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Navier-Stokes-Fourier system

Mass conservation

∂t%+ divx(%u) = 0

Momentum balance

∂t(%u) + divx(%u⊗ u) +∇xp(%, ϑ) = divxS(∇xu)

divxS(∇xu) ≡ µ∆u + λ∇xdivxu, µ > 0, λ ≥ 0

Internal energy equation

∂t

(
%e(%ϑ)

)
+ divx

(
%e(%, ϑ)u

)
− divx (κ∇xϑ)

= S(∇xu) : ∇xu− p(%, ϑ)divxu, κ > 0



Existence of smooth solutions (classical theory)

Local solutions

A. Valli, W.Zajaczkowski [1982] Existence of classical
local-in-time solutions in the class:

% ∈ C ([0,Tmax);W 3,2(Ω)), ϑ0 ∈ C ([0,Tmax);W 3,2(Ω))

u ∈ C ([0,Tmax);W 3,2(Ω;R3))

Global solutions

A.Matsumura, T.Nishida [1980,1983] Existence of classical
global-in-time solutions in the same class for the initial data
sufficiently close to a static state
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Weak solutions

Boundary conditions

u|∂Ω = 0, ∇xϑ · n|∂Ω = 0

Gibbs’ relation

ϑDs(%, ϑ) = De(%, ϑ) + p(%, ϑ)D

(
1

%

)

Total energy balance

E (t) =

∫ [
1

2
%|u|2 + %e(%, ϑ)

]
d

dt
E (t) = 0
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Weak solutions - internal energy formulation

Mass conservation

∂t%+ divx(%u) = 0

Momentum balance

∂t(%u) + divx(%u⊗ u) +∇xp(%, ϑ) = divxS(∇xu)

Thermal energy balance

∂t

(
%e(%ϑ)

)
+ divx

(
%e(%, ϑ)u

)
− divx(κ∇xϑ)

≥ S(∇xu) : ∇xu− p(%, ϑ)divxu

Total energy balance∫ [
1

2
%|u|2 + %e(%, ϑ)

]
(τ, ·) dx ≤ E0



Weak solutions - entropy formulation

Mass conservation

∂t%+ divx(%u) = 0

Momentum balance

∂t(%u) + divx(%u⊗ u) +∇xp(%, ϑ) = divxS(∇xu)

Entropy balance

∂t

(
%s(%ϑ)

)
+ divx

(
%s(%, ϑ)u

)
− divx

(
κ
∇xϑ

ϑ

)
≥ 1

ϑ

[
S(∇xu) : ∇xu− κ|∇xϑ|2

ϑ

]

Total energy balance∫ [
1

2
%|u|2 + %e(%, ϑ)

]
(τ, ·) dx ≤ E0



Existence of weak solutions

Existence of weak solutions [E.F.2003], [E.F., A.Novotný
2009]

The Navier-Stokes-Fourier system admits a global-in-time weak
solution for any finite energy initial data

Compatibility property of weak solutions

Any weak solution that possesses necessary smoothness is a classical
one

Problems

density oscillations

temperature concentrations



Euler-Fourier system

Mass conservation

∂t%+ divx(%u) = 0

Momentum balance

∂t(%u) + divx(%u⊗ u) +∇x(%ϑ) = 0

Internal energy balance

3

2

[
∂t(%ϑ) + divx(%ϑu)

]
−∆ϑ = −%ϑdivxu
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Existence of weak solutions

Initial data

%0, ϑ0, u0 ∈ C 3, %0 > 0, ϑ0 > 0

Global existence [E.Chiodaroli, E.F., O.Kreml 2013]

For any (smooth) initial data %0, ϑ0, u0 the Euler-Fourier system
admits infinitely many weak solutions on a given time interval (0,T )

Regularity class

% ∈ C 2, ∂tϑ, ∇2
xϑ ∈ Lp for any 1 ≤ p <∞

u ∈ Cweak([0,T ]; L2) ∩ L∞, divxu ∈ C 1
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Relative (modulated) energy

Relative entropy functional

E
(
%, ϑ,u

∣∣∣ r ,Θ,U)
=

∫
Ω

(
1

2
%|u−U|2 + HΘ(%, ϑ)− ∂HΘ(r ,Θ)

∂%
(%− r)− HΘ(r ,Θ)

)
dx

Ballistic free energy

HΘ(%, ϑ) = %
(
e(%, ϑ)−Θs(%, ϑ)

)
Coercivity of the ballistic free energy

% 7→ HΘ(%,Θ) strictly convex

ϑ 7→ HΘ(%, ϑ) decreasing for ϑ < Θ and increasing for ϑ > Θ



Dissipative solutions

Relative entropy inequality[
E
(
%, ϑ,u

∣∣∣r ,Θ,U)]τ
t=0

+

∫ τ

0

∫
Ω

Θ

ϑ

(
S(∇xu) : ∇xu− q(ϑ,∇xϑ) · ∇xϑ

ϑ

)
dx dt

≤
∫ τ

0

R(%, ϑ,u, r ,Θ,U) dt

for any r > 0, Θ > 0, U satisfying relevant boundary conditions
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Remainder

R(%, ϑ,u, r ,Θ,U)

=

∫
Ω

(
%
(
∂tU + u · ∇xU

)
· (U− u) + S(∇xu) : ∇xU

)
dx

+

∫
Ω

[(
p(r ,Θ)− p(%, ϑ)

)
divU +

%

r
(U− u) · ∇xp(r ,Θ)

]
dx

−
∫

Ω

(
%
(
s(%, ϑ)− s(r ,Θ)

)
∂tΘ + %

(
s(%, ϑ)− s(r ,Θ)

)
u · ∇xΘ

+
q(ϑ,∇xϑ)

ϑ
· ∇xΘ

)
dx

+

∫
Ω

r − %
r

(
∂tp(r ,Θ) + U · ∇xp(r ,Θ)

)
dx
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Dissipative solutions - summary

Global existence in the viscous case

Global-in-time weak dissipative solutions of the
Navier-Stokes-Fourier or Euler Fourier system exist for any finite
energy initial data (under some hypotheses imposed on constitutive
relations)

Compatibility

Regular dissipative solutions are strong solutions

Weak-strong uniqueness

Dissipative and strong solutions emanating from the same (regular)
initial data coincide as long as the latter exists. The strong solutions
are unique in the class of weak solutions
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Dissipative solutions to the Euler-Fourier system

Initial data

%0 ∈ C 2, ϑ0 ∈ C 2, %0 > 0, ϑ0 > 0

Infinitely many dissipative weak solutions

For any regular initial data %0, ϑ0, there exists a velocity field u0

such that the Euler-Fourier problem admits infinitely many
dissipative weak solutions in (0,T )



Navier-Stokes-Fourier revisited

Viscosity and heat conductivity

µ > 0, η ≥ 0, κ = κ(ϑ) ≈ (1 + ϑα), α ≥ 2

Pressure

p(%, ϑ) = %ϑ+ a%γ , γ > 3

Internal energy

%e(%, ϑ) = cv%ϑ+
a

γ − 1
%γ
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Blow-up criterion

Blow-up of smooth solutions [E.F., Y.Sun 2014]

Suppose that the initial data %0, ϑ0, and u0 are smooth (W 2,3).
Then the Navier-Stokes-Fourier system admits a strong solution
defined on a (possibly short) time interval (0,T ).
If

sup
t∈(0,T )

[‖%‖L∞ + ‖ϑ‖L∞ + ‖u‖L∞ ] <∞,

then the solution can be extended beyond T .
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Regularity criterion

Regularity for weak solutions [E.F., Y.Sun 2014]

Suppose that the initial data %0, ϑ0, and u0 are smooth (W 2,3). Let
[%, ϑ,u] be a weak solution of the Navier-Stokes-Fourier system such
that

sup
t∈(0,T )

[‖%‖L∞ + ‖ϑ‖L∞ + ‖u‖L∞ + ‖divxu‖L∞ ] <∞.

Then [%, ϑ,u] is regular.

Main tools

Relative energy functional

Entropy formulation

Weak strong uniqueness
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Numerical solution

FV framework

regular tetrahedral mesh, Qh = {v | v = piece-wise constant}

FE framework - Crouzeix - Raviart

Vh =
{
v
∣∣∣ v = piece-wise affine, ṽΓ continuous on face Γ

}
ṽΓ ≡

1

|Γ|

∫
Γ

v dSx

Upwind discretization of convective terms

〈hu;∇xϕ〉E ≈
∑

Γ

∫
Γ

h(· − ũΓ · n)ũΓ · n[[ϕ]] dSx

≡
∑

Γ

∫
Γ

Up[h,u][[ϕ]] dSx



Numerical scheme [Karlsen-Karper], I

Equation of continuity

∫
Ω

Dt%
k
hϕh dx ≡

∫
Ω

%kh − %
k−1
h

∆t
ϕh dx =

∑
Γ∈Γh

∫
Γ

Up[%kh , u
k
h ] [[ϕh]] dSx

−hα
∑
Γ∈Γh

∫
Γ

[[%kh ]][[ϕh]] dSx for all ϕh ∈ Qh



Numerical scheme [Karlsen-Karper], II

Momentum equation∫
Ω

Dt

(
%kh ûk

h

)
· ϕh dx −

∑
Γ∈Γh

∫
Γ

Up[%kh ûk
h ,u

k
h ] · [[ϕ̂h]]dSx

−
∫

Ω

p(%kh , ϑ
k
h)divxϕh dx − hα

∑
Γ∈Γh

∫
Γ

[[%kh ]][[ϕ̂h]]
{

ûk
h

}
dSx

= −
∫

Ω

(
µ∇huh : ∇hϕ+ λdivhuk

hdivhϕh

)
dx

for all ϕh ∈ Vh(Ω)



Numerical scheme [Karlsen-Karper], III

Energy equation∫
Ω

Dt

(
%khϑ

k
h

)
ϕh dx −

∑
Γ∈Γh

∫
Γ

Up[%khϑ
k
h ,u

k
h ] [[ϕh]]dSx

+
∑
Γ∈Γh

∫
Γ

1

dh
[[K (ϑkh)]] [[ϕh]]dSx

=

∫
Ω

(
µ|∇huk

h |2 + λ|divhuk
h |2
)
ϕh dx

−
∫

Ω

ϑkh∂ϑp(%kh , ϑ
k
h)divxuk

hϕh dx

for all ϕh ∈ Qh(Ω)



Convergence of the numerical scheme

Convergence of the numerical scheme [E.F., T.Karper,
A.Novotný 2014]

The numerical solutions converge, up to a subsequence, to a weak
solution of the Navier-Stokes-Fourier system



Synergy analysis - numerics, assumptions

Numerical solutions with regular initial data

Suppose that [%h, ϑh,uh] is a sequence of numerical solutions for
regular initial data

Boundedness

Suppose that
%kh , ϑ

k
h , uk

h , divhuk
h

are bounded independently of the order of discretization h.



Synergy analysis - numerics, conclusion

Conclusion

The numerical solutions converge to a weak solution with

sup
t∈(0,T )

[‖%‖L∞ + ‖ϑ‖L∞ + ‖u‖L∞ + ‖divxu‖L∞ ] <∞.

Consequently:

the limit solution is smooth

the limit solution is unique

the numerical scheme converges unconditionally

error estimates (?)


