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Abstract Euler system

Equation

∂tu + divx

(
(u + h[u])� (u + h[u])

r [u]
+ H[u]

)
= 0, divxu = 0

v � v ≡ v ⊗ v − 1

N
|v|2I

(0,T )× Ω, Ω =
(
[−1, 1]|{−1;1}

)N
Energy constraint

1

2

|u + h[u]|2

r [u]
= e[u]

Boundary conditions

u(0, ·) = u0, u(T , ·) = uT



Oscillations in conservation laws

Nonlinear conservation law

∂tu + divxF(u) = 0

Linear field equation

∂tu + divxV = 0

Nonlinear “constitutive” relation

F(u) = V

Oscillations∫
B

uε →
∫
B

u for all B, lim inf
ε→0

∫
B

|uε|2 >
∫
B

|u|2



Convex integration

Field equations, constitutive relations

∂tu + divxV = 0, V = F(u)

Reformulation, subsolutions

V = F(u)⇔ G(u,V) = E(u),E(u) ≤ G(u,V) < e(u)

E convex, e “concave”

Oscillatory lemma, oscillatory increments

∂tuε + divxVε = 0, uε ⇀ 0

E(u + uε) ≤ G (u + uε,V + Vε) < e(u + uε)

lim inf

∫
E(uε) ≥

∫
(e(u)− E(u))α



Abstract Euler system, revisited

Equation

∂tu + divx

(
(u + h[u])� (u + h[u])

r [u]
+ H[u]

)
= 0, divxu = 0

v � v ≡ v ⊗ v − 1

N
|v|2I

(0,T )× Ω, Ω =
(
[−1, 1]|{−1;1}

)N
Energy constraint

1

2

|u + h[u]|2

r [u]
= e[u]

Boundary conditions

u(0, ·) = u0, u(T , ·) = uT



Abstract operators

Control set Q

Q ⊂ (0,T )× Ω, |Q| = |(0,T )× Ω|

Boundedness

b maps bounded sets in L∞((0,T )× Ω;RN) on bounded sets in
Cb(Q,RM)

Continuity

b[vn]→ b[v] in Cb(Q;RM) (uniformly for (t, x) ∈ Q )

whenever

vn → v in Cweak([0,T ]; L2(Ω;RN)) and weakly-(*) in L∞((0,T )× Ω;RN);

Causality

v(t, ·) = w(t, ·) for 0 ≤ t ≤ τ ≤ T implies b[v] = b[w] in [(0, τ ]× Ω]∩Q.



Subsolutions

Velocities, fluxes

v ∈ Cweak([0,T ]; L2(Ω;RN))∩L∞((0,T )×Ω;RN), v(0, ·) = u0, v(T , ·) = uT

F ∈ L∞((0,T )× Ω;RN×N
sym,0)

Field equations, differential constraints

∂tv + divxF = 0, divxv = 0 in D′((0,T )× Ω;RN)

Non-linear constraint

v ∈ C(Q;RN), F ∈ C(Q;RN×N
sym,0),

sup
(t,x)∈Q,t>τ

N

2
λmax

[
(v + h[v])⊗ (v + h[v])

r [v]
− F + H[v]

]
− e[v] < 0

for any 0 < τ < T



Subsolution continued

“Implicit” constitutive relation

λmax [v ⊗ v −U]

N

2
λmax [v ⊗ v −U] ≥ 1

2
|v|2, U ∈ RN×N

0,sym

N

2
λmax [v ⊗ v −U] =

1

2
|v|2 ⇔ U = v ⊗ v − 1

N
|v|2I



Oscillatory lemma

Hypotheses

U ⊂ R × RN , N = 2, 3 bounded open set

h̃ ∈ C(U;RN), H̃ ∈ C(U;RN×N
sym,0), ẽ, r̃ ∈ C(U), r̃ > 0, ẽ ≤ e in U

N

2
λmax

[
h̃⊗ h̃

r̃
− H̃

]
< ẽ in U.

Conclusion

wn ∈ C∞c (U;RN), Gn ∈ C∞c (U;RN×N
sym,0), n = 0, 1, . . .

∂twn + divxGn = 0, divxwn = 0 in R × RN ,

N

2
λmax

[
(h̃ + wn)⊗ (h̃ + wn)

r̃
− (H̃ + Gn)

]
< ẽ in U,

wn → 0 weakly in L2(U;RN)

lim inf
n→∞

∫
U

|wn|2

r̃
dxdt ≥ Λ(e)

∫
U

(
ẽ − 1

2

|h̃|2

r̃

)2

dxdt



Basic ideas of analysis

Localization

Localizing the result of DeLellis and Széhelyhidi to “small” cubes by
means of scaling arguments

Linearization

Replacing all continuous functions by their means on any of the “small”
cubes

Eliminating singular sets

Applying Whitney’s decomposition lemma to the non-singular sets (e.g.
out of the vacuum {% = 0})

Energy and other coefficients depending on solutions

Showing boundedness and continuity of the energy e(u) as well as other
quantities as the case may be



Expected results

Basic assumption

The set of subsolutions is non-empty

Good news

The problem admits global-in-time (finite energy) weak solutions of any
(large) initial data

Bad news

There are infinitely many solutions for given initial data

More bad news

There exist data for which the problem admits infinitely many
“admissible” solutions, meaning solutions that dissipate the energy



Example I, Euler-Fourier system

Mass conservation

∂t%+ divx(%u) = 0

Momentum balance

∂t(%u) + divx(%u⊗ u) +∇x(%ϑ) = 0

Internal energy balance

3

2

[
∂t(%ϑ) + divx(%ϑu)

]
−∆ϑ = −%ϑdivxu



Application of convex integration

Ansatz

%u = v +∇xΨ, divxv = 0

Equations

∂t%+ ∆Ψ = 0

∂tv + divx

(
(v +∇xΨ)⊗ (v +∇xΨ)

%

)
+∇x(∂tΨ + %ϑ) = 0

3

2

(
∂t(%ϑ) + divx

(
ϑ(v +∇xΨ)

))
−∆ϑ = −%ϑdivx

(
v +∇xΨ

%

)

“Energy”

e = χ(t)− 3

2
%ϑ[v]



Existence of weak solutions

Initial data

%0, ϑ0, u0 ∈ C 3, %0 > 0, ϑ0 > 0

Global existence

For any (smooth) initial data %0, ϑ0, u0 the Euler-Fourier system admits
infinitely many weak solutions on a given time interval (0,T )

Regularity class

% ∈ C 2, ∂tϑ, ∇2
xϑ ∈ Lp for any 1 ≤ p <∞

u ∈ Cweak([0,T ]; L2) ∩ L∞, divxu ∈ C 1



Dissipative solutions to the Euler-Fourier system

Initial data

%0 ∈ C 2, ϑ0 ∈ C 2, %0 > 0, ϑ0 > 0

Infinitely many dissipative weak solutions

For any regular initial data %0, ϑ0, there exists a velocity field u0 such that
the Euler-Fourier problem admits infinitely many dissipative weak
solutions in (0,T )



Example II, Euler-Korteweg-Poisson system

Mass conservation - equation of continuity

∂t%+ divx(%u) = 0

Momentum equations - Newton’s second law

∂t(%u) + divx(%u⊗ u) +∇xp(%)

= %∇x

(
K(%)∆x%+

1

2
K ′(%)|∇x%|2

)
− %u + %∇xV

Poisson equation

∆xV = %− %



Reformulation, Step 1

Extending the density

∂t%+ divx J̃ = 0, %(0, ·) = %0

Flux ansatz

J̃ = %(U0 − Z), Z = Z(t)

∂t

∫
T3

H[J̃] dx +

∫
T3

H[J̃] dx = 0

H− standard Helmholtz projection

meas
{
x ∈ T3

∣∣∣ %(t, x) = 0
}

= 0 for any t ∈ [0,T ]



Reformulation, Step 2

Flux ansatz

J = J̃ + w, divxw = 0, w(0, ·) = 0

w ∈ Cweak([0,T ], L2(Ω;R3)) ∪ L∞((0,T )× Ω;R3)

Equations

∂t
(

w + J̃
)

+ divx

(
(w + J̃)⊗ (w + J̃)

%

)
+∇xp(%) +

(
w + J̃

)
=

∇x

(
χ(%)∆x%

)
+

1

2
∇x

(
χ′(%)|∇x%|2

)
− 4divx

(
χ(%)∇x

√
%⊗∇x

√
%
)

+%∇xV



Reformulation, Step 3

Final flux ansatz

J̃ = H[J̃] +∇xM, v = et
(

w + H[J̃]
)
,

Equations

divxv = 0, v(0, ·) = H[J0]

∂tv + divx

(
(v + h)⊗ (v + h)

r
+ H

)
+∇xΠ = 0

Coefficients

r = et%, h = et∇xM



Driving terms

Convective term

H(t, x) = 4et
(
χ(%)∇x

√
%⊗∇x

√
%− 1

3
χ(%)|∇x

√
%|2I

)
4et
(

1

3
|∇xV |2I−∇xV ⊗∇xV

)
, H ∈ R3×3

0,sym

Pressure term

Π(t, x) = et
(
p(%) + ∂tM + M − χ(%)∆x%

)
−et

(
1

2
χ′(%)|∇x%|2 −

4

3
χ(%)|∇x

√
%|2 + %V +

1

3
|∇xV |2

)
+ Λ

Λ− a suitable constant



Example III, Euler-Cahn-Hilliard system

Model by Lowengrub and Truskinovsky

Mass conservation

∂t%+ divx(%u) = 0

Momentum balance

∂t(%u) + divx(%u⊗ u) +∇xp0(%, c) = divx

(
%∇xc ⊗∇xc −

%

2
|∇xc|2I

)
Cahn-Hilliard equation

∂t(%c) + divx(%cu) = ∆

(
µ0(%, c)− 1

%
divx (%∇xc)

)



Energy functional

Energy in the convex integration ansatz

1

2

|v +∇xΦ|2

%
= E [v]

≡ Λ(t)− 3

2

(
1

6
|∇xc[v]|2 + p0(%, c[v]) + ∂t∇xΦ

)

Uniform estimates

|∇xc| ≈ |u| needed!

Maximal regularity - Denk, Hieber, Pruess [2007]

∂tc +
1

%
∆

(
1

%
divx (%∇xc)

)
= h,



Example IV, 2D Savage-Hutter model

∂th + divx(hu) = 0,

∂t(hu) + divx(hu⊗ u) +∇x(ah2) = h

(
−γ u

|u| + f

)
,
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