIC—‘,-h)\nkvvnk—i-l’vnk’O-nk—l-lao-nk)(t) = V(A—‘m)\aU—HUaU—i—?O—)(t)v
(2.4.11)
hence (d/dt)V(Ay, A vy,v,04,0) = 0 a.e. in [0,00[. By construction we have

Ai(z,0) = o4 (x,0), Mx,0) = o(x,0) for all z € [0,1]. From Proposition 3.3.2 it
follows that there exists a function R(z,t) such that R(z,-) is non-decreasing for ev-
ery x and oy (z,t) —o(x,t) = A\ (x, R(x,t)) — Mz, R(x,t)). For every = there exists
therefore the limit oo (z) = limy_ oo (04 (2, 1) — o (2, 1)) = limy_ oo (o (2, t+T) — o (x,1)).
Since ¢ is bounded, we have

lim (o4 (z,t) —o(x,t)) = 0 Vzel01]. (2.4.12)

t—o00
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Using again Proposition 3.3.2, we similarly obtain
tlim (P A, 04 ](x,t) — p. [N\ o)(2,t)) = 0 Vee|0,1] Vr>0. (2.4.13)

Let 0 > 0 be arbitrarily given. We fix some m € N and t,, > 0 such that for all
t>t, andall j=1,....,m we have

oG /m,t +T) — o(j/m,t)] < 6/2. (2.4.14)

For each y € [(j — 1)/m,j/m] and t > 0 we have

| L[ ., \" ¢
lo(y,t) —a(j/m,t)] < N (/(j_l)/m|8xa(x,t)| dx) < N (2.4.15)

with some constant C' independent of ¢ and m. We thus can find t* > 0 such that
ot +T) —o(-,t) o) < 6 for t>1t". (2.4.16)

Let ¢ € N be such that, by virtue of (2.4.9), we have

1
/ (2, ) — o, (x, )| da < & for k>0, (2.4.17)
0

L (0,00)

Put t** =t* +n,T". For s > T*", we have s — n,I" > t*, hence
lo(-,s+T) —a(, 5)|L2(071) < ols+T)—o(s—nd + T)’LQ(O,l) (2.4.18)
+ lo(,s—nT+T)—o(,s— TLZT)’LQ(O’I)
+ [o(ys = nT) —af, S)|L2(O,1)
< 3.
Let now ¢t > 0 be arbitrary. We fix k > ¢ such that ¢ + n,T > t**. Then
lo(,t+T) = o, t))|L2(0,1) < fo(t+T) —on (-t + T>|L2(0,1) (2.4.19)
+ e t+mT+T)—al,t+ nkT)|L2(071)
+ [o(- 1) - Unk('at)|L2(0,1)
< 5).

Since 6 > 0 was arbitrary, we obtain o(z,t+7T) = o(x,t)) for all x and ¢, and from
the fact that (v, o) is a solution to (1.2.1) we obtain also v(x,t+7T) = v(z,t)). Using
(2.4.11) and (2.4.13) we obtain =0 and A} = A.

To conclude the proof, consider the sequence
dy, = V( Ay, N\, vp,v,0,,0)(0). (2.4.20)
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By (2.4.2), we have d,;; <d, for all n € N. As d,, — 0, the whole sequence {d,}
converges to 0 and using (2.4.2) again, we obtain

1
lim sup/ (Jon — o’ + |0, — 0|2) (x,t)dx = 0. (2.4.21)
0

n—=00 ¢>0

Combining (2.4.21) with the elementary interpolation inequality

1/2 1/2
Wiy < |wlraa) + 20wl 0wl )

we see that the whole sequence {(v,,0,)} converges uniformly to (v,o) in [0, 1] x
[0,00[ . It remains to prove that (2.1.13) holds. To this end, we consider again any
d > 0 and find ny such that |v,(z,t) —v(z,t)| + |on(z,t) — o(z,t)] < 6 for all (z,t)
and all n > ng. For t > nyT we find n > ny such that t — nT € [0,7T]. Then

lv(-,t) — U('vt))|L°°(0,1) +la(-t) — U('vt)>|L°0(0,1) (2.4.22)
= |oa(st = nT) —v(,t - nT))|L0<>(0,1) +lon(,t =nT) —o(-t - nT))’LOO(O,l) <9,

and Theorem 2.1.6 is proved.

3 Hysteresis operators

The first axiomatic approach to hysteresis was proposed by Madelung in [19], and
a basic mathematical theory of hysteresis operators has been developed by M. Kras-
nosel’skii and his collaborators. The results of this group are summarized in the mono-
graph [10] which constitutes until now the main source of reference on hysteresis. Our
presentation here is based on more recent results from [14] which are needed here,
in particular the energy inequalities in Subsection 3.4. The so-called play operator
introduced in [10] is the main building block of the theory.

3.1 The play operator

For our purposes, it is convenient to work in the space Gr(R,) of right-continuous
regulated functions of time ¢ € R, , that is, functions w : R,y — R which admit the
left limit w(t—) at each point ¢ > 0, and the right limit w(t+) exists and coincides
with w(t) for each ¢ > 0. More information about regulated functions can be found
e.g. in [1, 2,7, 16, 24].

We endow the space Gg(R,) with the system of seminorms
[wllgy = sup{lw(r)[; 7€[0,¢]}  for we Gr(R;) and t € R, . (3.1.1)
With the metric

Ju— UH[O,T]

>0 1+ [[u— vl

for u,v € Gr(Ry), (3.1.2)
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the set Gr(R,) becomes a Fréchet space. Similarly, BV} ¢(R,) will denote the space
of right-continuous functions of bounded variation on each interval [0, 7] for any T >
0, and C(R,) is the space of continuous functions on R,. We have BV}¥¢(R,) C
Gr(R;) and the embedding is dense, while C(R ) is a closed subspace of Gr(R.).

The uniform approximation problem for real-valued regulated functions by functions
of bounded variation has actually an interesting solution. For each w € Gr(Ry), a
parameter r > 0, and an initial condition &2 € [w(0) — r,w(0) + 7], there exists a
unique & € BVFS(R,) in the r-neighborhood of w with minimal total variation,
that is (see Figure 1 for £ = w(0)),

jw(t) =& <r  VE>0, (3.1.3)

&(0) = &, (3.1.4)

varg, = min{\[éa]rn; n € BVES(Ry), n(0) =&, lw—mnllp,y <r} V¥t >0.3.1.5)
)t t ,

Figure 1: Optimal BV-approximation.

This result goes back to A. Vladimirov and V. Chernorutskii for the case of continuous
functions w; for a proof see [23]. An extension to L>°(R;) has been done in [17].
The function &, can also be characterized as the unique solution of the variational
inequality

w(t) — &M < r V>0, (3.1.6)

£(0) = €

[ W) =60 - vz = 0 (3.18)
Vi >0 Vy € Gr(Ry), [[yllpy <7,

where the integration in (3.1.8) is understood in the Young or Kurzweil sense, see
[16, 17]. If moreover w is continuous, then &, is continuous, we can restrict ourselves
to continuous test functions y, and (3.1.8) can be interpreted as the usual Stieltjes
integral.
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Let W' (R,) denote the space of absolutely continuous functions on R, . It is an

easy exercise to show that if w € W' (R,), then the solution &, to (3.1.6)-(3.1.8)

loc

belongs to I/Vli)c1 (R,) and fulfils the variational inequality
&) (w(t) — &) —y) > 0 ae. Vyel[—rr]. (3.1.9)

Let us consider the mapping p, : R x Gr(R;) — BV}¥¢(R,) which with each 5;9 eR
and w € Gr(Ry) associates the solution &, of (3.1.6) — (3.1.8) with

¢ = max{w(0) — r, min{w(0) +r, 0} } . (3.1.10)

Then p, is a hysteresis operator called the play, and alternative equivalent definitions
of the play can be found in [3, 10, 25]. Figure 2 shows a typical w — &, diagram. The
horizontal parts of the graph are reversible, motions along the lines &. = w + r are
irreversible.

.

Y

Figure 2: A diagram of the play.

More complex hysteresis behavior can be modelled by considering the whole family
{& }r>0 corresponding to a given w € Gr(R,). In fact, [3, Theorem 2.7.7] shows that
a very large class of hysteresis operators admits a representation by means the one-
parametric play system which accounts for the hysteresis memory and the parameter
r plays the role of memory variable. We introduce the hysteresis state space

A= {\N:Ry >R |Ar)=As)| < |r—s| Vr,seR,, liin A(r) =0}, (3.1.11)

and choose the initial condition {£0},~¢ in the form

O =\r) forr>0, (3.1.12)

r

where A\ € A is given. We define the operators p, : A x Gr(R,) — BVF(R,) for
r > 0 by the formula
po[A w] = p,[A(r), w] (3.1.13)

for A € A and w € Gr(R,). Consistently with the definition we set py[\, w|(t) = w(t)
forall t > 0.

The following result was proved in [14, 17].
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Proposition 3.1.1. For every A € A, w € Gr(Ry), and t > 0, the mapping r
(1) = p, [N, w](t) belongs to A, and for all A\, Ao € A, wy,wy € Gr(Ry) and t >0
we have

o, A, wi](8) = py A, wo] ()] < max{|Aa(r) = Ao(r)] [wr = wsl[g 4} ¥r >0, (3.1.14)

The play operator thus generates for every t > 0 a continuous state mapping 1I; :
A X Ggr(Ry) — A which with each (A, w) € A x Gr(R,) associates the state A\, € A
at time .

In order to study further properties of the play, we first derive an explicit formula for
p, [\, w] if w is a step function of the form

w(t) = Zwkle[tkq,tk[ (t) for t>0 (3.1.15)
k=1
with some given w; € R, : =0,1,...,m —1, where 0 =ty <t; < --- <ty 1 <tp =

+00 is a given sequence and y4 for A C R is the characteristic function of the set A,
that is, xa(t) =1 for t € A, xa(t) = 0 otherwise. We define analogously to (3.1.10)
for A € A and v € R the function P\, v]: Ry — R by the formula

PX\v|(r) = max{v —r,min{v +r, A(r)}}, (3.1.16)

see Fig.3. In particular, P can be considered as a mapping from A x R to A. One
can directly check as a one-dimensional counterpart of [16, Proposition 4.3] using the
Young or Kurzweil integral calculus and the inequality

(P[A0](r) = A(r)) (v—P[A\v](r)—2) > 0 Y|z <r (3.1.17)
that we have .
&) = &7 Xiteran (1) for >0, (3.1.18)
k=1
with
€ = M(r), A= Plvonwi], A=A, (3.1.19)

for k=0,...m — 1, see Figure 3.

Every function w € Gg(R,) can be approximated uniformly on every compact in-
terval by step functions of the form (3.1.15). Proposition 3.1.1 enables us to extend
Eq. (3.1.19) to the whole space Gg(R.) and obtain for a function w € Gr(R;) which
is monotone (non-decreasing or non-increasing) in an interval [to, ¢1] the representation
formula

p [\ w](t) = Py, w(t)](r) = max{w(t) — r,min{w(t) + r, A, (r)} } (3.1.20)

for t € [ty,t1], see Figure 2. It is perhaps interesting to note that (3.1.20) has originally
been used in [10] as alternative definition of the play on continuous piecewise monotone
inputs, extended afterwards by density and continuity to the whole space of continuous
functions.
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Wo g y = Ao(r) = P[A, wol(r)

Figure 3: Distribution of play operators in consecutive times.

More generally, the play possesses the semigroup property as a time-continuous version
of (3.1.19), namely

pr X w](t + s) = p A, w(s +)](1) (3.1.21)
for all w e Gr(Ry), A€ A and s,t > 0.

The choice (3.1.11) of the state space is justified by the fact that it consists of elements
which are asymptotically reachable from the reference initial state A = 0, that is,

VAeA JweGr(Ry) Ve>0 3T >0 : sup|A(r) —p [0, w](T) < e. (3.1.22)

r>0

Instead of a formal proof of this statement, we rather illustrate the construction of
w on Figure 4. We set for instance T, = 2k for £k = 0,1,2,... and fix a sequence
e — 0 as k — oo. The function w will be defined as a step function successively
in [Ty, Tyxy1] with a maximum absolute value at Ty + 1 and with jumps of decreasing
amplitude at points T}, +1 < t; < t9 < --- < T}, < Tigy1. The graph of the
function A, (r) = p,[0, w](Ty+1) is piecewise affine with alternating slopes +1 and —1
for 0 <r < |w(Ty +1)|, and is chosen so as |[A(r) — \g(r)| < e for k=0,1,2,....

Consider now a subset Ag of the state space A defined as
A = {AeA;Nr)=0 for r > K} (3.1.23)

for any K > 0. We now prove another property of the play which is used several
times throughout the text.

Lemma 3.1.2. Let w € Gr(R;) and t >0 be given. Set

Wiax(t) = sup w(7), Wiin(t) = inf w(7). (3.1.24)
r€l0,t] T€[0,¢]
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N N Y= pr[()?\w] (TkJrl)

r

Figure 4: Construction of w in (3.1.22) at times T} + 1 < t; <ty < t3 < Tjy1.

Then for all A € A and r > 0 we have

p A w](T) < max{A(r), wmax(t) —7} V7 €[0,¢], (3.1.25)
p. A w](7) > min{\(r), wmn(t) + 7} V7 €]0,1], (3.1.26)
po[A wi(t) = Alr) for v > {lma(w(:))lljoy » (3.1.27)

where for v € R we put my(v) = inf{r > 0; |\(r) —v| = r}. In particular, for
K >0, A€ Ag we have A € Ak, for all t >0, where K; = max{K, [[wl[;,}

Proof. By density and continuity, it suffices to prove the assertion for step functions
w of the form (3.1.15) using the recurrent formula (3.1.19). We show by induction
that

Me—1(r) < max{A(r), Wmax(t) =7} Y7r >0 (3.1.28)

for every ty_y < t. Indeed, (3.1.28) holds for £ = 0. Assume now that for some
k>0, ty—y <t,and r >0, we have \;_1(r) > Wpax(t) — . By virtue of (3.1.16),
(3.1.19) and of the induction hypothesis, we have A(r) > Ap_a(r) > Wmax(t) —7, hence
Me—1(1) < Ag—a(r) < A(r), and (3.1.25) follows. The proof of (3.1.26) is similar. To
check Eq. (3.1.27), we notice that the function r +— r— |v— A(r)]| is non-decreasing for
every v € R, hence for r > [|my(w(-))| o4 and for all 7 € [0,¢] we have [A(r)—w(7)| <
r, that is, A(r) —r < w(7) < A(r) +r. Then (3.1.16), (3.1.19) yield immediately that
A—1(r) = A(r). For A € Ag and v € R we have max{K, |v|} > m,(v), and using
(3.1.27) we easily complete the proof. ]

Let us derive some consequences from Lemma 3.1.2. Assume that m,(w(-)) attains
at a point ¢ > 0 its maximum over [0,], that is,

7= ma(w(t) = [lma(w(-)llegq - (3.1.29)
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The case 7 = 0 is trivial, as it implies w(t) = A(0) for all ¢ € [0,¢]. For 7 > 0 we
distinguish the cases

(i) w(t) =A(r)+7,
(i) w(t) = A(F) —T.

If (i) holds and w(t) > w(t) for some t € [0,¢], then A(7)+7 < w(t), hence my(w(t)) >
7 which contradicts (3.1.29). We thus have w(t) = wyax(t), and Lemma 3.1.2 together
with (3.1.6) yield

p [\ w](t) = max{\(r),w(t) —r}. (3.1.30)

Similarly, in the case (ii) we have w(t) = wy, () and
p, [\ w](t) = min{\(r),w(t) +r}. (3.1.31)

From the above considerations we conclude

Corollary 3.1.3. Let w € Gr(R,) be T -periodic that is w(t +T) = w(t) for all
t > 0, with a fixed period T > 0. Then p, [\, w] is T -periodic for t > T for all
AeA.

Proof. We may again consider only step functions w and then pass to the uniform
limit, if necessary. The function my(w(-)) is T-periodic and attains its maximum at
some point ¢ € [0,77], hence also at all points ¢ + kT, k € N. From (3.1.30)—(3.1.31)
and the semigroup property (3.1.21) we obtain the assertion. [ |

3.2 Prandtl-Ishlinskii operator

We describe here a construction which has been suggested in [8, 21| as a model for
elastoplastic hysteresis. Each individual play represents a rigid-plastic element with
kinematic hardening, and their linear superposition corresponds to a combination in
series of such elements. A passage to the whole one-parametric continuum of plays
can be done by homogenization, see e.g. [6].

Given a distribution function h € BVY¥(R,), we define the value of the Prandtl-
Ishlinskii operator F : A x Gr(Ry) — Ggr(R;) generated by h for an initial state
A € A an an input w € Ggr(Ry) by the formula

FNw|(t) = h(O)w(t)—l—/Ooopr[)\,w](t) dh(r). (3.2.1)

By (3.1.27), the definition is meaningful if and only if

/OO A(r)dh(r) < oo. (3.2.2)
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This is always true if for instance A € Ax for some K > 0. The function

H(s) = /0 W) dr (3.2.3)

is the so-called initial loading curve which depicts the reaction of a hysteresis system
with no previous memory to an input which monotonically increasing from zero. In-
deed, assuming A =0, w(0) =0, and w increasing in [0, 7], we obtain from (3.1.20)
that p,. [\, w](t) = P[0, w(t)](r) = max{w(t) —r,0}, hence

w(t)
FNw|(t) = h(O)w(t)—i—/O (w(t) —r)dh(r) = H(w(t)). (3.2.4)

Let us have a short look at the hysteresis branches starting from the initial loading
curve at time fp. Assume that w(ty) > 0, Ay, = max{w(ty) — r,0}, and that w
decreases in [to, t1], t1 > to, w(ty) > —w(ty). By (3.1.20) we have

w(t)+r  for 0<r<3(w(to) —w(t)),
p, A\ wl(t) =9 w(to) —r for $(w(te) —w(t)) <r < wlt), (3.2.5)
0 for w(ty) <r,
hence 1
FINw|(t) = H(w(ty)) —2H <§(w(t0) - w(t))) : (3.2.6)

A similar computation in the case w(ty) < 0, A\, = min{w(to) +r,0}, w increases in
[to, t1], t1 > to, w(t1) < —w(tp), yields

FINw|(t) = H(w(ty)) +2H (%(w(t)—w(to))) . (3.2.7)

We see that the hysteresis branches are homothetic copies with factor 2 of the initial
loading curve, reversed if w decreases. This phenomenon is known in plasticity as the
“Masing law”. Figure 5 shows two typical situations, where h(r) > 0 and

e cither h is non-decreasing and the loops are oriented counterclockwise,

e or h is non-increasing and the loops are oriented clockwise.

We will see below that the orientation of the loops is important for the energy dis-
sipation properties of the model. Furthermore, it was shown in [11] that the two
cases correspond to mutually inverse operators associated with mutually inverse ini-
tial loading curves (note that if H is convex, then H~! is concave and vice versa).
The following result is a variant of [14, Corollary 11.3.4].

Proposition 3.2.1. Let h € BVPS(R,) be such that h(r) >0 for all v >0, and let
H given by (3.2.3) be unbounded. Let H™' be the inverse function to H, let F be
the Prandtl-Ishlinskii operator of the form (3.2.1) generated by h = dH='/dr. Then
forall we Gr(Ry), K >0, A€ Ak, and t > 0 we have

Flu, FINw]](t) = w(t), (3.2.8)
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EV

Figure 5: Clockwise and counterclockwise hysteresis in ((t) = F[0, w](t).

where (1 € Ag(ky s given for s > 0 by the formula

u(s) = _/00 N(r)h(r)dr. (3.2.9)

H=1(s)

The local Lipschitz continuity of F follows immediately from Proposition 3.1.1 and
Lemma 3.1.2, and we state the result explicitly as follows.

Proposition 3.2.2. Let h € BV¥*(R,) and K > 0 be given, and let F be the
operator (8.2.1). Then for all wi,wy € Gr(Ry),, A\, A\ € Ak, and t > 0 we have

[FAL, wn](t) = FlAg, wa] (0] < [h(0)] [wn(t) — wa(t)] (3.2.10)

Var h A — A _
+ ([Oﬁg] )max{” 1= Ml ks lwr = wallg g}

where R(t) = max{K, |lwill, [[wllpq}, and Var denotes the total variation.

We will not consider here the question of continuous dependence of F on the distribu-
tion function h, and an interested reader may find more information on this subject
in [6].

Let w € Gr(R;) and 0 < #; < ty be arbitrarily chosen. Putting in (3.2.16) A\, =
Ao =1 A and wy = w, wy(t) = w(t) for t € [0,t1], wo(t) = w(ty) for t € [ty,ts],
¢ = F[A, w], we obtain that

[0, R(t2)]

Clt) - C(1)] < (|h<o>\+ Var h) o — w(t2) - (3:2.11)

In particular, if w € W2 (R,), then ¢ € W2 (R,), and we have

loc loc

GO < (1O + Yoo 1) )] awe. , with Ro) = mox(K [l
(3.2.12)
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Moreover, if w(t) = 0, then ¢ (t) exists and equals 0. Assume now that w increases
in an interval [to,?1]. From Eq. (3.1.20) it follows for ¢ € [to, 1] that

FNwl(t) — FIA\wl(te) = h(0) (w(t) — w(ty)) (3.2.13)

Mgy ()
-/ (w(t) = — Ay (1) dh(r)
Mg, ((0) w(t)
_ /0 h(r) (1 + X, (r)) dr :/ h(ma,, (u)) du.

w(to)

Similarly, if w decreases in [to, 1], then

FINw(t) — FIMw](te) = — / e h(my, (W) du  for t€[ty,h].  (3.2.14)

w(t)

From now on, we restrict ourselves to counterclockwise Prandtl-Ishlinskii operators
and assume that

The function h is positive and non-decreasing in [0, oo . (3.2.15)
Then Eq. (3.2.12) reads
IE(@)] < h(R@) ()] ae. (3.2.16)

If w is monotone in a neighborhood of ¢, ww(t) # 0, and ¢ (t) exist at some point ¢,
then and we may conclude using (3.2.13) that ((¢) and w(t) have the same sign, and

Ct)w(t) > h(0)w(t). (3.2.17)

Inequality (3.2.17) therefore holds a.e. if w is continuously differentiable. By [14,
Proposition 11.4.2], the Prandtl-Ishlinskii operator is locally Lipschitz continuous in
W0, T) for every T > 0, hence (3.2.17) can be a. e. extended to any w € W2 (R,).

Remark 3.2.3. The Prandtl-Ishlinskii operator (3.2.1) can be considered as a special
case of the Preisach operator

PN w](t) = aw(t)—{—/OOO@ZJ(T,pT[)\,w](t))dT, (3.2.18)

where a € R is a constant and v is a given function of two variables. The original
construction based on the concept proposed in [22] and based on the concept of two-
parametric relays, used systematically in [20, 25], is shown in [12] to be equivalent to
(3.2.18). More about the relationship between the operators (3.2.1) and (3.2.18) can
be found in [13, 14].
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3.3 Monotonicity

The variational character of the Prandtl-Ishlinskii operator induces natural mono-

tonicity for absolutely continuous inputs. Assume that h satisfies (3.2.15), wy, ws €
Wé’cl(RJr), and A\, Ay € A are given, and set fﬁl) = p. i, wi], & = F[\,w] for

i = 1,2, where F is given by (3.2.1). From (3.1.9) it follows that (éﬁl) - .7{2))(101 -
wy — & + 5@) >0 a.e., hence

L gy < (@ )y ) ne, (351)
%% (h(O)(w1 —wp)? 4 /000@7(}) _@)y? dh(r)) < (G =G (wy —ws) ace. (3.3.2)

Let W%’l(]RJr) denote the space of T -periodic absolutely continuous functions defined
on R, . In view of Corollary 3.1.3, we obtain for all wy,w, € W' (Ry) and ¢, \; as
above that (;, (s are T-periodic for ¢t > T and

/T (o) = o)) (wi(t) — wa(t)) dt > 0. (3.3.3)

We obviously have equality in (3.3.3) provided w; — we = const., but in this case we
actually can easily prove more, namely

Proposition 3.3.1. Let A\, \s € A, w; € W%’I(RJF) and ¢ € R be given, and put
wo(t) = wi(t) + ¢, ¢ = Flhi,wy| for i = 1,2, with F given by (3.2.1). Then there
exists ¢ € R such that (3(t) = (i (t) +¢ for t > T.

Proof. For r >0 and i = 1,2 set 57@ = p, [\, w;]. By (3.3.1) we have

d 2

ZE =P e () <0 ae

From Corollary 3.1.3 we obtain that fﬁl)(t) e (t) = ¢, = const. for t > T, and the
assertion follows. [

The converse of Proposition 3.3.1 holds if A in (3.2.1) is strictly monotone, so that
inequalities (3.3.2) and (3.3.3) are in fact “almost” strict. This fact is less obvious and
we state it in the form given in [14, Theorem I1.4.10, Corollary 11.4.11, and Proposition
11.4.12].

Proposition 3.3.2. Let the function h in (3.2.15) be increasing and let wy,wy €
VV;;;(]RQ, A1, A2 € A be given, ¢; = F[\j,w;] for i = 1,2, with F given by (3.2.1).
Assume that (3.5.2) holds with equality sign a.e. Then there exists a non-decreasing

function R: R, — R, such that

X(r) — X9(r) for r > R(t),

(3.3.4)
N(R(t)) = A(R(t))  for 0<r < R(t),

P [ wi](t) — p (Ao, wol(t) = {
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where \(r) = p,.[Mi,w;](0) for i = 1,2. In particular, w;(t) — wa(t) = A(R(t)) —
MN(R(t)) for all t > 0. If wy,wy € W' (Ry) and

/ (a(t) — o) (wn(t) — walt)) dt < 0. (3.3.5)

T

then wy(t) — wq(t) = const. If moreover \y = Ao = X\ € A, then

R(0)(wi(t) —wa(1))* < (Cut) = Ca(t)) (wa(t) —wa(t)) < h(k(t))(wi(t) —wa(t))* (3.3.6)

with k(t) = max{K, [[wi| g 4, [[walljg 4} -

We see that Prandtl-Ishlinskii operators possess some sort of “two-level monotonicity”
which may be used in a Minty-type argument, see [14, Section I11.3].

3.4 Energy dissipation

We still assume that (3.2.15) holds. With the operator F, we associate the potential
energy operator U of the form

U ullt) = ShO)w@F +5 [ Il dre). G4

If we interpret w as stress, ( = F[\,w] as strain, and U = U[\,w] as potential
energy, then, putting &,(¢) = p, [\, w|(t) and assuming that the input w is absolutely
continuous, we obtain for the dissipation rate d(t) the integral expression

a) = C(tyw(t) - U(t) = / T t) - £(1) dh(r) ae (34.2)

Let us examine this formula in more detail. By (3.1.9), we can have &-(t) > 0 only if
w(t) — & (t) =7 and &.(t) <0 only if w(t) — &.(t) = —r. Consequently, we have

d(t) = /OOO

in agreement with the Second Principle of Thermodynamics. The integral of d(t) over
a closed cycle yields the area of the corresponding hysteresis loop, indeed.

fr(t)‘ rdh(r) > 0 a.e. (3.4.3)

For the sake of completeness, we derive a formula for the potential energy operator
associated with the inverse operator

~

w(ty = Flud(t) = h0)c(t) + / " L, C1(8) di(r) (3.4.4)

SISO / () — puln, (1)) dir)

0
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generated by h as in Proposition 3.2.1. The function h is non-increasing and positive,
hence h(oo) = lim,_, h(r) is well defined. Putting

“(t) = U cli) = o) OF =3 [ 10 = plu AP dhlr),  3.45)

we easily check that the positive sign in (3.4.3) is preserved.

Besides the “physical energy inequality” (3.4.2), the Prandtl-Ishlinskii operator (3.2.1),
(3.2.15) (as well as other hysteresis operators with convex/concave branches, for a
detailed discussion on this subject see [14]) admits a “higher order energy inequality”

Ct)w(t)—V(E) > 0 (3.4.6)

in the sense of distributions (see (3.4.9) below), where we set
1.
V(t) = §C(t) w(t) for a.e. t>0. (3.4.7)

This observation has been made for the first time in [11] in the context of periodic
functions, and later on several different proofs have been published. Since this result
plays a central role in our analysis, we state it precisely and give a sketch of the proof.
As time differentiation is involved, we restrict ourselves to regular inputs and outputs.

Theorem 3.4.1. Let hypothesis (3.2.15) hold, and for p > 0 set
h(r) — h(s)

/i(p):inf{ p— ;O§3<r§p}. (3.4.8)

Then for every K > 0, A € Ak, and w € W,o°(R,) such that ¢ = F[\,w] with

loc

F given by (3.2.1) belongs to W2 (R,), the function V(t) given by (3.4.7) equals
almost everywhere to a function of bounded variation. Moreover, for every T > 0,

p = max{K, |wl[yp}, and every 0 <ty <11 <T we have

/ () ib(t) dt — V(h—) + V(to+) > iﬁ(p) / () dt. (3.4.9)

to

In particular, if w s T -periodic, then

2T
/ Ey ity dt > i/{(p)/ () dt (3.4.10)
T
Remark 3.4.2. As noticed in Remark 1.2.4, the function x is a measure for the
curvature of the initial loading curve H given by (3.2.3); in particular, H is strictly
convex if s is positive. The “dissipation term” on the right-hand side of (3.4.9) is
thus proportional to the minimal curvature of H. Inequality (3.4.9) would be in
fact a trivial application of the integration by parts formula if the hysteresis branches
n(t) = g(w(t)) were smooth enough. Indeed, in this case we would have

CHwt)—V(E) = =g"(wt)w(t). (3.4.11)



The right-hand side of (3.4.11) is formally positive because g is convex if w increases
and concave if w decreases, cf. the counterclockwise case on Figure 5. However, the
“second order potential energy” V(¢) (which is indeed positive by virtue of (3.2.17))
is typically discontinuous in time even if h s smooth, e.g. on the transition from a
minor loop to the major loop, and this fact makes the rigorous argument technically
complicated.

The proof of Theorem 3.4.1 is based on a series of lemmas below.

Lemma 3.4.3. Let ¢ :|a,b[— R and ¢ > 0 be such that p(a+) > 0 and the function
v — p(v) — cv is non-decreasing in |a,b[. Then the function

1 Y ds
i) = ¢<v>“/a 2(5)

is non-increasing in |a,b|.

Proof. The assertion is obvious if ¢ is absolutely continuous; otherwise we approxi-
mate ¢ by piecewise linear interpolates and pass to the limit in continuity points of
@ . Discontinuity points can be handled directly. [ |

Lemma 3.4.4. Let w € WhH°(Ty, Ty) be an increasing function, and let ¢ > 0
and g : [w(Ty),w(Ty)] — R be such that the function v — g(v) — $v* is convex
n [w(Ty),w(Th)], ¢ (w(Ty)+ ) > 0. Assume that ¢ = g(w) € W*(Ty, Th), and for
t €Ty, Th| put V(¢ ) = 2(( Yw(t). Then V coincides a. e. with a function of bounded
variation in [Ty, Th], and for every Ty < to < t; < T we have

/ C)w(t) dt — V(=) + V(tg+) > g[ i (8)]? dt . (3.4.12)

Proof. We first choose ty < t; such that w(ty),w(t;) are continuity points of ¢'. By
Lemma 3.4.3, the function

n(t) = g,(uf(t)) +e /t i), (3.4.13)

is non-increasing in [to, ¢1]. Integrating by parts we obtain

/ttl () i(tydt = /ttl i 1( 5i% (Cz( )> a1

_ V(tl)—V(to)—/tl 14“2() (L) (t)

to

_ V(tl)—V(to)—/1%é2(t)dn(t)+§/tlLw(;)dt

to

> V(H) - Vit +§/tl hi(t)? dt

to
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Consequently, the function

b /toté(f)w(f)df—g/t:m(f)ﬁdf—wt)

is a. e. non-decreasing, hence V' has (up to a set of measure zero) bounded variation,
and (3.4.12) is obtained by passing to the limit. ]

We do not repeat the same proof for the following “decreasing” counterpart to Lemma
3.4.4.

Lemma 3.4.5. Let w € Wh*°(Ty, Ty) be a decreasing function, and let ¢ > 0 and
g : [w(Th),w(Ty)] — R be such that the function v — g(v) + Sv* is concave in
[w(Ty),w(Tv)], ¢'(w(To)—) > 0. Let ((t) and V(t) be as in Lemma 3.4.4. Then
(8.4.12) holds for all Ty <tg <ty <Tj.

We are now ready to pass to the proof of Theorem 3.4.1.
Proof of Theorem 3.4.1. Let ty < t; be fixed, and set

N = {telt,t1]; ¢(t) =0}.

The function ¢ is continuously differentiable, hence N is closed, and there exist
pairwise disjoint intervals |7;,7/[, j belonging to an at most countable index set
J, such that

Jto. i \N = J17.7[ . (3.4.15)

jeJ

Let us now fix some j € J. The function ¢ (and also w by virtue of (3.2.16)) are
strictly monotone in |7;,77[ , hence we are in the situation of either Lemma 3.4.4 or
Lemma 3.4.5 with ¢ defined by (3.2.13) or (3.2.14). To be more precise, we distinguish
between the two cases in order to determine the constant c.

(i) Let { >0 in ]r;,77[, and put

v

gj(v) = F[A,w](Tj)+/ h(my, (u))du. (3.4.16)

w(75)

For a.e. w(r;) < vy < vy < w(7?) we have

9} (v2) — 9} (v1) h(mATj (v2)) — h(m/\Tj (v1))  ma, (v2) — M, (v1)

= . 2 . (3.4.17
vy — Uy ma., (vg) — ma,, (v1) Vg — U1 ( )
Set r; = mh., (v;) for i =1,2. Then
v1 — vy = (11 + A (1)) = (ra + Ary(12)) < 2(r1 —12) .
From (3.4.17), (3.4.8), and Lemma 3.1.2 it follows that
o) — o,
giv2) = gi(v) _ lp) (3.4.18)

Vg — U1 - 2
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. / w(P) s ' i 8P y?
The function v + g’(v) — = v is non-increasing, hence v +— g;(v) — v° s

convex, and we may use Lemma 3.4.4 to obtain that

/ C(t)ib(t) di — V(=) + V(r4) > }lf@(p) / WP, (3.4.19)

J

(i) Let ¢ <0 in |7, 7], and put

w(T))
gj(v) = f[A,w](Tj)—/ h(ma, (u)) du. (3.4.20)

Repeating the above procedure we show that the function v — g;(v) + @) 2 g

4
concave, and Lemma 3.4.4 yields again that (3.4.19) holds.

At all points 75,77 except possibly the cases 7; = t, or 77 = t;, we have ((7;) =
¢(17) = 0, hence V(77—) = V(r;+) = 0. Furthermore, almost everywhere in N we
have w(t) = 0, hence we may sum all inequalities (3.4.19) over j € J and obtain the
assertion. The periodic case follows from Corollary 3.1.3 which enables us to consider
in (3.4.9) any integration domain of length 7" in [T, 00| .

3.5 Parameter dependent hysteresis

We now extend the Prandtl-Ishlinskii construction to functions depending also on a
spatial variable z by assuming that each point x has its own memory. In our situation,
we only consider the one-dimensional case x € [0,1] and input functions continuous
in t.

Let an initial memory distribution A € L*(0,1; Ax) be given for some K > 0. For
inputs w defined in [0,1] x R, and such that w € L'(0,1; C[0,T])NL>(]0, 1] x |0, T)
we define similarly as in (3.1.13) and (3.2.1)
bl t) = b\, w(m)() (35.1)
Fvulet) = hOw@)+ [ pRalmode  652)
0

for (z,t) € [0,1] x R, , where h is a function satisfying (3.2.15). In fact, we may have
considered h which depends also on z, and a detailed discussion on this subject can
be found in [6]. Here, for the sake of simplicity, we restrict ourselves to the spatially
homogeneous case.

Assume first that both A and w are continuous in x. Then for all z,y € [0,1] and
t € [0,7] we have by virtue of (3.2.10) that

|f[)\,U)](l‘,i) _"T[/\7w](yvt)| (353)
< h(R(T)) max{[[A(z, ) = My, o,xp» 0z, ) —w(y, )l g}
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where R(T) = max{K,sup{|w(z,t)|(z,t) € [0,1] x [0,T]}}, hence F[A, w] is continu-
ous on [0,1] x [0,T]. Using (3.2.10) again for sequences A™ and w™ , we derive the
implications

A — X uniformly
w™ — w  uniformly

} — FIAY w™] = FI\w] uniformly, (3.5.4)

A — X strongly in - L'(0,1; Ag),

w™ — w strongly in  L*(0,1;C[0,T7]), (3.5.5)
w™ bounded in  L*°(]0, 1] x ]0,T)
N FA® ] — F\ w]  strongly in  L*(0,1;C[0,T]),
FIAM )] bounded in  L*>(]0, 1[ x ]0,T7).
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