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Received: Month-1 99, 2003; Accepted: Month-2 99, 2004

Summary: We consider a ”non-relativistic” limit in a model of radiative flow where matter is
described by a viscous heat-conducting system coupled to radiation through the radiative transfer
equation. We prove the convergence of this coupled system toward a compressible Navier-Stokes-
Fourier system coupled to a stationary radiative transfer equation.

1 Introduction
We revisit a model of radiation hydrodynamics introduced in[8] where various singular
regimes were studied (low Mach number limit, equilibrium and non-equilibrium diffu-
sion). In the present paper we consider the “non-relativistic” limit for the radiation where
the velocity of lightc goes formally to infinity. The motion of the matter is described by
compressible fluid mechanics giving the evolution of the mass density̺ = ̺(t, x), the
velocity field~u = ~u(t, x), and the temperatureϑ = ϑ(t, x) as functions of the timet and
the spatial coordinatex ∈ Ω ⊂ R

3. The effect of radiation is incorporated in a unique
function: the radiative intensityI = I(t, x, ~ω, ν), depending on the direction~ω ∈ S2,
whereS2 ⊂ R

3 denotes the unit sphere, and the frequencyν ≥ 0. The evolution ofI
is described by the radiative transfer equation: a linear transport equation with a (non
linear) source term and the fluid-radiation interaction appears through radiative sources
in the momentum and energy equations.The system under studyreads as follows:

∂t̺+ divx(̺~u) = 0 in (0, T )× Ω, (1.1)

∂t(̺~u) + divx(̺~u⊗ ~u) + ∇xp(̺, ϑ) = divxS − ~SF in (0, T )× Ω, (1.2)

∂t

(
1

2
̺|~u|2 + ̺e(̺, ϑ)

)
+ divx

((
1

2
̺|~u|2 + ̺e(̺, ϑ) + p

)
~u+ ~q − S~u

)
= −SE

in (0, T )× Ω, (1.3)

1

c
∂tI + ~ω · ∇xI = S in (0, T )× Ω × (0,∞) × S2. (1.4)
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The symbolp = p(̺, ϑ) denotes the thermodynamic pressure ande = e(̺, ϑ) is the
specific internal energy, related through Maxwell’s equation

∂e

∂̺
=

1

̺2

(
p(̺, ϑ) − ϑ

∂p

∂ϑ

)
. (1.5)

In (1.2)S is the viscous stress tensor given byS = µ
(
∇x~u+ ∇t

x~u− 2
3divx~u

)
+η divx~u I,

where the viscosity coefficientsµ = µ(ϑ) > 0 andη = η(ϑ) ≥ 0 are effective func-
tions of the temperature. Similarly in (1.3)~q is the heat flux given by Fourier’s law
~q = −κ∇xϑ, with the heat conductivity coefficientκ = κ(ϑ) > 0.

We suppose thatS is given by

S = σa

[
B(ν, ~ω, ~u, ϑ) − I(t, x, ν, ~ω)

]

+ σs

(
1

4π

∫

S2

I(t, x, ν, ~ω′) d~ω′ − I(t, x, ν, ~ω)

)
=: Sa,e + Ss.

(1.6)

In the right-hand side the first term is the emission-absorption contribution whereσa > 0
is the absorption coefficient andB is a perturbation of the equilibrium Planck’s function
introduced in [8] and given by

B(ν, ~ω, ~u, ϑ) =
2h

c2
ν3

e
hν
kϑ

(
1−α ~ω·~u

c

)

− 1

, (1.7)

whereh is the Planck’s constant,k is the Boltzmann’s constant and0 ≤ α(ϑ) ≤ 1 is a
smooth function pecised below.

The second term inS is the scattering contribution whereσs > 0 is the scattering
coefficient and in the right-hand sides of (1.2) and (1.3) appear the coupling sources.

~SF (t, x) =
1

c

∫ ∞

0

∫

S2

~ωS d~ω dν, SE(t, x) =

∫ ∞

0

∫

S2

S d~ω dν.

We first suppose that the transport coefficients are smooth functions satisfyingσa(ϑ, ~u) =
χ(|~u|)σ̃a(ϑ) ≥ 0 andσs(ϑ) ≥ 0 and that both depend neither on angular variable (1.1 -
1.4) (isotropy of radiation), nor on frequency (the so called ”grey” hypothesis), and the
functionχ appearing in the emission-absorption coefficient is aC∞ cut-off satisfying

χ(s) =

{
1 if s ≤ c,

0 if s ≥ c+ β,

for an arbitraryβ > 0, taking into account the singularity ofB. More restrictions on
properties of these constitutive quantities will be imposed in Section 2.1 below.

Finally system (1.1 - 1.4) is supplemented with the boundaryconditions:

~u|∂Ω = 0, ~q · ~n|∂Ω = 0, (1.8)

I(t, x, ν, ~ω) = 0 for x ∈ ∂Ω, ~ω · ~n ≤ 0, (1.9)
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where~n denotes the outer normal vector to∂Ω, and initial conditions

(̺(t, x), ~u(t, x), ϑ(t, x), I(t, x, ω, ν))|t=0 =
(
̺0(x), ~u0(x), ϑ0(x), I0(x, ~ω, ν)

)
,

(1.10)
for anyx ∈ Ω, ~ω ∈ S2, ν ∈ R+.

The fully relativistic version of system (1.1 - 1.9) has beenintroduced by Pomran-
ing [14] and Mihalas and Weibel-Mihalas [13] and investigated by Lowrie, Morel and
Hittinger [12] and Buet and Desprès [3]. A global existenceresult was also proved in
[4] under some cut-off hypotheses on transport coefficientsin the time-dependent case
and in [11] in the stationary case and various singular limits of this system have been
investigated in [8]. In the following, we are interested in the limit c → ∞ leading to a
compressible limit. As emphasized in [8] compressible singular limits can be dealt with
by using relative entropy inequalities. Let us mention that, as shown in [6] and [7], this
difficulty disappears in simplified cases (see the model of Teleaga, Seaı̈d, Gasser, Klar
and Struckmeier [15]), where the radiative momentum sourceis absent in the right hand
side of (1.9).

The paper is organized as follows. In Section 2.1, we list theprincipal hypotheses
imposed on constitutive relations and state the existence result for our model. In Section
3 we study the “non-relativistic” limit.

2 Hypotheses and existence result
We suppose that the pressure satisfies

p(̺, ϑ) = ϑ5/2P
( ̺

ϑ3/2

)
+
a

3
ϑ4, a > 0, (2.1)

whereP : [0,∞) → [0,∞) is a given function with the following properties:

P ∈ C1[0,∞), P (0) = 0, P ′(Z) > 0, for all Z ≥ 0, (2.2)

0 <
5
3P (Z) − P ′(Z)Z

Z
< c for all Z ≥ 0, (2.3)

lim
Z→∞

P (Z)

Z5/3
= p∞ > 0. (2.4)

After Maxwell’s equation (1.5), the specific internal energy e is

e(̺, ϑ) =
3

2

(
ϑ5/2

̺

)
P

( ̺

ϑ3/2

)
+ a

ϑ4

̺
, (2.5)

and the specific fluid entropy reads

s(̺, ϑ) = M
( ̺

ϑ3/2

)
+

4a

3

ϑ3

̺
with M ′(Z) = −3

2

5
3P (Z) − P ′(Z)Z

Z2
< 0. (2.6)

Coefficientsµ, η, andκ are continuously differentiable functions of temperaturesuch
that

0 < c1(1 + ϑ) ≤ µ(ϑ), µ′(ϑ) < c2, 0 ≤ η(ϑ) ≤ c(1 + ϑ), (2.7)

0 < c1(1 + ϑ3) ≤ κ(ϑ) ≤ c2(1 + ϑ3) (2.8)
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for anyϑ ≥ 0. We also assume thatσa andσs are smooth functions such that

0 ≤ σa(ϑ, ~u), σs(ϑ) ≤ c1, σa(ϑ, ~u)B(ν, ~ω, ~u, ϑ) ≤ c2, (2.9)

σa(ϑ, ~u)B(ν, ~ω, ~u, ϑ) ≤ h(ν), h ∈ L1(0,∞), (2.10)

wherec1,2,3 are positive constants.
In the weak formulation of the Navier-Stokes-Fourier system the equation of conti-

nuity (1.1) is replaced by its renormalized version
∫ T

0

∫

Ω

((̺+ b(̺))∂tϕ+ (̺+ b(̺))~u · ∇xϕ+ (b(̺) − b′(̺)̺)divx~uϕ) dx dt

= −
∫

Ω

(̺0 + b(̺0))ϕ(0, ·) dx

(2.11)

satisfied for anyϕ ∈ C∞
c ([0, T )×Ω), and anyb ∈ C∞[0,∞), b′ ∈ C∞

c [0,∞). Similarly,
the momentum equation (1.2) is replaced by

∫ T

0

∫

Ω

(̺~u · ∂t~ϕ+ ̺~u⊗ ~u : ∇x~ϕ+ pdivx~ϕ) dx dt

=

∫ T

0

∫

Ω

S : ∇x~ϕ dx dt−
∫ T

0

∫

Ω

~SF ~ϕ dx dt−
∫

Ω

(̺~u)0 · ~ϕ(0, ·) dx,

(2.12)

for any ~ϕ ∈ C∞
c ([0, T ) × Ω; R3). As usual we require that~u ∈ L2(0, T ;W 1,2

0 (Ω; R3))
which contains the no-slip boundary condition (1.8). As usual [9] we replace (1.3) by the
internal energy equation

∂t(̺e) + divx(̺e~u) + divx~q = S : ∇x~u− pdivx~u− SE + ~SF · ~u, (2.13)

and dividing (2.13) byϑ we rewrite (2.13) as an entropy equation

∂t (̺s) + divx (̺s~u) + divx

(
~q

ϑ

)
=

1

ϑ

(
S : ∇x~u− ~q · ∇xϑ

ϑ

)
− SE

ϑ
+
~SF · ~u
ϑ

=: ς,

(2.14)

where the first term of the right hand sideςm := 1
ϑ

(
S : ∇x~u− ~q·∇xϑ

ϑ

)
is the (positive)

matter entropy production. In order to identify the second term in the right hand side of
(2.14), let us recall [1] the formula for the entropy of a photon gas

sR = −2k

c3

∫ ∞

0

∫

S2

ν2 [n logn− (n+ 1) log(n+ 1)] d~ωdν, (2.15)

wheren = n(I) = c2I
2hα3ν3 is the occupation number. Defining the radiative entropy flux

~qR = −2k

c2

∫ ∞

0

∫

S2

ν2 [n logn− (n+ 1) log(n+ 1)] ~ω d~ωdν, (2.16)

and using the radiative transfer equation, we get the equation

∂ts
R + divx~q

R = −k
h

∫ ∞

0

∫

S2

1

ν
log

n

n+ 1
S d~ωdν =: ςR. (2.17)
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Checking the identitylog n(B)
n(B)+1 = −hν

kϑ

(
1 − α ~ω·~u

c

)
whereB is the Planck’s function,

using the definition ofS and taking into account that~SF = (σa+σs)
∫ ∞
0

∫
S2 ωI d~ωI dν,

the right-hand side of (2.17) rewrites

ςR = −k
h

∫ ∞

0

∫

S2

1

ν

{ [
log

n(I)

n(I) + 1
− log

n(B)

n(B) + 1

]
σa(B − I)

+

[
log

n(I)

n(I) + 1
− log

n(Ĩ)

n(Ĩ) + 1

]
σs(Ĩ − I)

}
d~ωdν

+
1

ϑ

∫ ∞

0

∫

S2

(
1 − α

~ω · ~u
c

)
S d~ωdν − ασs

σa + σs

~SF · ~u
ϑ

.

Choosing now

α =
σa + σs

σa + 2σs
, (2.18)

we get

ςR = −k
h

∫ ∞

0

∫

S2

1

ν

[
log

n(I)

n(I) + 1
− log

n(B)

n(B) + 1

]
σa(B − I) d~ωdν

− k

h

∫ ∞

0

∫

S2

1

ν

[
log

n(I)

n(I) + 1
− log

n(Ĩ)

n(Ĩ) + 1

]
σs(Ĩ − I) d~ωdν +

1

ϑ
SE −

~SF · ~u
ϑ

.

(2.19)

From (2.14), (2.17) and (2.19) we obtain finally

∂t

(
̺s+ sR

)
+ divx

(
̺s~u+ ~qR

)
+ divx

(
~q

ϑ

)

=
1

ϑ

(
S : ∇x~u− ~q · ∇xϑ

ϑ

)
− k

h

∫ ∞

0

∫

S2

1

ν

[
log

n(I)

n(I) + 1
− log

n(B)

n(B) + 1

]
σa(B − I) d~ωdν

− k

h

∫ ∞

0

∫

S2

1

ν

[
log

n(I)

n(I) + 1
− log

n(Ĩ)

n(Ĩ) + 1

]
σs(Ĩ − I) d~ωdν,

(2.20)

and equation (2.14) is replaced in the weak formulation by the inequality
∫ T

0

∫

Ω

(
[̺s+ sR]∂tϕ+ ̺s~u · ∇xϕ+ [

~q

ϑ
+ ~qR] · ∇xϕ

)
dx dt

≤ −
∫

Ω

(̺s+ sR)0ϕ(0, ·) dx−
∫ T

0

∫

Ω

1

ϑ

(
S : ∇x~u− ~q · ∇xϑ

ϑ

)
ϕ dx dt

− k

h

∫ T

0

∫

Ω

[∫ ∞

0

∫

S2

1

ν

[
log

n(I)

n(I) + 1
− log

n(B)

n(B) + 1

]
σa(B − I) d~ωdν dx

+

∫ ∞

0

∫

S2

1

ν

[
log

n(I)

n(I) + 1
− log

n(Ĩ)

n(Ĩ) + 1

]
σs(Ĩ − I) d~ωdν

]
ϕdx dt

(2.21)
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for anyϕ ∈ C∞
c ([0, T ) × Ω), ϕ ≥ 0, where the sign of all the terms in the right hand

side may be controlled.
Following [9] (2.11), (2.12), (2.21) is supplemented with the total energy balance

∫

Ω

(
1

2
̺|~u|2 + ̺e(̺, ϑ) + ER

)
(τ, ·) dx+

∫ τ

0

∫

Γ+

∫ ∞

0

~ω · ~nI(t, x, ~ω, ν) dν d~ω dSx dt,

=

∫

Ω

(
1

2̺0
|(̺~u)0|2 + (̺e)0 + ER,0

)
dx,

(2.22)

whereΓ+ = {(x, ~ω) ∈ ∂Ω × S2 : ~ω · ~nx > 0}.
Finally for later purposes, we define the radiative energy

ER(t, x) =
1

c

∫

S2

∫ ∞

0

I(t, x, ~ω, ν) d~ω dν, (2.23)

with ER,0 =
∫
S2

∫ ∞
0
I0(·, ~ω, ν) d~ω dν, the radiative momentum

~FR(t, x) =

∫

S2

∫ ∞

0

~ωI(t, x, ~ω, ν) d~ω dν, (2.24)

and the radiative tensor

P
R(t, x) =

1

c

∫

S2

∫ ∞

0

~ω ⊗ ~ωI(t, x, ~ω, ν) d~ω dν. (2.25)

Definition 2.1 We say that̺ , ~u, ϑ, I is a weak solution of problem (1.1 - 1.9) if

̺ ≥ 0, ϑ > 0 for a.a.(t, x) × Ω, I ≥ 0 a.a. in(0, T ) × Ω × S2 × (0,∞),

̺ ∈ L∞(0, T ;L5/3(Ω)), ϑ ∈ L∞(0, T ;L4(Ω)),

~u ∈ L2(0, T ;W 1,2
0 (Ω; R3)), ϑ ∈ L2(0, T ;W 1,2(Ω)),

I ∈ L∞((0, T ) × Ω × S2 × (0,∞)), I ∈ L∞(0, T ;L1(Ω × S2 × (0,∞)),

and if̺, ~u, ϑ, I satisfy the integral identities (2.11), (2.12), (2.21), (2.22), together with
the transport equation (1.4).

The existence result reads now (see [8] for a proof)

Theorem 2.2 Let Ω ⊂ R
3 be a bounded Lipschitz domain. Assume that the thermo-

dynamic functionsp, e, s satisfy hypotheses (2.1-2.6), thatB satisfies (1.7) and (2.18)
and that the transport coefficientsµ, λ, κ, σa, andσs comply with (2.7 - 2.10). Let
{̺ε, ~uε, ϑε, Iε}ε>0 be a family of weak solutions to problem (1.1 - 1.9) in the sense of
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Definition 2.1.1 such that

̺ε(0, ·) ≡ ̺ε,0 → ̺0 in L5/3(Ω), (2.26)
∫

Ω

(
1

2
̺ε|~uε|2 + ̺εe(̺ε, ϑε) + ER,ε)(0, ·) dx

≡
∫

Ω

(
1

2̺0,ε
|(̺~u)0,ε|2 + (̺e)0,ε + ER,0,ε

)
dx ≤ E0, (2.27)

∫

Ω

[̺εs(̺ε, ϑε) + sR(Iε)](0, ·) dx ≡
∫

Ω

(̺s+ sR)0,ε dx ≥ S0,

and

0 ≤ Iε(0, ·) ≡ I0,ε(·) ≤ I0, |I0,ε(·, ν)| ≤ h(ν) for a certainh ∈ L1(0,∞).

Then
̺ε → ̺ in Cweak([0, T ];L5/3(Ω)),

~uε → ~u weakly inL2(0, T ;W 1,2
0 (Ω; R3)),

ϑε → ϑ weakly inL2(0, T ;W 1,2(Ω)),

and
Iε → I weakly-(*) inL∞((0, T ) × Ω × S2 × (0,∞)),

at least for suitable subsequences, where{̺, ~u, ϑ, I} is a weak solution of problem (1.1
- 1.9).

3 The non-relativistic limit
In order to get a non dimensional system we perform a scaling,denoting by

Lref , Tref , Uref , ρref , ϑref , pref , eref , µref , κref ,

the reference hydrodynamical quantities (length, time, velocity, density, temperature,
pressure, energy, viscosity, conductivity) and byIref , νref , σa,ref , σs,ref , the reference
radiative quantities. We also assume the compatibility conditionspref ≡ ρreferef , νref =
kBϑref

h , Iref =
2hν3

ref

c2 and we denote bySr :=
Lref

Tref Uref
, Ma :=

Uref√
ρref pref

, Re :=
Uref ρref Lref

µref
, P e :=

Uref pref Lref

ϑref κref
, C := c

Uref
, the Strouhal, Mach, Reynolds, Péclet

(dimensionless) and “infrarelativistic” numbers corresponding to hydrodynamics, and

byL := Lrefσa,ref , Ls :=
σs,ref

σa,ref
, P :=

2k4
Bϑ4

ref

h3c3 ρref eref
, various dimensionless numbers

corresponding to radiation. Using carets to symbolize renormalized variables we get

Ŝ = Lσ̂a

(
B(ν̂, ~ω, ~̂u, ϑ̂) − Î

)
+ LLsσ̂s

(
1

4π

∫

S2

Î(·, ~ω) d~ω − Î

)
.

We have also for the non dimensionalα

α =
σ̂a + Lsσ̂s

σ̂a + 2Lsσ̂s
. (3.1)
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Omitting the carets in the following, we get first the scaled equation forI, in the region
(0, T ) × Ω × (0,∞) × S2

Sr

C ∂tI + ~ω · ∇xI = s = Lσa (B − I) + LLsσs

(
1

4π

∫

S2

I d~ω − I

)
, (3.2)

where we used the same notationB for the dimensionless Planck functionB(ν, ~ω, ~u, ϑ) =
ν3

e
ν
ϑ

(1−α ~ω·~u
C

)−1
. We denote also byER =

∫
S2

∫ ∞
0
I dν d~ω, the renormalized radiative

energy, by~FR =
∫
S2

∫ ∞
0
~ωI dν d~ω, the renormalized radiative momentum, byP

R =∫
S2

∫ ∞
0 ~ω⊗ ~ωI dν d~ω, the renormalized radiative tensor, bysE =

∫
S2

∫ ∞
0 s dν d~ω, the

renormalized radiative energy source, by~sF =
∫
S2

∫ ∞
0 ~ωI dν d~ωs, the renormalized ra-

diative momentum source, by~sR = −
∫ ∞
0

∫
S2 ν

2 [n logn− (n+ 1) log(n+ 1)] d~ωdν,

the renormalized radiative entropy withn = n(I) = I
α3ν3 , by ~qR = −

∫ ∞
0

∫
S2

ν2 [n logn− (n+ 1) log(n+ 1)] ~ω d~ωdν, the renormalized radiative entropy flux.
In order to analyze the largec regime we suppose thatC = O(ε−1) and that a small

amount of radiation is present soP = ε. Finally we putMa = 1, Sr = 1, Pe = 1,
Re = 1, L = Ls = 1 in the previous system.

Taking the first moment of (3.2) with respect to~ω, we get first equations forER and
~SF

ε∂tE
R + divx

~FR = sE , (3.3)

ε∂t
~FR + divxP

R = ~sF , (3.4)

then the scaled system reads

ε ∂tI + ~ω · ∇xI = σa (B − I) + σs

(
1

4π

∫

S2

I d~ω − I

)
, (3.5)

∂t̺+ divx(̺~u) = 0, (3.6)

∂t

(
̺~u+ ε ~FR

)
+ divx

(
̺~u⊗ ~u+ P

R
)

+ ∇xp− divxS = 0. (3.7)

∂t

(1

2
̺|~u|2 + ̺e+ εER

)
+ divx

((1

2
̺|~u|2 + ̺e+ p

)
~u+ ~FR + ~q − S~u

)
= 0, (3.8)

∂t (̺s+ εsR) + divx (̺~us+ ~qR) + divx

(
~q

ϑ

)
≥ 1

ϑ

(
S : ∇x~u− ~q · ∇xϑ

ϑ

)

+

∫ ∞

0

∫

S2

1

ν

[
log

n(I)

n(I) + 1
− log

n(B)

n(B) + 1

]
σa(I −B) d~ωdν

+

∫ ∞

0

∫

S2

1

ν

[
log

n(I)

n(I) + 1
− log

n(Ĩ)

n(Ĩ) + 1

]
σs(I − Ĩ) d~ωdν. (3.9)

with
d

dt

∫

Ω

(̺E + εER) dx+

∫ ∞

0

∫

Γ+

~ω · ~n I dΓ+dν = 0, (3.10)
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whereE = 1
2 |~u|2+e. In order to compute the limit system, we use the formal expansions






I = I0 + εI1 +O(ε2),
̺ = ̺0 + ε̺1 +O(ε2),
~u = ~u0 + ε~u1 +O(ε2),
ϑ = ϑ0 + εϑ1 +O(ε2).

(3.11)

Introducing the renormalized unperturbed Planck’s function B(ν, ϑ0) = ν3

e
ν

ϑ0 −1
and

computing in (2.18) the expansionα = σa(ϑ0)+σs(ϑ0)
σa(ϑ0)+2σs(ϑ0)

= 1 +O(ε), we have in (1.7)

B(ν, ~ω, ~u, ϑ) = B(ν, ϑ0) + (~ω · ~u0ϑ0 + ϑ1) ∂ϑB(ν, ϑ0)ε+O(ε2).

The related radiative quantities are





ER = ER
0 + εER

1 +O(ε2),
~FR = ~FR

0 + ε ~FR
1 +O(ε2),

P
R = P

R
0 + εPR

1 +O(ε2).

(3.12)

Passing formally to the limit, we finally obtain the limit system in(0, T ) × Ω

~ω · ∇xI0 = σa0 (B0 − I0) + σs0

(
1

4π

∫

S2

I0 d~ω − I0

)
, (3.13)

∂t̺0 + divx(̺0~u0) = 0, (3.14)

∂t(̺0~u0) + divx(̺0~u0 ⊗ ~u0 + P0) + ∇xp0 = divxS0, (3.15)

∂t

(1

2
̺0|~u0|2 + ̺0e0

)
+ divx

((1

2
̺0|~u0|2 + ̺0e0 + p0

)
~u0 + ~q0 − S0~u0

)
= 0,

(3.16)

∂t (̺0s0) + divx (̺s0~u0) + divx

(
~q0

ϑ0

)
=

1

ϑ0

(
S0 : ∇x~u0 −

~q · ∇xϑ0

ϑ0

)
, (3.17)

wherep0 = p(̺0, ϑ0), e0 = e(̺0, ϑ0), s0 = s(̺0, ϑ0), σa0 = σa(ϑ0) andσs0 = σs(ϑ0).
We also get boundary conditions

~u0|∂Ω = 0, ∇ϑ0 · ~n|∂Ω = 0, I0(t, x, ν, ~ω) = 0 for x ∈ ∂Ω, ~ω · ~n ≤ 0, (3.18)

and initial conditions

(̺0(x, t), ~u0(x, t), ϑ0(x, t))|t=0 =
(
̺0(x), ~u0(x), ϑ0(x)

)
, (3.19)

for anyx ∈ Ω and with the compatibility conditions

~u0|∂Ω,t=0 = 0, ∇ϑ0 · ~n|∂Ω,t=0 = 0, I0(t, x, ν, ~ω) = 0 for x ∈ ∂Ω, t = 0, ~ω · ~n ≤ 0,
(3.20)

As expected, this system corresponds to the compressible Navier-Stokes system cou-
pled to the stationary radiative transfer equation. Adapting the time-dependent result of
[5] one shows the following existence result for this system.
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Theorem 3.1 Suppose that‖̺0‖H2 + ‖~u0‖H2 + ‖ϑ0‖H2 < ∞ and thatinfΩ ̺0 > 0
and infΩ ϑ0 > 0. Then there exists a positive constantT∗ such that(̺, ~u, ϑ, I) is the
unique classical solution to the problem (3.14)-(3.16) with boundary conditions (3.18),
initial conditions (3.19) and with the compatibility conditions (3.20) in(0, T ) × Ω for
anyT < T∗ such that

̺ ∈ H1(0, T ;H2(Ω)), inf
Ω
̺ > 0,

~u ∈ L2(0, T ;H3(Ω)) ∩H1(0, T ;H1(Ω)),

ϑ ∈ L2(0, T ;H3(Ω)) ∩H1(0, T ;H1(Ω)), inf
Ω
ϑ > 0,

I ∈ L∞(0, T × Ω × S2 × R+), ER ∈ L2(0, T ;H1(Ω)),

∂t̺ ∈ L∞(0, T ;H1(Ω)).

3.1 Relative entropy inequality

We first rephrase the existence result of Theorem 2.2 in the rescaled context

Proposition 3.2 Suppose that the conditions of Theorem 2.2 are satisfied. Then for any
ε > 0 small enough there exists a weak solution(̺ε, ~uε, ϑε, Iε) to the radiative Navier-
Stokes systems (1.1-1.4) for(t, x, ~ω, ν) ∈ [0, T ]×Ω×S2×R+, with boundary conditions
(1.8 - 1.9) and initial conditions(̺0,ε, ~u0,ε, ϑ0,ε, I0,ε). More precisely we have

∫

Ω

̺ε(τ, ·)φ(τ, ·) dx−
∫

Ω

̺0,εφ(0, ·) dx =

∫ τ

0

∫

Ω

̺ε (∂tφ+ ~uε · ∇xφ) dx dt (3.21)

for anyφ ∈ C1([0, T )× Ω), and anyτ ∈ [0, T ],

∫

Ω

̺ε~uε(τ, ·) · ~φ(τ, ·) dx−
∫

Ω

̺0,ε~u0,ε · ~φ(0, ·) dx

=

∫ τ

0

∫

Ω

((
̺ε~uε + ε ~FR

ε

)
·∂t
~φ+

(
̺ε~uε ⊗ ~uε + P

R
ε

)
: ∇x

~φ+pε divx
~φ−Sε : ∇x

~φ
)
dx dt = 0,

(3.22)
for any ~φ ∈ C1([0, T ) × Ω; R3) , and anyτ ∈ [0, T ], such thatφ · n|∂Ω = 0, with
pε = p(̺ε, ϑε) andSε = S(~uε, ϑε),

∫ τ

0

∫

Ω

(
1

2
̺ε|~uε|2 + ̺εeε + εER

ε

)
dx dt+

∫ T

0

∫

Γ+

~ω · ~nxIε(t, x, ~ω, ν) dΓ dν dt

=

∫

Ω

(
1

2
̺0,ε|~u0,ε|2 + ̺0,εe0,ε + εER

0,ε

)
dx =: E0,

(3.23)
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for a.a. t ∈ [0, T ] with Γ+ = {(x, ~ω) ∈ ∂Ω×S2 : ~ω ·~nx ≥ 0} and witheε = e(̺ε, ϑε)
andER

ε (t, x) =
∫ ∞
0

∫
S2 Iε(t, x, ~ω, ν) d~ω dν

∫ τ

0

∫

Ω

((
̺εsε + εsR

ε

)
∂tϕ+

(
̺εsε~uε + ~qR

ε

)
· ∇xϕ

)
dx dt

+

∫ τ

0

∫

Ω

~qε

ϑε
· ∇xϕ dx dt+

〈
ςmε + ςRε ;φ

〉
[M;C]([0,T×Ω)

≤ −
∫

Ω

(
̺s0,ε + εsR

0,ε

)
ϕ(0, ·) dx+

∫

Ω

(
̺sε + εsR

ε

)
)(τ, ·)ϕ(τ, ·) dx,

(3.24)

where

ςmε =
1

ϑε

(
Sε : ∇x~uε −

~qε · ∇xϑε

ϑε

)
, (3.25)

and

ςRε ≥
∫ ∞

0

∫

S2

1

ν

[
log

n(Iε)

n(Iε) + 1
− log

n(Bε)

n(Bε) + 1

]
σaε(Bε − Iε) d~ωdν

+

∫ ∞

0

∫

S2

1

ν

[
log

n(Iε)

n(Iε) + 1
− log

n(Ĩε)

n(Ĩε) + 1

]
σsε(Ĩε − Iε) d~ωdν,

(3.26)

for ϕ ∈ C∞
c ([0, T ) × Ω) and anyτ ∈ [0, T ], with ςmε ∈ M+([0, T ) × Ω) and ςRε ∈

M+([0, T ) × Ω), whereM(X) is the set of signed Borel measures onX andM+(X)
is the cone of non-negative elements ofM(X).

DenotingBε = B(ν, ~ω, ~uε, ϑε), ~qε = κ(ϑε)∇xϑε, sε = s(̺ε, ϑε), sR
ε =

sR(Iε), ~q
R
ε = ~qR(Iε), and Ĩε := 1

4π

∫
S2 Iε(t, x, ν, ~ω) d~ω, we have finally

∫ τ

0

∫

Ω

∫ ∞

0

∫

S2

(ε∂tψ + ~ω · ∇xψ) Iε d~ω dν dx dt

+

∫ τ

0

∫

Ω

∫ ∞

0

∫

S2

[
σaε (Bε − Iε) + σsε

(
Ĩε − Iε

)]
ψ d~ω dν dx dt,

=

∫

Ω

∫ ∞

0

∫

S2

εI0,εψ(0, x, ~ω, ν) d~ω dν dx−
∫

Ω

∫ ∞

0

∫

S2

εIεψ(τ, x, ~ω, ν) d~ω dν dx

+

∫ τ

0

∫

Γ+

∫ ∞

0

~ω · ~nxIεψ dΓ dν dt,

(3.27)

for anyψ ∈ C1([0, T ) × Ω × S2 × R+) and anyτ ∈ [0, T ].

Following now the lines of [8] we give just main lines of proofto introduce a relative
entropy inequality satisfied by any weak solution(̺, ~u, ϑ, I) of the radiative Navier-
Stokes system. Let us consider a set{r,Θ, ~U} of arbitrary smooth functions such thatr

andΘ are bounded below away from zero and~U
∣∣∣
∂Ω

= 0. We callballistic free energy

the thermodynamical potential given byHΘ(̺, ϑ) = ̺e(̺, ϑ)−Θ̺s(̺, ϑ), andradiative
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ballistic free energythe potentialHR
Θ (I) = ER(I) − ΘsR(I). The relative entropyis

then defined by

E(̺, ϑ|r,Θ) := HΘ(̺, ϑ) − ∂ρHΘ(r,Θ)(̺− r) −HΘ(r,Θ).

One observes that, after thermodynamical stability,ρ→ HΘ(ρ,Θ) is strictly convex and
θ → HΘ(ρ, θ) attains its global minimum atθ = Θ.

Testing equation (3.21) withφ = 1
2 |~U |2, equation (3.22) withφ = ~U , and equation

(3.24) byϕ = Θ and combining the resulting identities, we get

∫

Ω

(
1

2
̺ε|~uε − ~U |2 + ̺εeε + εER

ε − (̺εsε + εsR
ε )Θ

)
(τ, ·) dx+

∫ T

0

∫

Γ+

~ω · ~nxIε(t, x, ~ω, ν) dΓ dν dt

+

∫ τ

0

∫

Ω

Θ

ϑε

(
Sε : ∇x~uε −

~qε · ∇xϑε

ϑε

)
dx dt

+

∫ τ

0

∫

Ω

Θ

{∫ ∞

0

∫

S2

1

ν

[
log

n(Iε)

n(Iε) + 1
− log

n(Bε)

n(Bε) + 1

]
σaε(Bε − Iε) d~ω dν

+

∫ ∞

0

∫

S2

1

ν

[
log

n(Iε)

n(Iε) + 1
− log

n(Ĩε)

n(Ĩε) + 1

]
σsε(Ĩε − Iε) d~ω dν

}
dx dt

≤
∫

Ω

(
1

2
̺0,ε|~u0,ε − ~U(0, ·)|2 + ̺0,εe0,ε + εER

0,ε − (̺0s0,ε + εsR
0,ε)Θ(0, ·)

)
dx

+

∫ τ

0

∫

Ω

((
̺ε∂t

~U + ̺ε~uε · ∇x
~U

)
·
(
~U − ~uε

)
− pε divx

~U + Sε : ∇x
~U − ε ~FR

ε · ∂t
~U − Pε : ∇x

~U
)
dx dt

−
∫ τ

0

∫

Ω

((
̺εsε + εsR

ε

)
∂tΘ +

(
̺εsε~uε + ~qR

ε

)
· ∇xΘ

)
dx dt−

∫ τ

0

∫

Ω

~qε

ϑε
· ∇xΘ dx dt.

(3.28)

Testing equation (3.21) withφ = ∂ρHΘ(r,Θ), and using (3.5) we get now

ε ∂tIε + ~ω · ∇x(Iε − I) = Sε − S,

whereS = σaε (Bε − Iε)+σsε

(
1
4π

∫
S2 Iε d~ω − Iε

)
andS = σa (B − I)+σs

(
1
4π

∫
S2 I d~ω − I

)
.

Multiplying by Iε − I and integrating by parts it follows

1

2
ε

∫

Ω

∫ ∞

0

∫

S2

(Iε − I)2(τ, ·) d~ω dν dx+
1

2

∫ T

0

∫ ∞

0

∫

Γ+

~ω · ~nx(Iε − I)2(t, x, ~ω, ν) dΓ dν dt

=
1

2
ε

∫

Ω

∫ ∞

0

∫

S2

(Iε − I)2(0, ·) d~ω dν dx+

∫ τ

0

∫

Ω

∫ ∞

0

∫

S2

(Sε − S − ε∂tI) (Iε − I) d~ω dν dx dt,

(3.29)

whereI0 := I(0, ·) is the unique solution of the problem

~ω · ∇xI0 = S(Θ(0, ·), ~U(0, ·)),

I0|Γ−
= 0.
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Using previous calculations together with (3.29) we get

∫

Ω

(
1

2
̺ε|~uε − ~U |2 +HΘ(̺ε, ϑε) −HΘ(r,Θ) − ∂ρHΘ(r,Θ)(̺ε − r)

+
1

2
ε

∫ ∞

0

∫

S2

(Iε − I)2 d~ω dν + εHR
Θ (Iε)

)
(τ, ·) dx

+

∫ T

0

∫

Γ+

~ω · ~nx

[
Iε +

1

2
ε(Iε − I)2

]
(t, x, ~ω, ν) dΓ dν dt

+

∫ τ

0

∫

Ω

Θ

ϑε

(
Sε : ∇x~uε −

~qε · ∇xϑε

ϑε

)
dx dt

+

∫ τ

0

∫

Ω

Θ

{∫ ∞

0

∫

S2

1

ν

[
log

n(Iε)

n(Iε) + 1
− log

n(Bε)

n(Bε) + 1

]
σaε(Bε − Iε) d~ω dν

+

∫ ∞

0

∫

S2

1

ν

[
log

n(Iε)

n(Iε) + 1
− log

n(Ĩε)

n(Ĩε) + 1

]
σsε(Ĩε − Iε) d~ω dν

}
dx dt

≤
∫

Ω

1

2
̺0,ε|~u0,ε − ~U(0, ·)|2 dx

+

∫

Ω

(
HΘ(0,·)(̺0,ε, ϑ0,ε) −HΘ(0,·)(r(0, ·),Θ(0, ·)) − ∂̺0,ε

HΘ(0,·)(r(0, ·),Θ(0, ·))(̺0,ε − r(0, ·))

+εHR
Θ(0,·)(I0,ε) +

1

2
ε

∫ ∞

0

∫

S2

(I0,ε − I(0, ·))2 d~ω dν

)
dx

+

∫ τ

0

∫

Ω

((
̺ε∂t

~U + ̺ε~uε · ∇x
~U

)
·
(
~U − ~uε

)
− pε divx

~U + Sε : ∇x
~U − ε ~FR

ε · ∂t
~U − P

R
ε : ∇x

~U
)
dx dt

−
∫ τ

0

∫

Ω

(
̺εsε∂tΘ + ̺εsε~uε · ∇xΘ +

~qε

ϑε
· ∇xΘ

)
dx dt

−
∫ τ

0

∫

Ω

(
εsR

ε ∂tΘ + ~qR
ε · ∇xΘ

)
dx dt

−
∫ τ

0

∫

Ω

(
̺ε∂t

(
∂̺ε

HΘ(r,Θ)
)

+ ̺ε~uε · ∇x

(
∂̺HΘ(r,Θ)

))
dx dt

+

∫ τ

0

∫

Ω

∂t

(
r∂̺HΘ(r,Θ) −HΘ(r,Θ)

)
dx dt.

(3.30)

Using the identityD∂̺HΘ = −sDΘ − r∂̺sDΘ + ∂2
̺,̺HΘD̺ + ∂2

̺,ϑHΘDϑ, valid
for D = ∂t or D = ∇x, and the thermodynamical relations:∂2

̺,̺HΘ = 1
r ∂̺p(r,Θ),

r∂̺s = − 1
r ∂ϑp, ∂2

̺,ϑHΘ = ∂̺

(
̺(ϑ − Θ)∂ϑs

)
= (ϑ − Θ)∂ϑ

(
̺∂ϑs(̺, ϑ)

)
= 0,
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equation (3.30) rewrites after some algebraic rearrangements (see [10] for details)

∫

Ω

(
1

2
̺ε|~uε − ~U |2 + E (̺ε, ϑε|r,Θ) + εHR(Iε) +

1

2
ε

∫ ∞

0

∫

S2

(Iε − I)2d~ω dν

)
(τ, ·) dx

+

∫ τ

0

∫

Γ+

~ω · ~nx

[
Iε +

1

2
ε(Iε − I)2

]
(t, x, ~ω, ν) dΓ dν dt

+

∫ τ

0

∫

Ω

Θ

ϑε

(
Sε : ∇x~uε −

~qε · ∇xϑε

ϑε

)
dx dt

+

∫ τ

0

∫

Ω

∫ ∞

0

∫

S2

Θ

ν

[
log

n(Iε)

n(Iε) + 1
− log

n(Bε)

n(Bε) + 1

]
σaε(Bε − Iε) d~ω dν dx dt

+

∫ τ

0

∫

Ω

∫ ∞

0

∫

S2

Θ

ν

[
log

n(Iε)

n(Iε) + 1
− log

n(Ĩε)

n(Ĩε) + 1

]
σsε(Ĩε − Iε) d~ω dν dx dt,

≤
∫

Ω

1

2

(
̺0,ε|~u0,ε − ~U(0, ·)|2 + E (̺0,ε, ϑ0,ε|r(0, ·),Θ(0, ·)) + εHR(I0,ε)

+
1

2
ε

∫ ∞

0

∫

S2

(I0,ε − I(0, ·))2d~ω dν
)
dx

+

∫ τ

0

∫

Ω

̺ε(~uε − ~U) · ∇x
~U ·

(
~U − ~uε

)
dx dt

+

∫ τ

0

∫

Ω

̺ε (sε − s(r,Θ))
(
~U − ~uε

)
· ∇xΘ dx dt

+

∫ τ

0

∫

Ω

(
̺ε

(
∂t
~U + ~U · ∇x

~U
)
·
(
~U − ~uε

))
dx dt

−
∫ τ

0

∫

Ω

(
pε divx

~U − Sε : ∇x
~U

)
dx dt−

∫ τ

0

∫

Ω

(
εsR

ε ∂tΘ + ~qR
ε · ∇xΘ

)
dx dt

−
∫ τ

0

∫

Ω

(
̺ε (sε − s(r,Θ)) ∂tΘ

)
dx dt−

∫ τ

0

∫

Ω

̺ε (sε − s(r,Θ)) ~U · ∇xΘ dx dt

−
∫ τ

0

∫

Ω

~qε

ϑε
· ∇xΘ dx dt+

∫ τ

0

∫

Ω

( (
1 − ̺ε

r

)
∂tp(r,Θ) − ̺ε

r
~uε∇xp(r,Θ)

)
dx dt

−
∫ τ

0

∫

Ω

(
ε ~FR

ε · ∂t
~U + P

R
ε : ∇x

~U
)
dx dt

+

∫ τ

0

∫

Ω

∫ ∞

0

∫

S2

(Sε − S − ε∂tI) (Iε − I) d~ω dν dx dt

=: K0 +

11∑

j=1

∫ τ

0

Kj(t) dt.

(3.31)

It will be the goal of the next Section to provide a bound for the right-hand side of (3.31).
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3.2 Uniform estimates
We choose positive numbers(̺, ̺, ϑ, ϑ,E,E) such that

0 < ̺ ≤ 1

2
min

(t,x)∈[0,T ]×Ω
r(t, x) ≤ 2 max

(t,x)∈[0,T ]×Ω
r(t, x) ≤ ̺,

0 < ϑ ≤ 1

2
min

(t,x)∈[0,T ]×Ω
Θ(t, x) ≤ 2 max

(t,x)∈[0,T ]×Ω
Θ(t, x) ≤ ϑ,

0 < E ≤ 1

2
min

(t,x)∈[0,T ]×Ω
ER(t, x) ≤ 2 max

(t,x)∈[0,T ]×Ω
ER(t, x) ≤ E,

and we split any measurable functionh ash = hess + hres, wherehess(t, x) = h(t, x)
if (̺, ϑ,ER) ∈ [̺, ̺] × [ϑ, ϑ] × [E,E] andhess(t, x) = 0 otherwise.

Then we see [9] that there exist positive constantsCj for j = 1, · · ·, 6 such that

C1

(
|̺ε − r|2 + |ϑε − Θ|2

)
≤ HΘ(̺ε, ϑε) − (̺ε − r)∂ΘHΘ(r,Θ) −HΘ(r,Θ)

≤ C2

(
|̺ε − r|2 + |ϑε − Θ|2

)
,

(3.32)

for all (̺ε, ϑε) ∈ [̺, ̺] × [ϑ, ϑ],

HΘ(̺ε, ϑε) − (̺ε − r)∂ΘHΘ(r,Θ) −HΘ(r,Θ) ≥ C3 (1 + ̺e(̺ε, ϑε) + ̺|s(̺ε, ϑε)|) ,
(3.33)

otherwise. In the same stroke we have

C4

∫ ∞

0

∫

S2

|Iε−B(ν, ~ω, ~U,Θ)|2d~ω dν ≤ HR(Iε) ≤ C5

∫ ∞

0

∫

S2

|Iε−B(ν, ~ω, ~U,Θ)|2d~ω dν,
(3.34)

for all ER
ε ∈ [E,E],

HR(Iε) ≥ C6(1 + ER
ε + |sR

ε |), (3.35)

otherwise.
We have now the crucial inequality (see the Appendix for a proof)

Lemma 3.3 Let (r, ~U,Θ, I) be the solution of problem (3.14-3.19) satisfying the condi-
tions of Theorem 3.1.

One has the following relative entropy inequality
∫

Ω

[
1

2
̺ε|~uε − ~U |2 + E (̺ε, ϑε|r,Θ) +HR(Iε) +

∫ ∞

0

∫

S2

|Iε − I|2d~ω dν
]
(t, ·) dx

≤ 1

ε

{
Ce0 +

∫

Ω

[1

2
̺0,ε|~u0,ε − ~U(0, ·)|2 + E(̺0,ε, ϑ0,ε|r(0, ·),Θ(0, ·)) +HR(I0,ε)

+

∫ ∞

0

∫

S2

|I0,ε − I(0, ·)|2d~ω dν
]
dx

}
e

C
′

ε
t,

(3.36)

whereC andC′ are positive constants depending on(r, ~U,Θ, I) ande0 is the same as in
Theorem 3.1.
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The following result is a straightforward consequence of (3.36) and we omit its proof

Lemma 3.4 Assume ( “well prepared” data) thate0 = O(ε)2 and suppose that

‖̺0,ε − ̺0‖L2(Ω) ≤ Cε, ‖ϑ0,ε − ϑ0‖L2(Ω) ≤ Cε, ‖√̺0,ε (~u0,ε − ~u)‖
L2(Ω;R

3
)
≤ Cε.

Then the following estimates hold
(
ςmε + ςRε

)[
[0, T ]× Ω

]
≤ Cε, (3.37)

ess sup
t∈(0,T )

|Mε
res(t)| ≤ Cε, (3.38)

ess sup
t∈(0,T )

‖̺ε − ̺]ess(t)‖L2(Ω) ≤ C
√
ε, (3.39)

ess sup
t∈(0,T )

‖[ϑε − ϑ]ess(t)‖L2(Ω) ≤ C
√
ε, (3.40)

ess sup
t∈(0,T )

‖√̺ε (~uε(t) − ~u(t)) ‖
L2(Ω;R

3
)
≤ C

√
ε, (3.41)

ess sup
t∈(0,T )

‖[ER
ε − ER(I)]ess(t)‖L2(Ω) ≤ C

√
ε, (3.42)

ess sup
t∈(0,T )

‖[̺εe(̺ε, ϑε)]res(t)‖L1(Ω) ≤ C
√
ε, (3.43)

ess sup
t∈(0,T )

‖[̺εs(̺ε, ϑε)]res(t)‖L1(Ω) ≤ C
√
ε, (3.44)

ess sup
t∈(0,T )

‖[ER(Iε)]res(t)‖L1(Ω) ≤ C
√
ε, (3.45)

ess sup
t∈(0,T )

‖[sR(Iε)]res(t)‖L1(Ω) ≤ C
√
ε. (3.46)

Let us finally quote the following result which is a straightforward application of
Proposition 5.2 of [9] (the proof is omitted)

Proposition 3.5 Let{̺ε}ε>0, {ϑε}ε>0{Iε}ε>0 three sequences of non-negative measur-
able functions such that

[
̺(1)

ε

]

ess
→ ̺(1) weakly − (∗) in L∞(0, T ;L2(Ω)),

[
ϑ(1)

ε

]

ess
→ ϑ(1) weakly − (∗) in L∞(0, T ;L2(Ω)),

[
I(1)
ε

]

ess
→ I(1) weakly − (∗) in L∞(0, T ;L2(Ω)), a.e. in S2 × R+,

where

̺(1)
ε =

̺ε − ̺

ε
, ϑ(1)

ε =
ϑε − ϑ

ε
, I(1)

ε =
Iε − I

ε
.

Suppose that
ess sup

t∈(0,T )

|Mε
res(t)| ≤ Cε2. (3.47)
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LetG,GR ∈ C1(Oess) be given functions. Then

[G(̺ε, ϑε)]ess −G(̺, ϑ)

ε
→ ∂G(̺, ϑ)

∂̺
̺(1) +

∂G(̺, ϑ)

∂ϑ
ϑ(1),

weakly − (∗) in L∞(0, T ;L2(Ω)), and if we note

[
GR(Iε)

]
ess

:=
[
GR(Iε(·, ·, ~ω, ν))

]
ess

= GR(Iε) · IMε
ess
, for a.a. (~ω, ν) ∈ S2 × R+,

we have [
GR(Iε)

]
ess

−GR(I)

ε
→ ∂G(I)

∂I
I(1),

weakly − (∗) in L∞(0, T ;L2(Ω)), a.e. in S2 × R+.
Moreover ifG,GR ∈ C2(Oess) then

∥∥∥∥
[G(̺ε, ϑε)]ess −G(̺, ϑ)

ε
− ∂G(̺, ϑ)

∂̺

[
̺(1)

]

ess
− ∂G(̺, ϑ)

∂ϑ

[
ϑ(1)

]

ess

∥∥∥∥
L∞(0,T ;L1(Ω)

≤ Cε,

and ∥∥∥∥∥

[
GR(Iε)

]
ess

−GR(I)

ε
− ∂G(I)

∂I

[
I(1)

]

ess

∥∥∥∥∥
L∞(0,T ;L1(Ω)

≤ Cε,

for a.a. (~ω, ν) ∈ S2 × R+.

3.3 Convergence toward the target system
We are now in position to prove that thenon relativistic target system(3.14)-(3.16) is the
limit in a suitable sense, of the primitive system (3.5)-(3.10) whenε→ 0.

Theorem 3.6 LetΩ ⊂ R
3 be a bounded domain of classC2,ν . Assume that the thermo-

dynamic functionsp, e, s satisfy hypotheses (2.1 - 2.6) and that the coefficientsµ, η, κ,
σa, σs andB comply with (2.7) - (2.10).

Let (̺ε, ~uε, ϑε, Iε) be a weak solution to the scaled radiative Navier-Stokes system
(3.5 - 3.10) for(t, x, ~ω, ν) ∈ [0, T ]×Ω×S2 ×R+, supplemented with boundary condi-
tions (1.8 - 1.9), the compatibility conditions (3.20) and initial conditions(̺0,ε, ~u0,ε, ϑ0,ε, I0,ε)
such that

̺ε(0, ·) = ̺0 +
√
ε̺

(1)
0,ε, ~uε(0, ·) = ~u0,ε, ϑε(0, ·) = ϑ0 +

√
εϑ

(1)
0,ε,

where(̺0, ~u, ϑ0) ∈ H3(Ω) are smooth functions such that(̺0, ϑ0) belong to the set

OH
ess where̺ > 0, ϑ > 0, are two constants and

∫
Ω
̺
(1)
0,ε dx = 0,

∫
Ω
ϑ

(1)
0,ε dx = 0.

Suppose also that

~u0,ε → ~u0 strongly in L2(Ω; R3),

̺
(1)
0,ε → ̺

(1)
0 strongly in L2(Ω),



348 Ducomet – Nečasová

ϑ
(1)
0,ε → ϑ

(1)
0 strongly in L2(Ω).

Then up to subsequences

̺ε → ̺ strongly in L∞(0, T ;L
5
3 (Ω)),

~uε → ~u strongly in L2(0, T ;W 1,2(Ω; R3)),

ϑε → ϑ strongly in L∞(0, T ;L4(Ω)),

Iε → I strongly in L∞((0, T ) × Ω × S2 × (0,∞)),

where(̺, ~u, ϑ, I) is the smooth solution of (3.14)-(3.16) on[0, T ] × Ω, with initial data
(̺0, ~u0, ϑ0).

Proof: Let us observe that after Theorem 2.2, bounds (2.9) and (2.10) and relative en-
tropy inequality (3.36), the temperatureϑε is bounded inL2(0, T ;W 1,2(Ω)) then after
extraction of a subsequence

ϑε → ϑ in L2([0, T ]× Ω). (3.48)

1. For the continuity equation, Lemma 3.4 implies:
∫ T

0

∥∥∇x~uε + ∇T
x ~uε − 2

3 divx~uεI
∥∥

L2(Ω;R
3
)
dt ≤

C. Using this fact together with bounds in Lemma 3.4, we see that
∫ T

0

‖~uε(t) − ~u(t)‖2

W 1,2(Ω;R
3
)
dt ≤ C,

so, passing to the limit after possible extraction of a subsequence, we have~uε → ~u

weakly inL2(0, T ;W 1,2(Ω; R3)). In the same stroke̺ε → ̺, weakly inL∞(0, T ;L5/3(Ω; R3)).
So we can pass to the limit in the weak continuity equation (3.21) which rewrites as
(3.14), together with the boundary condition~u · nx|∂Ω = 0, provided∂Ω is regular.

2. For the radiative transfer equation we have shown in the previous sections, using
the result of Bardos, Golse, Perthame and Sentis [2] thatIε → I, weakly inL∞((0, T )×
Ω×S2×R+), and thatϑε → ϑ, weakly inL2(0, T ;W 1,2(Ω)). As the equation is linear
in I, we can pass to the limit in the weak formulation of radiativetransfer equation which
gives

∫ τ

0

∫

Ω

∫ ∞

0

∫

S2

{
~ω · ∇xψ I +

[
σa (B − I) + σs

(
Ĩ − I

)]
ψ

}
d~ω dν dx dt

=

∫ τ

0

∫

Γ+

∫ ∞

0

~ω · ~nxIψ dΓ dν dt,

for any test functionψ ∈ C∞
c ((0, T )× Ω×S2 ×R+) which is the weak formulation of

equation (3.5).
3. For the momentum equation, one knows after the analysis of[9] (see [4]) that one

can pass to the limit in the convective term and obtain
∫ T

0

∫

Ω

̺ǫ ~uǫ ⊗ ~uǫ : ∇xφ dx dt→
∫ T

0

∫

Ω

̺ ~u⊗ ~u : ∇xφ dx dt.
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Moreover after the hypotheses on pressure,ϑε is bounded inL∞((0, T );L4(Ω))∩L2(0, T ;L6(Ω)),
which implies thatSε → µ(ϑ)(∇x~u+∇t

x~u), weakly inLq(0, T ;Lq(Ω; R3)) for aq > 1.

Using (3.39) and (3.40)

ess sup
t∈(0,T )

‖pε − p]ess(t)‖L2(Ω) ≤ Cε,

then∇xpε → ∇xp in D′.

Finally as we know thatIε → I, weakly inL∞((0, T )×Ω×S2×R+) thenP
R
ε → P

R

andε ~FR
ε → 0, so we can pass to the limit in all the terms of the momentum equation

(3.22) and obtain (3.15).

4. For the entropy balance we rewrite equation (3.26) in the form

∫ τ

0

∫

Ω

(
(̺εsε + sR

ε )∂tϕ+ ̺εsε~uε · ∇xϕ+
~qε

ϑε
· ∇xϕ

)
dx dt+

1

ε

∫ τ

0

∫

Ω

~qR
ε

ϑε
· ∇xϕ dx dt

+ 〈ςm;φ〉[M;C]([0,T×Ω) +
〈
ςRε ;φ

〉
[M;C]([0,T×Ω)

−
∫

Ω

(
̺s+ sR

)
)(0, ·)ϕ(0, ·) dx

≤
∫

Ω

[(
̺0,εs0,ε + sR

0,ε

)
−

(
̺0s0 + sR

0

)]
ϕ(0, ·) dx

−
∫ τ

0

∫

Ω

{
̺ε(sε − s) + (̺ε − ̺)s+ sR

ε − sR)
}
∂tϕ dx dt

−
∫ τ

0

∫

Ω

{̺ε(sε − s)~uε + (̺ε~uε − ̺~u)s} · ∇xϕ dx dt

−
∫ τ

0

∫

Ω

[
~qε

ϑε
− ~q

ϑ

]
· ∇xϕ dx dt+ 〈ςmε − ςm;φ〉[M;C]([0,T×Ω) .

for anyϕ ∈ C∞
c ([0, T ] × Ω).

Using Proposition 3.5, one computes first

1

ε

∫ τ

0

∫

Ω

~qR
ε

ϑε
· ∇xϕ dx dt→

∫ τ

0

∫

Ω

~FR
1

ϑ
· ∇xϕ dx dt,

asε→ 0. In the same stroke, we find

〈
ςRε ;φ

〉
[M;C]([0,T×Ω)

→
∫ τ

0

∫

Ω

~FR
1 · ∇xϑ

ϑ2
ϕ dx dt.

asε→ 0, by using once more Proposition 3.5.

After the conditions on the data and the estimates in Lemma 3.4 and using verbatim
the techniques of [9](Chap. 5) one concludes that all of the integrals in the right hand
side converge to zero asε → 0, which proves that the limit entropy inequality (3.17) is
obtained 2
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Appendix: Proof of Lemma 3.3
After estimates (3.32)-(3.35) all of the terms in the left-hand side of (3.31) are positive.
Proceeding as in [8] we get
∫

Ω

(
1

2
̺ε|~uε − ~U |2 + E (̺ε, ϑε|r,Θ) + εHR(Iε) +

1

2
ε

∫ ∞

0

∫

S2

(Iε − I)2d~ω dν

)
(τ, ·) dx

+

∫ τ

0

∫

Γ+

~ω · ~nxIε(t, x, ~ω, ν) dΓ dν dt

+

∫ τ

0

∫

Ω

( ϑ

ϑε
S(̺ε,∇x~uε) : ∇x~uε − S(r, ~U) : (∇x~uε −∇x

~U) − S(̺ε,∇x~uε) : ∇x
~U

)
dx dt

+

∫ τ

0

∫

Ω

(~q(̺ε, ϑε) · ∇xΘ

ϑε
− Θ

ϑε

~q(̺ε, ϑε) · ∇xϑε

ϑε

)
dx dt

+

∫ τ

0

∫

Ω

∫ ∞

0

∫

S2

Θ

ν

[
log

n(Iε)

n(Iε) + 1
− log

n(Bε)

n(Bε) + 1

]
σaε(Bε − Iε) d~ω dν dx dt

+

∫ τ

0

∫

Ω

∫ ∞

0

∫

S2

Θ

ν

[
log

n(Iε)

n(Iε) + 1
− log

n(Ĩε)

n(Ĩε) + 1

]
σsε(Ĩε − Iε) d~ω dν dx dt,

≤
∫

Ω

1

2

(
̺0,ε|~u0,ε − ~U(0, ·)|2 + E (̺0,ε, ϑ0,ε|r(0, ·),Θ(0, ·)) +HR(I0,ε)

+
1

2
ε

∫ ∞

0

∫

S2

(I0,ε − I0)
2d~ω dν

)
dx

+

∫ τ

0

[
δ
∥∥∥~U − ~uε

∥∥∥
2

W 1,2(Ω;R3)
+ C(δ; r, ~U,Θ)

∫

Ω

(1

2
̺ε|~uε − ~U |2 + E (̺ε, ϑε|r,Θ)

)
dx

]
dt+ A,

where

A :=

∫

Ω

(
p(r,Θ) − p(̺ε, ϑε)

)
divx

~U dx+

∫

Ω

((
1 − ̺ε

r

)(
∂tp(r,Θ) + ~u · ∇xp(r,Θ)

)
dx

−
∫

Ω

̺
(
∂rs(r,Θ)(̺ε − r) − ∂Θs(r,Θ)(ϑε − Θ)

)(
∂tΘ + ~U · ∇xΘ

)
dx

−
∫ τ

0

∫

Ω

(
εsR

ε ∂tΘ + ~qR
ε · ∇xΘ

)
dx dt−

∫ τ

0

∫

Ω

(ε ~FR
ε · ∂t

~U + Pε : ∇x
~U) dx dt

+

∫ τ

0

∫

Ω

∫ ∞

0

∫

S2

(Sε − S − ε∂tI) (Iε − I) d~ω dν dx dt =:

6∑

k=1

.

(3.49)

In order to estimate the last terms in the right-hand side, webegin with the three last
integrals. We get first
∣∣∣∣
∫ τ

0

∫

Ω

(
εsR

ε ∂tΘ
)
dx dt

∣∣∣∣ ≤
∫ τ

0

∫

Ω

εHR
ε |∂t log Θ| dx dt+

∫ τ

0

∫

Ω

εER
ε |∂t log Θ| dx dt

≤ ‖∂t log Θ‖L∞(Ω)

(∫ τ

0

∫

Ω

εHR
ε dx dt+ ǫe0

)
,
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and also
∣∣∣∣
∫ τ

0

∫

Ω

~qR
ε · ∇xΘ dx dt

∣∣∣∣ ≤
∫ τ

0

∫

Ω

Θ|sR
ε |‖∇x log Θ‖ dx dt

≤ C‖∇xΘ‖L∞(Ω)

(
e0 +

∫ τ

0

∫

Ω

HR
ε dx dt

)
,

then

|A4| =

∣∣∣∣
∫ τ

0

∫

Ω

(
εsR

ε ∂tΘ + ~qR
ε · ∇xΘ

)
dx dt

∣∣∣∣ ≤ C

(
e0 +

∫ τ

0

∫

Ω

HR
ε dx dt

)
,

(3.50)
where we took into account (3.34) and (3.35). In the same way
∣∣∣∣
∫ τ

0

∫

Ω

ε ~FR
ε ∂t

~U dx dt

∣∣∣∣ = ε

∣∣∣∣
∫ τ

0

∫

Ω

∫ ∞

0

∫

S2

~ω (Iε −B(ν,Θ)) · ∂t
~U d~ω dν dx dt

∣∣∣∣

= ε

∣∣∣∣
∫ τ

0

∫

Ω

∫ ∞

0

∫

S2

~ω ([Iε −B(ν,Θ)]ess + [Iε −B(ν,Θ)]res) · ∂t
~U d~ω dν dx dt

∣∣∣∣

≤ Cε‖∂t
~U‖L∞

(∫ τ

0

∫

Ω

HR
ε dx dt

)
,

and in the second part
∣∣∣∣
∫ τ

0

∫

Ω

P
R
ε · ∇x

~U dx dt

∣∣∣∣ ≤
∣∣∣∣
∫ τ

0

∫

Ω

∫ ∞

0

∫

S2

~ω ⊗ ~ω (Iε −B(ν,Θ)) · ∇x
~U d~ω dν dx dt

∣∣∣∣

+

∣∣∣∣
∫ τ

0

∫

Ω

∫ ∞

0

∫

S2

~ω ⊗ ~ωB(ν,Θ) · ∇x
~U d~ω dν dx dt

∣∣∣∣

≤
∣∣∣∣

∫ τ

0

∫

Ω

∫ ∞

0

∫

S2

~ω ⊗ ~ω([Iε −B(ν,Θ)]ess

+ [Iε −B(ν,Θ)]res) · ∇xΘ d~ω dν dx dt

∣∣∣∣ +
1

3

∣∣∣∣
∫ τ

0

∫

Ω

Θ4divx
~U dx dt

∣∣∣∣

≤ C‖∇x
~U‖L∞

(∫ τ

0

∫

Ω

HR
ε dx dt+ e0

)
.

Then finally

|A5| =

∣∣∣∣
∫ τ

0

∫

Ω

(ε ~FR
ε · ∂t

~U + Pε : ∇x
~U) dx dt

∣∣∣∣ ≤ C(e0 +

∫ τ

0

∫

Ω

HR
ε dx dt). (3.51)

Using a Taylor argument we have also

|A6| =

∣∣∣∣
∫ τ

0

∫

Ω

∫ ∞

0

∫

S2

(Sε − S − ε∂tI) (Iε − I) d~ω dν dx dt

∣∣∣∣

≤ C

(∫ τ

0

∫

Ω

E (̺ε, ϑε|r,Θ) dx dt+

∫ τ

0

∫

Ω

∫ ∞

0

∫

S2

(Iε − I)2 d~ω dν dx dt

)
.
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Now using the previous thermodynamical identities forHΘ and the continuity equa-
tion for the target system, we get rid of the remaining integrals in the right-hand side of
(3.49) (see [10]) by observing that

A1 +A2 +A3 =

∫

Ω

(
p(r,Θ) − p(̺ε, ϑε)

)
divx

~U dx

+

∫

Ω

((
1 − ̺ε

r

)(
∂tp(r,Θ) + ~u · ∇xp(r,Θ)

)
dx

−
∫

Ω

̺
(
∂rs(r,Θ)(̺ε − r) − ∂Θs(r,Θ)(ϑε − Θ)

)(
∂tΘ + ~U · ∇xΘ

)
dx

=

∫

Ω

(
p(r,Θ) − p(̺ε, ϑε)

)
divx~u dx+

∫

Ω

̺ (Θ − ϑε) ∂Θs(r,Θ)
(
∂tΘ + ~U · ∇xΘ

)
dx

−
∫

Ω

(
r − ̺ε

)
∂rp(r,Θ)divx

~U dx.

As the second term in the right-hand side rewrites as follows

∫

Ω

̺ (Θ − ϑε) ∂Θs(r,Θ)
(
∂tΘ + ~U · ∇xΘ

)
dx

=

∫

Ω

r (Θ − ϑε)
[
∂ts(r,Θ) + ~U · ∇xs(r,Θ)

]
dx−

∫

Ω

(
Θ − ϑε

)
∂Θp(r,Θ)divx

~U dx

=

∫

Ω

(ϑ− ϑε)
[ 1

Θ

(
S(r, ~U) : ∇x

~U − ~q(Θ,∇xΘ) · ∇xΘ

Θ

)
− divx

(~q(Θ,∇xΘ)

Θ

)]
dx

−
∫

Ω

(
Θ − ϑε

)
∂Θp(r,Θ)divx

~U dx,

we deduce that

A1 +A2 +A3 =

∫

Ω

(
p(r,Θ) − p(̺ε, ϑε) − ∂̺p(r,Θ)(̺ε − r) − ∂ϑp(r,Θ)(ϑε − Θ)

)
divx

~U dx.

+

∫

Ω

(Θ − ϑε)
[ 1

Θ

(
S(r, ~U) : ∇x

~U − ~q(Θ,∇xΘ) · ∇xΘ

Θ

)
− divx

(~q(Θ,∇xΘ)

Θ

)]
dx,

where we observe that

∣∣∣∣
∫

Ω

(
p(r,Θ) − p(̺ε, ϑε) − ∂rp(r,Θ)(̺ε − r) − ∂Θp(r,Θ)(ϑε − Θ)

)
divx

~U dx

∣∣∣∣

≤ C
∥∥∥divx

~U
∥∥∥

L∞(Ω)

∫

Ω

E (̺ε, ϑε|r,Θ) dx.
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Plugging all of these estimates into (3.49) we see that it reduces finally to
∫

Ω

(
1

2
̺ε|~uε − ~U |2 + E (̺ε, ϑε|r,Θ) + εHR(Iε) +

1

2
ε

∫ ∞

0

∫

S2

(Iε − I)2d~ω dν

)
(τ, ·) dx

+

∫ τ

0

∫

Ω

( Θ

ϑε
S(̺ε,∇x~uε) : ∇x~uε − S(r, ~U) : (∇x~uε −∇x

~U) − S(̺ε,∇x~uε) : ∇x
~U

)
dx dt

+

∫ τ

0

∫

Ω

( ϑ̃ε − Θ

ϑ̃ε

S(̺ε,∇x~uε) : ∇x
~U

)
dx dt+

+

∫ τ

0

∫

Ω

(~q(ϑε,∇xϑε) · ∇xΘ

ϑε
− Θ

ϑε

~q(̺ε,∇xϑε) · ∇xϑε

ϑε

)
dx dt

+

∫ τ

0

∫

Ω

(
(Θ − ϑε)

~q(Θ,∇xΘ) · ∇xΘ

Θ2
+
~q(Θ,∇xΘ) · ∇x(ϑε − Θ)

Θ

)
dx dt

≤
∫

Ω

1

2

(
̺0,ε|~u0,ε − ~U(0, ·)|2 + E (̺0,ε, ϑ0,ε|r(0, ·),Θ(0, ·)) + εHR(I0,ε)

+
1

2
ε

∫ ∞

0

∫

S2

(I0,ε − I0)
2d~ω dν

)
dx

+

∫ τ

0

[
δ
∥∥∥~U − ~uε

∥∥∥
2

W 1,2(Ω;R3)
+ C′(δ; r, ~U,Θ)

∫

Ω

E (̺ε, ϑε|r,Θ) dx
]
dt

+ C′′(δ; r, ~U,Θ)(e0 +

∫ τ

0

∫

Ω

HR
ε dx dt)

+ C′′′(δ; r, ~U,Θ)

(∫ τ

0

∫

Ω

E (̺ε, ϑε|r,Θ) dx dt+

∫ τ

0

∫

Ω

∫ ∞

0

∫

S2

(Iε − I)2 d~ω dν dx dt

)
.

(3.52)

Finally we can control the dissipative terms (the three lastintegrals in the left-hand side),
by using verbatim the computations in ([10]) which leads to the final inequality

ε

∫

Ω

(
1

2
̺ε|~uε − ~U |2 + E (̺ε, ϑε|r,Θ) +HR(Iε) +

1

2

∫ ∞

0

∫

S2

(Iε − I)2d~ω dν

)
(τ, ·) dx

≤ k1e0 +

∫

Ω

(
1

2
̺0,ε|~u0,ε − ~U(0, ·)|2 + E (̺0,ε, ϑ0,ε|r(0, ·),Θ(0, ·)) + εHR(I0,ε)

+
1

2
ε

∫ ∞

0

∫

S2

(I0,ε − I0)
2d~ω dν

)
dx

+ k2

∫ τ

0

∫

Ω

(1

2
̺ε

∣∣∣~uε − ~U
∣∣∣
2

+ E (̺ε, ϑε|r,Θ) +HR(Iε) +
1

2

∫ ∞

0

∫

S2

(Iε − I)2d~ω dν
)
dx dt,

(3.53)

where the positive constantskj depend on(r, ~U,Θ) through the norms involved in The-
orem 3.1. Using Gronwall’s lemma we get finally the requestedinequality (3.36).
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[11] O. Kreml,Š. Nečasová and M. Pokorný. On the steady equations for compressible
radiative gas.Z. Angew. Math. Phys., 64:539–571, (2012).

[12] R. B. Lowrie, J. E. Morel and J. A. Hittinger. The coupling of radiation and
hydrodynamics.The Astrophysical Journal, 521:432–450, (1999).

[13] B. Mihalas and B. Weibel-Mihalas.Foundations of radiation hydrodynamics.
Dover Publications, Dover, 1984.

[14] G. C. Pomraning.Radiation hydrodynamics, Dover Publications, New York, 2005.

[15] I. Teleaga, M. Seaı̈d, I. Gasser, A. Klar and J. Struckmeier. Radiation models for
thermal flows at low Mach number.J. of Comput. Phys., 215:506–525, 2006.

Bernard Ducomet
CEA, DAM, DIF
F-91297 Arpajon, France

Šárka Nečasová
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