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POLYNOMIALS AND IDENTITIES ON REAL BANACH SPACES

PETR HAJEK AND MICHAL KRAUS

1. INTRODUCTION

In our present paper we study the duality theory and linear identities for real
polynomials and functions on Banach spaces, which allows for a unified treatment
and generalization of some classical results in the area. The basic idea is to exploit
point evaluations of polynomials, as e.g. in [Rez93]. As a by-product we also obtain
a curious generalization of the well-known Hilbert lemma on the representation of
the even powers of the Hilbert norm as sums of powers of functionals (Corollary
2.14). In Theorems 2.16 and 2.20 (generalizing [Will8] and [Rez79]) we prove that
identities derived from pairwise linearly independent point evaluations can be sat-
isfied only by polynomials. We apply the Lagrange interpolation theory in order
to create a machinery allowing the creation of linear identities which characterize
spaces of polynomials of prescribed degrees (Theorem 2.18, Theorem 3.2). We elu-
cidate the special situation when all the evaluation points are collinear (Corollary
2.24 and Theorem 3.4). Our work is based on (and generalizes) the theory of func-
tional equations in the complex plane due to Wilson [Will8] and Reznick (in the
homogeneous case) [Rez78], [Rez79], the classical characterizations of polynomials
due to Fréchet [Fr09], [Fr09b], and Mazur and W. Orlicz, [MO1], [MO2] which can
be summarized in the following theorem.

Theorem 1.1. Let X, Y be real Banach spaces, f: X =Y be continuous. TFAE

(i) f € P"(X;Y).

(ii) A"t f(x, hy,y ... hy) =0 for all z,h; € X.

(iii) f g is a polynomial of degree at most n for every affine one-dimensional
subspace E of X.

(iv)

n+1 1

> o (=1yrrik <”Z ) P(x+kh) =0 forall z, he X. (1)
k=0

Here we use the higher order differences defined as follows.

k
AFf(roiha, ..o h) = Y (=DM fwo+ Y ). (2)

§=0 AC{1,....k},|A|=j led
In particular,
k k
A i) = (-1 () e 4.0, ®)
=0

The theory of linear identities for Banach space norms was developed by many
authors. Its first and well-known result is a theorem of Jordan and von Neumann.

Supported in part by Institutional Research Plan AV0Z10190503 and GACR P201/11/0345.
1



POLYNOMIALS AND IDENTITIES ON REAL BANACH SPACES 2

Theorem 1.2. [JvN] Let (X, || -||) be a Banach space such that
2+ yl* + [l = ylI* = 2l|=[|* + 2]|y|*, 2,y € X. (4)
Then X 1is isometric to a Hilbert space.

This theorem has been the basis of subsequent development with the aim of using
similar identities in order to characterize the Hilbert space, or the classes of Banach
spaces allowing the polynomial norms, e.g. Carlsson [Car], Day [Day47], [Day59],
Giles [Gile67], G.G. Johnson [Joh-G], Koehler [Koe], [Koe72], Lorch [Lor48], Reznick
[Rez78], [Rez79] and Senechalle [Sen68]. This theory is closely related to the iso-
metric Banach space theory, see e.g. Koldobsky and Konig [KolKon] and references
therein. In our paper, we develop an abstract approach to the theory of linear iden-
tities, generalizing Wilson’s and Reznick’s work. The novelty lies in giving a new
functional-analytic meaning to these identities, finding the link to the Lagrange
interpolation, and finding a general method for establishing new identitites with
prescribed properties.

2. GENERAL THEORY

We begin developing our abstract framework. Let X, Y be Banach spaces. We de-
note by P(¢X;Y) (resp. P4(X;Y)) the Banach space of continuous d-homogeneous
polynomials from X to Y (resp. continuous polynomials of degree at most d). Using
Theorem 1.1 one proves easily the next useful fact.

Fact 2.1. Let X,Y be real Banach spaces, P : X — Y be a continuous mapping
such that ¢ o P is a polynomial of degree at most d, for every ¢ € Y*. Then
P e PUX;Y).

Let n € N. We are going to use some notation and results in [Rez93]. We have
a natural identification (IR™)* = IR", using the dot product. For simplicity of
notation, we put F, 4 = P(?IR"; IR). Denote the set of multiindices by
In,d) ={a:a:{1,2,....,n} = {0,....d},|a| = > _a(i) =d}. (5)
i=1
One gets dimF, 4 = |I(n,d)| = (nl—fz 1
O, q = PYR"), I(n,d) = UL I(n,l) is the set of all multiindices of degree at
most d on IR". Clearly, for every P € II, 4 there exist a uniquely determined
representation P(z) = >_,cq(n.q) @t

>. For simplicity of notation, we put

Fact 2.2.

d
dim g =Y (” AL 1) - (” - d) = dim Fpy1.4. (6)

n—1
1=0

Moreover, there is a natural linear isomorphism ¢ : 11, ¢ — Fy41.4, given by the
restriction i(P) = P | g, where E = {x € IR" ™' : 2,11 = 1} is an affine hyperplane.
In other words, performing i on a d-homogeneous polynomial means replacing n+1-
st coordinate by constant 1.

Let C(IR™) be the space of all continuous functions on IR". Point evaluations at
2z € IR"™ belong to the linear dual of C'(IR™). Point evaluations separate elements
of C(IR™). For z € IR™ we are going to use the notation z = 1z € C(IR")* where
z(f) = f(z),f € C(IR™), and we will call these evaluation functionals nodes. To
simplify the language, we will occasionally identify z € IR™ with its corresponding
node z, calling the elements of IR™ themselves nodes. We are going to introduce an
abstract formalism suitable for working with nodes and their linear combinations.



POLYNOMIALS AND IDENTITIES ON REAL BANACH SPACES 3

Consider the linear space F(IR™) of all formal finite linear combinations of nodes. It
is important to note that a linear multiple £z of the node z is not the same element
as the node corresponding to the point £z € IR™. Informally, whenever we write £z
as an element of F(IR"™), it is understood that we are dealing with the element £z.
In order to distinguish the usual vector summation from the space IR™ from the
formal summation of the nodes we will introduce the new summation symbol .
So for every x € F(IR™) there exist a; € IR, x; € IR™ so that

k
x:a1x153-~-53akxk:EE—Zaixi (7)
i=1

The previous expression is unique if x; are assumed pairwise distinct and a; # 0,7 =
...,k
The operation B formally acts on x = H — Zle a;x; andy =H — 22:1 biy; as

k !
XEEYZ(EH—Z%JH)EE(E—ZMM), (8)

Similarly, we define the left scalar multiplication of £ € IR and x as

k
Ex=(H- Z({ai)xi). (9)
i=1
With these operations F(IR™) is a linear space. Then (C(IR™),F(IR™)) form a
dual pair ([FHHMZ)) with the evaluation

k
(fix) = Z%’f(%’)' (10)

Restricting this dual pairing to subspaces F), 4 (resp. II,, 4) of C(IR™) leads to a
dual factorization of the action of B on F(IR™) so that x4 = By — Zle a;z; ( resp.
x? =@~ Zle a;x;) and

k 1
xa =84 iz =ys=Bq— Y by (11)
i=1 i=1
iff
(f,xq) = (f,ya) holds for all f e F,q4. (12)

(and the resp. case of II,, 4).
Thus we have a (non-unique) representation of the elements of F; ; (vesp. II; ;)
as elements in F(IR™), given by

k k
(Px) = (PB - aim;) =Y _a;P(;). (13)
i=1 i=1

Pell, 4, x=H- Zle a;x;. We let Xy — F(IR™) be the subspace consisting of
all elements for which

E
(P, = a;z;) =0 holds for all P €Il 4. (14)
i=1
Then II;, ; = F(IR")/XKq. Suppose A = {y1,...,y,} C IR". We say that the corre-
sponding set of nodes A = {y1,...,yr} is F}, g-independent if the nodes are linearly
independent as elements of F 4 For simplicity, if the space F,, 4 is understood, we
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will often drop the boldface notation and say that A is a set of nodes, and that A is
F, 4-independent. It is clear form basic linear algebra that A is F}, 4-independent iff
there exist dual elements {h1,...,h.} C Fy 4 so that hj(yx) = (5;?. If {y1, ...,y } are
F), g-independent then r < [J(n,d)|. In case of r = [J(n,d)|, F}; ; = span({yk };—,)
and we call {yx}};,_, a basic set of nodes for F), 4. A classical example of a basic set
of nodes for F, 4 is the set J(n,d) (Biermann, see [Rez93]). The following result is
immediate.

Proposition 2.3. Let r = |J(n,d)|. If {yx},_, is a basic set of nodes for F, q and
{hi Yooy C Fyq is its dual basis, then for all P € F,, 4

P(z) = P(yr)hi(x). (15)
k=1

The following is a general characterization of basic sets of nodes [Lor|, [Rez93].

Theorem 2.4. Let r = |I(n,d)|, I(n,d) = {a1,..., o }. Let {yx}_; C IR™. Then
{yr}r_, is a basic set of nodes for F, q iff it holds

Yy oyl
[ NeD) (o2

det [ 29272 | 2, (16)
(/R T

Moreover, if {yi}r_, is a basic set of nodes for F, 4 then every P € F, 4 can be
written uniquely as P(x) =", _; ax(y, z)<.

The same notation and terminology applies to the case of II,, 4 spaces. Anal-
ogously, for r = |J(n,d)|, we say that {y,};_, C IR™ is a basic set of nodes for
IL,, 4 if these elements form a linear basis of 107, 4- Observe that basic sets of nodes
exist, as the pointwise evaluations form a separating set of functionals for II,, 4. The
following is a general characterization of basic sets of nodes for II,, 4, analogous to
Theorem 2.4, [Lor].

Theorem 2.5. Let r = |J(n,d)|, I(n,d) = {ou,...,ar}. Let {yp};_, C IR™. Then
{yk}i_q is a basic set of nodes for IL, 4 iff it holds

(R R
(65 NS Ay

det |92 92792 | 20, (17)
N

Moreover, if {yx}r_, is a basic set of nodes then every node y € IR"™ — 10}, 4 can be
written uniquely as a linear combination of the elements in {yy }}._,. More precisely,
y =8 =37 aryr iff {ax}_; form a solution of the system of linear equations

> ay =y*, a€d(n,d). (18)

k=1

The Generalized Lagrange formula is an expression of linear dependence of nodes
in the dual of 1I,, 4.

Theorem 2.6. (Generalized Lagrange Formula) Let v = |J(n,d)|, {yr}r_, be a
basic set of nodes for IL,, 4. Then for every z € IR"™ \ {yx}}_, there exist a unique
set of coefficients ax(z) € IR such that z = B — 3", _, ar(2)yr. The functions
z = ap(z) are polynomials of degree at most d, given by the formula
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(T T
Yoyt Yy
det ZMz¥2 | 4
(TR Ta Y T
ap(z) = TR - (19)
yalng...yar
Y2 Y2~ - Ya
det i
(P T T

a1 5,02 (o7
Y Yp® o Yr”

Then {ak, yx}}_, is a biorthogonal system in I, 4 x 0}, 4 and the formula

P(z) = Zak(z)P(yk) (20)
k=1

is valid for P € 11, 4.

We remark that the problem of characterizing geometrically basic sets of nodes
for II,, 4, when n > 2, is open, and it is important for approximation theory and
its applications in numerical mathematics. We refer to [Lor], [ChuY], [BooRo] for
more results and references.

Let L € L(IRN; RM™). We let L € L(F(IRN); F(IRM)) be defined as

k k
LB-) am)=8-Y a;L(x,). (21)
i=1 i=1

We introduce a partial ordering for elements of US2;F(IR™) by setting for x =
ayzy B---Bapz, € SF(IRN) and y = blyl B0 bmym S H:(ZRM)

x>y iff Lx =y for some L € L(RY;RM). (22)

Definition 2.7. We say that a polynomial P € 11, 4 is compatible with x € F(IR™)
if
(PoL,x)=(P,Lx)=0 forall L € L(R™;R"). (23)
Let X,Y are Banach spaces and f : X — Y is a continuous mapping, then we
say that f is compatible with x € F(R™), x = Zle a;x; if
k
(foL,x):ZaJ(LxO:O forall L € L(R™; X). (24)
i=1
Remark 2.8. Clearly, if X,Y are Banach spaces, then a continuous mapping
f: X — Y is compatible with x = a121 B --- B ayz, € FUR™), where ), =
(zh,...,27), if and only if

Zakf(szzi):O for every z1,...,2m € X. (25)
k=1 =1

The expression (25) is called a linear identity. In particular, Fréchet theorem 1.1 is
equivalent to saying that f is a polynomial of degree at most n iff f is compatible
with an element xp € F(IR**!) (resp. xp € F(IR?)) where

k
xv=B-) > (=) (eo+ > _er). (26)

3=0 AC{1,..o kb, A=j leA
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n+1

xp=H-) (~1)"H* (”Z 1) (1,k) € F(IR?). (27)
k=0

Moreover, the linear operator L : IRF¥*! — IR? L(xg,z1,...,2%) = (0, Zle x;)
satisfies i(xM) = xp, so in particular xp; = xp. It is easy to see that L : RN —
RM leads to a linear mapping L* : IIyr,g — Iy, defined as L*(P) = Po L.
The adjoint linear operator L** : I, ; — II}, , coincides with L (if the duals are
represented using the canonical evaluations). The following is a simple consequence
of the definitions.

Fact 2.9. Let x € F(IR™),y € F(IR"), X,Y be Banach spaces and f : X — Y
be continuous. Suppose that x > y. Then the compatibility of f with x implies the
compatibility of f with'y. Consequently, if Lx =y for some bijection L € L(R™),
then f is compatible with x if and only if f is compatible with y.

Lemma 2.10. Let x € F(IR™). TFAE
(i) For every Banach spaces X,Y every P € P(¢X;Y) is compatible with x.

(i1) Every P € F, q is compatible with x.
(iii) (P,x) =0 for every P € Fy, 4.

Proof. The implications (i)=-(ii)=-(iii) are clear.
(iii)=(ii): Suppose that (iii) holds, and let P € F,, 4. If L € L(IR™), then
PoL € F, 4, hence (P o L,x) = 0, and therefore P is compatible with x.
(if)=(i): Suppose that every P € F,, 4 is compatible with x. Let X,Y be Banach
spaces and P € P(?X;Y). Let L € L(IR™; X) and choose ¢ € Y* arbitrary. Then
poPolL € F, 4, and therefore

0= {(poPolL,x)=@({(PolL,x)). (28)

Since ¢ was arbitrary, we conclude using Fact 2.1 that (P o L,x) = 0. a

Lemma 2.11. Let X,Y be Banach spaces and let P = Zi:o Py € PUX;Y) where
P, € P(*X;Y) are k-homogeneous summands. If P is compatible with x € F(IR™),
then each nonzero summand Py is compatible with x.

Proof. By assumption,

d
(PoL,x)=Y (PyoL,x)=0forall L €L(R™X). (29)
k=0
In particular, fixing L, composing L o (tIdk ), and using the homogenity of Py we
obtain

d
0= (Po(Lo(tIdpn)),x) =Y _t*(Py o L,x) for all L € L(IR™; X). (30)
k=0
The right hand side, for a fixed L, is an X-valued polynomial in ¢. Thus each
(Py, o L,x) = 0, otherwise for some ¢ the total value could not be zero. a

The following result was proved by Reznick. We give a proof using our formalism.

Lemma 2.12. Let X,Y be Banach spaces and let 0 # P € P(1X;Y), x € F(IR™).
Then P is compatible with x iff the polynomial t — t% from P(?IR) is compatible
with x.



POLYNOMIALS AND IDENTITIES ON REAL BANACH SPACES 7

Proof. On one hand, there exists a one dimensional subspace F — X such that
P |g= at’,a # 0. So for every L : IR™ — E we have that (P o L,x) = 0.
Consequently, t¢ is compatible with x. On the other hand, if ¢¢ is compatible with
x, then so is every ¢%(y), where ¢ € (R™)*. Indeed, ¢%(y) is a composition of
a linear projection of IR™ onto E, and the polynomial t? defined on E = IR. If
Q € Fp4, then by Theorem 2.4 Q(y) = > ardi(y), so Q is compatible with x,
being a sum of finitely many polynomials compatible with x. Lemma 2.10 then
finishes the proof. O

Corollary 2.13. An element x = a1z, B - B ayz, € FR™) is compatible with
t — td (or any other nonzero d-homogeneous polynomial) iff ayx1By- - -Bganx, =0
in EX .

Corollary 2.14. Let 0 # P € F,, 4. Then for any Q € F, q there exist a finite
collection of linear Ly, € L(IR™) such that Q = P o Ly.

Proof. Suppose the contrary. Then the linear span H = span{Po L : L € L(IR")}
in the space F, 4 is a proper subspace, i.e. there exists some Q € F, 4\ H and a
linear functional x which is zero on H and nonzero on (). Thus P is compatible
with x, but @ is not. This contradicts Lemma 2.12. O

The above corollary is an intriguing generalization of the celebrated Hilbert
lemma, which claims that for a given I,n € IN there exists a finite collection
{b1,...,0n} C (IR™)* such that

N
)7t =) 67 (x),z € R™ (31)
=1

Indeed, choose Q(z) = ||z||7!, P(x) = ¢*(2),0 # ¢ € (IR*")* and apply Corollary
2.14. We see that in fact the Hilbert lemma remains valid for arbitrary pair of
nonzero polynomials P, Q.

Next, we investigate the properties of x, which lead to compatibility. We restrict
our attention to the case when z; are pairwise linearly independent. (This assump-
tion is natural, as there are easy examples of x failing this condition such that all
d-homogeneous continuous functions are compatible with x.) An interesting exam-
ple in this direction is derived from the polarization formula below. The second
part (33) is an easy observation of the present authors, which follows by inspection

of the classical proof (e.g. [Din] p.8).

Proposition 2.15. [BH31], [MO1](Polarization formula) For every P € P("X;Y)
there exists a unique symmetric n-linear form P € L3("X;Y) such that P(z) =
P(x,...,x). The following formula holds.

1 n
P(zy,...,x,) = Jnnl Z €1 .. .EnP(Z €:%;). (32)
’ 1

g;i==%1 i=

On the other hand, for every 0 # P € P(*X;Y),k < n, or k—n odd and positive
the following formula holds.

n
Z €1... EnP(Z gixy) =0,z;, € X (33)
==+1 i=1
It the remaining case when k > n and k — n is even, there exists x € X such

that the right hand side in (33) for x; = x,i =1,...,k is nonzero.

Translated into our language, we see that xg = B—3"_ _, (e1...,) (211, €i€i)
is compatible with k-homogeneous polynomials iff either k < n or k—mn is a positive
odd number. Note that summands involved in the definition of xp contain many
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pairs of linearly dependent vectors. Under the assumption that x; are pairwise lin-
early independent, we will prove that every continuous mapping which is compatible
with x = apxo B -+ - B ap 12041 € FUR™) is necessarily a polynomial of degree at
most n. In particular, the Jordan-von Neumann Theorem 1.2 follows immediately
from this statement. The result was proved by Reznick under the assumption that
the continuous function f is homogeneous.

Theorem 2.16. Let X,Y be Banach spaces. Let f : X — Y be a continuous map-
ping and x = agroB- - -Bap 12,41 € FUR™), m > 2, where vy, = (x4, ..., 27"), k =
0,...,n+1, are pairwise linearly independent vectors. If f is compatible with x then
f is a polynomial of degree at most n.

Proof. First let m = 2. By Fact 2.1 it suffices to prove the statement for real
valued functions on IR. Wilson [Will8] proved (in our language), using algebraic
manipulations, that every continuous function ¢ on IR?, which is compatible with x
is also compatible with xg from (27). By Theorem 1.1 we may conclude that that
f is a polynomial of degree at most n. The case m > 2. By Fact 2.9 it is enough to
find a y € F(IR?), such that x = y, and y satisfies the assumptions of the previous
case. So we claim that there exists an affine linear operator T : IR™ — IR? such
that

T(xhy o)y, T(@hyg, .o aly) € R? (34)
are pairwise linearly independent vectors. This is easily seen as follows. Let E; ; =
(i, sa), (), . a)] = R™, 4,5 € {0,...,n + 1},i # j, be a system of 2-
dimensional subspaces of IR™. There exists a (m — 2)-dimensional subspace F' —
IR™ such that FNE; ; = {0},4,5 € {0,...,n+1},i # j. (Equivalently, F + E; ; =
IR™). Then the orthogonal projection 7" in IR™, with kernel F' and two dimensional
range F+ < IR™, clearly satisfies the condition. Suppose that T(y1,...,¥m) =
(X520 @5y, 20500 Bys)- Let By = 3700, oy, By = 3701 Biag, k=0,...,n+ 1.
By assumption, (B}, Bf),k = 0,...,n + 1, are pairwise linearly independent. Let
y1,Yy2 € X be arbitrary vectors, denote z; = a;y1 + By2,5 = 1,...,m. Then

m m m
Bjyy 4+ Biys = Zajxiyl + Zﬁjmiyg = inz] for all y1,y2 € X.  (35)
j=1 j=1 j=1

Hence it holds

n+1
Z akf(Béyl + Biyg) =0 for all y1,y2 € X, (36)
k=0

and we may we conclude that f € P*(X;Y). O

If x € F(IR™) and X,Y are Banach spaces, then the set of all continuous map-
pings f : X — Y which are compatible with x is clearly a linear space. We are now
ready to describe this space more precisely.

Theorem 2.17. Let x = agzo B - Bapt12,41 € FUR™), where xg, ..., Tpne1 are
pairwise linearly independent vectors. Then there exists A C {0,...,n} such that
if X,Y are Banach spaces and f : X — Y is a continuous mapping, then f is
compatible with x if and only if f = >4 P for some Py € P(*X;Y) (if A is
empty, the sum is understood to be equal to 0).

Proof. Let A be the set of all & € {0,...,n} for which there exist Banach spaces
X,Y and a nonzero polynomial from P(*X;Y) which is compatible with x. By
Lemma 2.12, if & € A, then for every Banach spaces X,Y every polynomial from
P(*X;Y) is compatible with x, and the same holds also for their linear combina-
tions. Let now X,Y be Banach spaces and P : X — Y be a continuous mapping
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compatible with x. By Theorem 2.16 the mapping P is a polynomial of degree at
most n. Say P =, _, Py, where P, € P(*X;Y). If P, # 0 for some k € {0,...,n},
then it follows from Lemma 2.11 that £ € A. Hence P =), _, Px. O

Theorem 2.18. Let 0 < dy < dy < -+ < diy, < d be given integers. Then there
exists x € F(IR™) such that x is compatible witht — t',1 < d iffl € {dy,da,...,dm}.

Proof. Consider the linear subspace E of I, 4 generated by the union of U | F,, 4, .
Choose for every | ¢ {di,da, ..., d,} some nonzero l-homogeneous polynomial P, €
P(‘IR™). Then span{P;} N E = {0}, so there exists x € II}, ;, such that (E,x) =0
and (P, x) # 0. It is now clear that x is not compatible with P;, so it is not
compatible with any homogeneous polynomial of degree [, but it is compatible with

members of E. O
More can be said if the points g, ..., 2,41 lie in an affine hyperplane not con-

taining 0.

Lemma 2.19. Let x = apxo B Bapt12,41 € F(R™), where xg, ..., Tnt1 lie in

an affine hyperplane not containing 0. If every polynomial from F,, 4 is compatible
with x, then the same holds for every polynomial from Il,, 4.

Proof. Let H be an affine hyperplane in R which contains xy, ..., 2,41 and does
not contain 0. Suppose that every polynomial from F,, 4 is compatible with x. If
P € 11,4, then it is clear that there exists ) € Fj, 4 such that @ [g= P [g. Since
@ is compatible with x, we see that (P,x) = (Q,x) = 0. By Lemma 2.10 every
polynomial from 1I,, 4 is compatible with x. a

Theorem 2.20. Let x = agro B -+ B apr12,01 € FUR™), where xo, ..., Tnt1
lie in an affine hyperplane not containing 0. If ZZ:é ar = 0, then there exists
I € NU{0},1 < n, such that if X,Y are Banach spaces and f : X = Y is a
continuous mapping, then f is compatible with x if and only if f is a polynomial
of degree at most . If ZZI% ar, # 0, then there is mo nonzero mapping compatible
with X.

Proof. Since zg, ..., x, 1 are pairwise linearly independent, Theorem 2.17 applies.
Let A C {0,...,n} be a set whose existence is ensured by Theorem 2.17. If

Zié ar, = 0, then t — 1,¢ € R, is compatible with x and therefore A is nonempty.
Let | € A be maximal. Since every polynomial from F},; is compatible with x,
by Lemma 2.19 every polynomial from II,,; is also. Hence A = {0,...,l}. This
argument also shows that if A is nonempty, then ¢ +— 1 is compatible with x,
and consequently S 70 ar = 0. Hence if S-7F) ay # 0, then there is no nonzero
mapping compatible with x. a

Some information on the exact value of [ can be derived from the geometrical
properties of the set zg,...,z,41. Clearly there is no lower bound on [, since to
each xg,...,T,4+1 we may take ag,...,a,41 such that ZZ;F% ar # 0, and then there
is no nonzero mapping compatible with x. Even if we demand that ZZ:é ar =0, it
is easy to find such ag, . .., an+1 so that some P € F,, ; = (R™)* is not compatible
with x. Indeed, take P € Fj,; which is not constant on xo,...,z,41 and then
find ag, . ..,an41 such that Y770 a, = 0 and S350 axP(2x) # 0. However, there
is a simple upper bound in terms of the dimension of the affine hull of the points
ZQ, ..., Tne1. It will be given in Corollary 2.24. In the proof of Lemma 2.22 we will
use the following simple fact.

Fact 2.21. If M C R? is a union of n distinct lines containing 0, then M is
a nullspace of an n-homogeneous polynomial P : R? — R. Indeed, let P(z) =
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07, ¢;(z), where ¢ € (IR?)* are chosen so that their kernels coincide with the
given lines.

Lemma 2.22. Let xq,...,Tnt1 € R™ and denote d := dim(aff ({zo,...,2n+1}))-
Then there exists ko € {0,...,n 4+ 1} and a polynomial P : R™ — R of degree at
most n+2—d such that P(xy,) # 0 and P(xy) = 0 for every k € {0,...,n+1}\{ko}.

Proof. We may WLOG suppose that m = d. The case d = 1 is trivial. Let d > 2.
We may further suppose WLOG that xg,...,x4_1 are affinely independent, that
M = aff ({xg,...,74_1}) is a hyperplane in R (i.e. it is a subspace), and that
ZTni1 & M. Using a similar argument as in the proof of Theorem 2.16 we construct
a linear mapping L : R? — R? such that L(x),... L(z4_1) lie on a line p C R?,
L(zpy1) ¢ p and L(zp41) # L(zy) for all k #£n + 1.

Now, there exists z € p such that the line ¢ C R? which contains z and L(z,41)
does not contain L(x) for all & # n + 1. Let py,...,p, be distinct lines which
contain z and some L(xg),k # n + 1. Then r < n + 2 — d. By Fact 2.21 (since
a translation of a polynomial of degree r is again a polynomial of degree r) there
exists a polynomial Q : R? — R of degree r < n + 2 — d such that the nullspace of
Q is U,_, pi- Then P := Qo L € II,, n42-_g is the desired polynomial. O

Proposition 2.23. Let x = agro B -+ B apy12n41 € FUR™), and denote d :=
dim(aff ({zo, ..., 2nt1})). If every P € 11, 1 is compatible with x, then k < n+1—d.

Proof. By Lemma 2.22 there exists kg € {0,...,n+1} and a polynomial P : R™ —
R of degree at most n 4+ 2 — d such that P(zg,) # 0 and P(xg) = 0 for every
ke€{0,...,n+1}\ {ko}. Then P cannot be compatible with x, since otherwise we
would have

n+1
0=(P,x) =Y arP(ax) = ar,P(z,),
k=0
and therefore ax, = 0, a contradiction. Hence k <n+1 —d. O
Corollary 2.24. Let x = apxo B -+ B apt12,41 € FUR™), where xo, ..., Tpt1

lie in an affine hyperplane not containing 0 and ZZié ar = 0, and let | be as in
Theorem 2.20. Denote d := dim(aff ({zo,...,2nt+1})). Thenl <n+1—d.

For example, if in Corollary 2.24 the points zy, . . ., z,41 are affinely independent,
then d = n+1 and therefore [ = 0. Corollary 2.24 also shows that in order to achieve
the maximal possible value of I in Theorem 2.20 (i.e. | = n), it is necessary that
Zg, ..., Tnt+1 be collinear; see Theorem 3.4 for more general statement.

3. GENERATING POLYNOMIAL IDENTITIES

In order to generate polynomial identities, we can use the Theorem 2.6 on the
generalized Lagrange formula. In fact, the Lagrange formula is an expression of
linear dependence of functionals in the dual of II,, 4. Let {z3x}2_, C R™ be a
basic set of nodes for II,, 4 and let {hk}ff:l C IL,, 4 be its dual basis. Given z €
R™\ {z}1_, there exist a unique set of coefficients ax, = ay(z) € IR such that

N
P(z) = Zak(z)P(Ik) for every P €11, 4.
k=1

Then every P € II,, 4 is compatible with a1 (z)z1 B ---Bay(z)ay B (—1)=z.

Lemma 3.1. Let {z}}}_, C R™ be a basic set of nodes for I, 4, z € R™\{x i,
and let x = a1(2)r1 B---Bay(2)ey B (=1)z. If every P € 1L, ; is compatible with
X, then l <d.
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Proof. Assume WLOG that a;(z) # 0. Considering the dual basis of {x;}_, we
see that there exists @ € II,;, 4 such that Q(z1) # 0 and Q(xy) =0fork =2,...,N.
Further, it is clear that there exists R € II,,, 1 (these are the affine functions on R™)
such that R(z1) # 0 and R(z) = 0. Then clearly P = QR € Il 441, P(x1) # 0,
P(zr) =0for k=2,...,N and P(z) = 0. But then (P,x) = a1 P(z1) # 0, hence
P is not compatible with x, and therefore [ < d. O

The following theorem describes a method of generating polynomial identities
which, for prescribed d, characterize polynomials of degree at most d.

Theorem 3.2. Let {xk}fcvzl C R™ be a basic set of nodes for I, 4, z € IR™ \
{xp 3, and let x = a1(2)x1 B - Bay(2)zny B (=1)z. Let T : R™ — R" be an
affine one-to-one mapping such that 0 ¢ T(R™). Then a1 = a1(z),...,an = an(z)
are the unique coefficients with the following property. Denote y = a;T(x1)8B---H
anT(zy) B (-1)T(2). If X,Y are Banach spaces and f : X — Y is continuous,
then f is compatible with y if and only if f is a polynomial of degree at most d.

Proof. Since T(x1),...,T(xn),T(2) lie in an affine hyperplane not containing 0,
Theorem 2.20 applies. It follows that it suffices to prove the theorem for X = R"
and Y = R, and it also follows that the space of those continuous f : R — R
which are compatible with y is II,; for some [ € NU {0} or a trivial space. If
P ell, q, then PoT €11, 4, so P oT is compatible with x, and therefore P is
compatible with y. Hence the space of compatible functions is nontrivial and [ > d.
Theorem 2.6 also yields the uniqueness part. On the other hand, if P € II,, ;, then
PoT~!:T(R™) — R can be extended to a member of II,, ;, which is compatible
with y by the definition of [. It follows from Lemma 2.10 that every polynomial
from I, ; is compatible with x. By Lemma 3.1 we conclude that [ < d. a

A special case of Theorem 3.2 in dimension one corresponds to the classical the
Lagrange interpolation polynomial.

Theorem 3.3. (Classical Lagrange interpolation) Let x, ..., Zn11 € R be distinct.
Then there exist a unique set of coefficients ag,...,a, € R\ {0}, such that every
P €11y, is compatible with apxo B - B apx, B (—1)z,41. Moreover

n

Tp41 — T4
[ H ﬁ,kzo,...,n.
i=0,i#£k k v

The following theorem is a generalization of the equivalence of the conditions (i)
and (iv) in Theorem 1.1.

Theorem 3.4. Let xq,..., 241 € R, m > 2 n € N, be distinct points. Then the
following statements are equivalent:

(i) The points xq,...,Tnt1 lie on a line not containing 0.
(it) There exist ag,...a, € R\ {0} such that if X,Y be Banach spaces and
f X =Y is a continuous mapping, then f is compatible with x =
apro B - Bapz, B (=1)z, 1 if and only if f is a polynomial of degree at
most n.
Moreover the coefficients ag,...,a, from (ii) are uniquely determined, and if T :
R — R™ is an affine one-to-one map and y, € R,k =0,...,n+ 1, are such that
T(yx) = xg, then

n
ax = H M, k=0,...,n.
i=0ipk kT Y
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Proof. (1)=-(ii): Suppose that (i) holds. Since xg,...,Z,+1 lie on a line not con-
taining 0, there exists an affine one-to-one map 7' : R — R such that there exist
yr € R such that T'(yx) = zx and 0 ¢ T'(R). Combining Theorem 3.2 Theorem 3.3
gives (ii) and also the moreover part.

(ii)=(i): Denote d := dim(aff ({zo, ..., zn+1})). It follows from Proposition 2.23
that n <n+ 1 —d, and therefore zg,...,z,41 are collinear.

Suppose by contradiction that xg,...,z,4+1 lie on a line containing 0. It is easy
to construct a continuous function f : R™ — R which is not a polynomial but it is
linear on every one dimensional subspace of R™. Let L € L(R™). As zg, ..., Z, 41 lie
in a one dimensional subspace, the same holds for L(xzg), ..., L(x,+1). Hence there
exists P € Il,, 1 such that P(L(zk)) = f(L(zg)) for all k. Since P is compatible
with x, we obtain 0 = (P o L,x) = (f o L,x). Hence f is compatible with x. But
this is a contradiction, since f is not a polynomial. O
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