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Continuum Mechanics, part 1

Background, notation, tensors



The Concept of Continuum

The molecular nature of the structure of matter
Is well established.

In many cases, however, the individual molecule

IS of no concern.

Observed macroscopic behavior is based on
assumption that the material is continuously distributed
throughout its volume and completely fills the space.

The continuum concept of matter is the fundamen-
tal postulate of continuum mechanics.

Adoption of continuum concept means that field
guantities as stress and displacements are expressed
as piecewise continuous functions of space coordinates
and time.



CONTINUUM MECHANICS

e generally, It Is a non-linear matter,

e theoretical foundations are known for more than
two centuries — Cauchy, Euler, St. Venant, ...,

e the non-linear mechanics develops quickly
during the last decades and it Is substantially
Influenced by the availability of high-performance
computers and by the progress in numerical and
programming methods,



oit was the computer and modern mathematical

methods which allowed to solve the difficult
theoretical and engineering problems taking into
account the material and geometrical non-
linearities and transient phenomena,

e still, the most difficult task is the determination of
validity range of the used mathematical, physical
and computational models.



e The mathematical description of non-linear
phenomena Is difficult — for the efficient
development of formulas it is suitable to use the
tensor notation.

e The tensor notation can be considered as a
direct hint for algorithmic evaluation of formulas,
however, for the practical numerical computation
the matrix notation Is preferred.

e Note: To a certain extent Maple and Matlab and
old Reduce could handle symbolic manipulation
In a tensorial notation.



Notation

e That's why we will talk not only about the tensor
notation, which is very efficient for deriving the
fundamental formulas, but also about the equivalent
matrix notation, which is preferable for the computer
Implementation.

e Besides, we will also mention a so called ‘vector’
notation, which is currently being used In the
engineering theory of strength of material.



Example

Strain tensor in indicial notation is

Its matrix representation is

&1 & &3
[‘9]: Ey €y Ex |,

&3 €3 €33

Due to the strain tensor symmetry
a more compact ‘vector’ notation is
often being employed in engineering,
l.e.

{5}:{511 Exn &3 &pp &Ep gSl}T'



The engineering strain Is

R - 3 - 3
&1 € €11
g, £,y £,
& & &
3 33
=3 "b=3 "=+ -
&4 Y xy 21,
85 7/yz 2‘5‘21
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The reason for the appearance of a ‘strange’
multiplication factor of 2 will be explained later.
You should carefully distinguish between constants In

Oij = Cijkl ¢y and {U} = [C] {‘9}



Continuum mechanics in Solids ...
scope of the presentation

Tensors and notation

Kinematics

Finite deformation and strain tensors
Deformation gradient
Displacement gradient

Left Cauchy deformation gradient
Green-Lagrange strain tensor
Almansi (Euler) strain tensor
Infinitesimal (Cauchy) strain tensor
Infinitesimal rotation

Stretch

Polar decomposition



Continuum mechanics in Solids ... cont.

Rigid body motion

Motion and flow

Stress tensors

Incremental quantities

Energy principles

Total and updated Lagrangian approach
Numerical approaches




Tensors, Notation, Background

Continuum mechanics deals with physical quantities,
which are independent of any particular coordinate system.

At the same time these quantities are often specified by
referring to an appropriate system of coordinates.

Such quantities are advantageously represented by
tensors. The physical laws of continuum mechanics are
expressed by tensor equations.

The invariance of tensor quantities under a coordinate
transformation is one of principal reasons for the
usefulness of tensor calculus in continuum mechanics.



Notation being used is not unified.

Deformation and motion of a
considered body could be observed
from the configuration

at time O to that at time t,
at time t to that at time t +At.

Notation
symbolic A, B, c, X

indicial A.B.c,
matrix AL [B] {c }, { X}



Tensors, vectors, scalars

General tensors .. transformation in curvilinear systems
Cartesian tensors .. transformation in Cartesian systems

Tensors are classified by the rank or order according to
the particular form of the transformation law they obey.

In a three-dimensional space (n = 3) the number of
components of a tensor is NN, where N is the rank
(order) of that tensor.



Tensors of the order zero are called scalars.

In any coordinate system a scalar is specified by one
component. Scalars are physical quantities uniquely
specified by magnitude.

Tensors of the order one are called vectors.

In physical space they have three components.
Vectors are physical quantities possessing both
magnitude and direction.



Scalars ... magnitude only (mass, temperature, energy),
will be denoted by Latin or Greek letters in italics as

a o, E

Vectors ... magnitude and direction (velocity,
acceleration), may be represented by directed line
segments and denoted by

X, {x}



Free vectors

Bounded vectors

Positional (reference) vectors
are completely fixed




Rigid body mechanics For the correct calculation
of reactions the loading

4 7 force can be freely moved
along the line £

It cannot, however,
be shifted lateraly

w«

A model ... no deformation due to an external loading / \\A



Mechanics of deformable bodies

¢
Even if the reactions

are the same,
the stress distribution

i IS different

It should be reminded that in linear mechanics
the stress is calculated from the undeformed

configuration of the body
F
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A vector may be defined with respect to a particular
coordinate system by specifying the components of the
vector In that system.

The choice of coordinate system Is arbitrary, but In
certain Situations a particular choice may be
advantageous.

The Cartesian rectangular system Is represented by
mutually perpendicular axes. Any vector may be
expressed as a linear combination of three, arbitrary,
nonzero, noncomplanar vectors, which are called

base vectors.



The most frequent choice of base vectors

for the rectangular Cartesian system is the set
of unit vectors along the coordinate axis {x}
that are often denoted {e}

Nodza lm  tsed

1
Notice the summation sign being dropped.
Einstein or summation convention - dummy index.



Summation rule

When an index appears twice in a term, that index
IS understood to take on all values of its range, and the
resulting terms summed.

c=ah=>ab
1=1

So the repeated indices are often referred to as
dummy indices, since their replacement by any other
letter, not appearing as a free index, does not change
the meaning of the term in which they occur.



Vectors will be denoted in a following way

Symbolic or Gibbs notation a, a,a
Indicial notation; a component or all of them a
Matrix algebra notation {a}
Note

Tensor indicial notation does not distinguish between
row and column vectors
8
a,
=17 @'=fa a a . . a}s=+(al fa} = (aa )’




Orthogonal transformation X <X
Direction cosines

who ] ,
) a; = COS(X/X;)
9 quantities, 6 of them independent
| 1= are stored in 3 by 3 matrix
0=0 x! X1
X1 A — a”

Transformation law Is

A X

Xu
1

X' = ajX or {xX} =[A{x} or

for the first order Cartesian tensors.



Inverse transformation X X'
x =a; X {xj=[Al'{x]
Combining forward and inverse transformations for an arbitrary vector
Xi’ =a; X, X =8 Xl,< {X’}: A {X} {X}: [A]T{X’}
X =a; 8 X, xi=[Al[A]" ix}
X =y X =[x}
X=X X=1{x]




The coefficient
a, a, or [A]'[A]

gives the symbol or variable which is equal
either to one or to zero according to whether
the values | and k are the same or different.
This may be simply expressed by

s, or |[I]

l.e. by Kronecker delta or unit matrix
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Second order tensor transformation
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Fourth order tensor transformation

|
T ijkl — aira‘jsaktalu Trstu
d=3; biMmT°"(d,d,d,d),T{d,d,d,d),a(d,d)
for 1 =1 to d
for j =1tod
for k =1 to d
for 1 =1 to d
T°(i,J.k, 1) = 0;
for r =1 to d
for s =1 to d
for t =1 to d
for u=1tod
T°(n,3,k, 1) =T2(1,3,k, 1) + a(i,r)*ag,s)*ak, t)*a(l,u)*T(r,s,t,u);
next u
next t
next s
next r
next |
next k
next j
next 1



e (urere MM Kowsr (s

'
T&JkQ = Oy 0‘1“ " ™ 4 Trs'&-u.

cmO0016¢c



Jad o aud  Pubétraeting %»f Cardewpiay Jewsdr:

Tg’L = Agl + R{,’L

Helhpliabing by 4 beales

[

bi =~ Dy 8] = 2{a)
'E;j = % AU [E] = %[»\1



Cov ety a ek

m'lbu.?ul. Ao h~o /-a_l'“d"ud i He (4.4%

. M?w'l:f Ao b jfidiey HMe ‘e Letder PubRpd.
— daxfwf Aucl7 Hew (wleed Ao du cecle e s
leu brac bino fprodiices e Jewsor Lﬂ"”"ﬁf ::“:)ldzr

fwo bt How He cm?f'ka’j-

T = T = 2w 13 Sinbr;

dor ivnd do3 do s =5 + z’:[c‘,cﬂi

Ryt Ry => o= Ry
for (=4 4o 3 A
hfiu/
oLl = g
{'“6.“4 Ac 1 A=
u—[i,}:-v[,i.]i- ‘t‘-_i‘iljl‘i

yaovw. e ‘



4) beler Jrodued. o% dwo Yeurors %-[ a..r-b'l'/ra-ry areley
A% H-:, fewsrr  whee !m.f.(uuvﬁ.c mv‘-«rmabb?
/’007 M-uf-(t-u«i- o; He ot
fourrs of Mo fisd otor (dyadic fodust)

NOTATVWOW
—~ Austicial C,.'J' = oy b._{_’
- v—r..be-&‘c C =a®b

— mpnx olpihney [C—] e {“}{B}T
He wvael maoiiup AS aeﬁ-m‘(f-‘wb 57
,{41- LimdA Ae m d=
fﬁ. d‘;. A Ao m~ 4o c [,l'hj]'.a a..\:i-]’k btj]:’



cm0018b

devsers o?mmndmdbr( [-—w“ﬂc"-)

NOTATIO N

- Auticial Cijet = Ay Rue
- ﬁ\rubo'b\(— A = A ® %
- A X —

e .exaned MMHUS r& "’ea—"lfﬁ‘t-d 57

%ﬂ- Lims A As m sl
{,ﬂ-d mf A m e
‘_ﬂ ki= A As am o |
{_‘“- Li=4 Ao a A5 C-[.Clj,lﬁ]wa“\ﬂ’fb[knqj



Tee 1 /uuu.&lqﬁ,&ca hovJ

Tewerss of &j»t'rd ordesr [fm!u or Aot /«M«a&)

NOTATICON

— AuctiecaX S =n & b,;_

- /rr«bt‘tn‘c. s=ad. 1:
— mohrk algpbm s s fali{b} "“"T

RMcuV

S'.-Q‘i
‘-«‘&:%‘4 Ao m Ao g:i=m g i—a[i]*b[&'-]/'

cm0019a



cmO001%b

b dudirbide. [ veeder or e faetct )

NOTATIOW
- Awlicind ci= 24l ajb,
“ i 402~ 40 A= 40
r +4 totn poruteam 00~ LA = U4,
EGL‘L O  repeadesd (whes an 442 - ede .
N =1 o porwdadion 340~ 443 =~ 4%
(8 So calleds P.:umlt—lnu?'a.ﬂm%
_c,rlof.:c. . maxk= |8 & &

Gy Qy Og
by by by




cm0020a

Tumes ’..u-duok — .
Tewtirs of He aceamd order (kamda'f-/.w&cl.
Y

r wahy f.wdu.aﬁ)

NCTATI\CN
— autieial ' = Ak bbﬂ.
—_— ET%-\MC. C = A » &

— mahix algebas  [¢] = [A][R]
ﬂm-u-«'ug/

Q-ﬂ' liad Ao m S5
{;rd'mi Ao m 5
Agins
c[i‘j'_\:-ﬁ‘i
b st Ao mo e e Tiili= eLigle oLk wblk,3) :

gl



DDDDDDD

O Her f,cm'b.'&'ku

A= Coni By [b] - [Al'TR)

o= anti  [e1= [A[RY

b= b= bjlaw el = (10N

bi= & ¢ (b} = LA){c}
4= & <f {ay= LAYe amorkibe
& = ](_

ej > ke {ed= e TIA] :“‘%«L@j



WMM— encd—-
M%MMC!‘ o(;{ ho teenof rter Jeufrrs

NOTATIO WJ

— Lmaicial s= Ay By

- &-r»«bo'{«'c s = A: R

~ A — = LA):LR)
Rleaciup

3= AhuBy + AuBy + AplRig ¢
hoy Roy 4 Azzlu."* A Rea 4
h\ -&14 r A En » A'sa“n



RASCHL

Si1=L0 -
J

é—«\\'-.-:i\ Ao m A5 g
=8 & aligl) ‘
‘a *htl\. 2
iy

b teau e
s= 25§ &

/ I - v
a.mharwr&

ROROE
gaflicls  ge QRGE




cm0022a

A NOTE ON VECTOR 4Nb TENSoR INVAR (ALUCE

Let {e} aud (€'} a 't kedre e dwo
Coordiunle #yMems [x§ aund {1} nespectivels .
e condiucle 5744&.: are. related 47 hu_ow

J’rdu*rtua Ao, aﬁw 17 Airec bty 2o e 2y,
po AHal,

{xl= [A]Tn}
e = au e {e]} = [‘\]T{E—'}

= o



cm0022b
-y

W = A ae m&ww7 reater, Hew for jfs
truporends e cauw  unnfe
Zi = Ay 2 | {2} = [A]4z}

Vbl ?A'o-c»s a suehup'nw will. ot aluo ¢l
trinal

J“L’J’

= 2i2 = £& =2 bub {2} ¥ {2}

The Same needwr Adotuol lave e Sowe

enu.fuu_q.lc r d«#«.«L eendyate 7%8 :



Tlere ('s Mu-‘" #‘“/ W% "! 55“'! cm0023a
MmM'Mfrra,ALMW\(wm, '

B - 3{,‘ (éi ® EJ') = Bye@e, + Byuede, + Bye,®e, +
+ Bﬂ é}_@é_."'l* Bu é;@é}_ -+ P’ISEIQES $

+ By €3®ég + B,gz §£®€3 +B33 E;@Es

Tuis molakno apreiies MHe fael Hal fetr O fohancts
cos be ffu.‘f.ul né’n/a.yu o erndivle Fbeu

bad Leew Aufroduced . It canqes t"-rlfrm["m abnd

He emdivate &ydenc,

He dwer B Loweree nt a 7«44:6?7 b

rs  andepentent of He chomen 07%-- of troniuede



0000000



cm0024a

THE CoWTINVNLUR  CoWVCEPT

He 4tvcoclecudlor satare 01_ He #tructecre oFuc'-«H-Lr
18 well  sdadliided |

Te A.u.aa.-l c.a.m)wwo) e AuLnele.al

Mwako}wmb

ODbserred tusaroreopie beliannor (s bowsd o~
aspumptiod Hal He rwcalerial |l %A‘u--.a-..«&]

A rudbed ""-«ma»ﬂ..ml- (K Frtuwe. awa M-[-&J«_z]
FU Mo tpeec (F occufoies |
Mt Couhcrne coueepd of ratler 1t He

J«-«damk! pottubete of Coubvum mmechamces .



Vil He Kaeifeatirny /ﬁ irfe, He. o
e huwuny  autaptlios (1 el
. a2 eo‘ll-m.f--L
Mt a /mu...e_wv{,. for thdoup A
belzn ?: J-r-&d4/ ,&'7“'4.'4 Qs Jhres al le.
MMWM o;t e hteec s h'u-wluﬂhl Aureras £
- ft(&{ 7“.6?44 hhes a4 Hets aus de'q-ﬂa.u_u..a.L
€ Lhprisined o4 /aeoc.ma.. crw P tee s %l“.&‘.'ﬂqs
O'f tpaee covrdivales ocwd Pie .

h - :
auwfxuub — (e hiaf feperhes ab w/hqh-és
H—ofro)7 - M“bﬂl—w Ao bt ;
_ /u-o/ur "0( He L.
/uo[nu? A He dowe A 220 obiectin,s
ot an'uf".



a Mulraue | kdere /7:[0 lcma imﬁf»fur
((—(mr-, /...:rfv-nﬁ?.u {J—ru Ao dzf.rrtuau_,

1._ Anar POV A.u‘ﬂc_l-rﬂ-!)

Sa—
oy 4 R =
’ wamparinnoe| olla L Le
napalost- SHCUI.WCSS Concobwus " st

| Aedorwace daductiow | gedopuaymd | de'fermation



L 4

& A
nath' @ﬁ Stress wampadtesue | demiowd
1) posar My | Adiplagewent| mepenewytiue. dép&ums.
1) pwum'bu'e,:l- Hvaiw/ gegopuavyu S tedrrual, o
A ol CSN 04 1302 2 4876

| o ] [ R — ] |
E'.‘:l‘ —_— Pch-uun.- '....odﬁdu-'b‘(u ax et

T kelis n—a.da'o.g' Al €&+l
seme Fd'h-a.\l'h.ﬂ! W‘—«

cm0025b



