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Oscillations in conservation laws

Nonlinear conservation law

Oru + divy[F(u) =0
Linear field equation

6tl.l =+ diVxV =0
Nonlinear “constitutive” relation

Fu)=V
Oscillations

- for all B, liminf 2 2
/Bus /Bu orall B, limin /B|u5| /B|u|
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Convex integration

Field equations, constitutive relations

Oru+diviV =0, V =TF(u)

Reformulation, subsolutions

V = F(u) & G(u, V) = E(u), E(u) < G(u, V) <

E convex, € “concave”

Oscillatory lemma, oscillatory increments

Orue + divy Ve =0, uEO
E(u+u)<G (u—i—us,V—i-VE) < &(u+u)

Iiminf/E(ug)/(E(u) — E(u)*
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Abstract Euler system

Equation

R (GO CIEL 01

o] + H[u]) =0, divxu=0

1.5
=vxv— —|v/?I
VOV=V XV N|v|

N
(07 T) X Q) Q= ([_17 1]|{—1;1})
Energy constraint

Boundary conditions

u(0,-) =ug, u(T,)=ur
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Abstract operators
Control set Q

QC(0,T)xQ, [QI=1(0,T) x Q|

Boundedness
b maps bounded sets in L>((0, T) x ; RV) on bounded sets in C,(Q, RM)
Continuity

b[vn] = b[v] in Cp(Q; RM) (uniformly for (t,x) € Q)
whenever

Vi = v in Cyeak ([0, T]; L2(2; RV)) and weakly-(*) in L((0, T) x Q; RV);
Causality

v(t,) =w(t,:) for 0 <t <7 < T implies blv] = b[w] in [(0,7] x Q] N Q.
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Subsolutions

Velocities, fluxes

v € Cuear ([0, TT; L2(S; RN)) N L°((0, T) x ; RY), v(0,-) =ug, v(T,:) =ur

F e L%°((0, T) x Q; RVXN

sym,O)
Field equations, differential constraints
Non-linear constraint

dwv + diviF = 0, divxv = 0 in D'((0, T) x ; RV)

ve C(@RY), Fec(@;
sup

_)\max
(t,x)EQ,t>T

NxN
Rsym,0)7

(v+hlv]) © (v + h[v])
r[v]

—F 4+ Hlv]| —e[v]<o0
forany 0 <7< T
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Subsolution continued

“Implicit” constitutive relation

Amax [V®V_U]
EAmax [V®V_U] >

2 Nx N
vz, Ue Ro,;;;m

1
—Amax vov-U] = §|v|2

1
U= — —|v|’I
VRV N|v|
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Hypotheses
UCRX RN N = 2,3 bounded open set

hecU;RY), He c(u; RN, & FecC(u), F>0, é<@inU

N heh =~
— Amax ® —H:| < éin U.
2 F

Conclusion

w, € C°(U;RY), Gy e (U REEN), n=0,1,.

Bewp, + diviG, = 0, divew, =0in R x RV,
N (h +wp) ® (h 4 wa)

5 )\max

~{ +Gy| <éinu,

F

w, — 0 weakly in L2(U; RN)

I:’n_1>|onof/ Iwnl® dxdt>A(e)/ (




Basic ideas of analysis

Localization

Localizing the result of DeLellis and Széhelyhidi to “small” cubes by means of
scaling arguments

Linearization

Replacing all continuous functions by their means on any of the “small” cubes
Eliminating singular sets

the vacuum {o = 0})

Applying Whitney's decomposition lemma to the non-singular sets (e.g. out of

Energy and other coefficients depending on solutions

Showing boundedness and continuity of the energy €(u) as well as other
quantities as the case may be

o>



Expected results

Basic assumption

The set of subsolutions is non-empty

Good news

The problem admits global-in-time (finite energy) weak solutions of any (large)

initial data

Bad news

There are infinitely many solutions for given initial data

More bad news

There exist data for which the problem admits infinitely many “admissible”
solutions, meaning solutions that dissipate the energy
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Example |, Euler-Fourier system

Mass conservation

Oto0 + divx(ou) =0
Momentum balance

Ot(ou) + divx(ou ® u) + V4 (09) =0
Internal energy balance

g [Bt(gﬂ) + divx(m?u)} — A9 = —ddivyu
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Application of convex integration

Ansatz
ou=v+ V¥V divyv =0
Equations

8:,Q+A\|/=0
<V <V
T (AR AT

) + V(0 + 09) =0

— _oddiv (ﬂ)

4

e

g (06(09) + diva (9(v + VW) ) ) — &0
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Existence of weak solutions

Initial data

00, Yo, ug € C3, 09 >0, ¥ >0

Global existence

For any (smooth) initial data gg, Yo, ug the Euler-Fourier system admits

infinitely many weak solutions on a given time interval (0, T)
Regularity class

o€ C? 0,9, V,2(19 € LPforany 1< p<oo

u € Cyear([0, T]; L2) N L, divxu € C*
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Dissipative solutions to the Euler-Fourier system

Initial data

00 € C%,99 € C?, 99>0, 9 >0

Infinitely many dissipative weak solutions

For any regular initial data gg, ¥o, there exists a velocity field ug such that the
Euler-Fourier problem admits infinitely many dissipative weak solutions in (0, T)
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Example 11, Euler-Korteweg-Poisson system

Mass conservation - equation of continuity

Oto + divx(ou) =0

Momentum equations - Newton’s second law

0Ot(ou) + divx(ou ® u) + Vxp(0)

1
o9 (K80 + 3K IV

—ou+ oVyV
Poisson equation
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Reformulation, Step 1

Extending the density

Ao +diveJ =0, 0(0,") = 00
Flux ansatz

J=0o(Ug—2), Z=2(z)

at/TsH[J] dx+/T3H[j] dx=0

H — standard Helmholtz projection

meas {x eT® ‘ o(t,x) = 0} =0 forany t €0, T]
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Reformulation, Step 2

Flux ansatz

=J+w, divisw =0, w(0,-) =0

w € | Cuear([0. T1.L2(@ R)) | U L((0, T) x 2 RY)
Equations

O (w + ."l) + divy <%§(w+3)> + Vxp(o) + (w + ]) =

Vi (X(Q)Axg) + %Vx (x’(@)lvxglz) — Adivx (X(Q)Vx\/z’ ® VX\/E)

+oVxV
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Reformulation, Step 3

Final flux ansatz

J=H[]+ VM, v=¢ (w+ H[j]) ,
Equations

divev = 0, v(0,-) = H[Jo]

Orv + divy (—(v +h@v+h) +H
r
Coefficients

)+ 9=

r=eto, h=e'V,M

«O>» «Fr <«
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Driving terms

Convective term

Hi(r,x) = 4e* (X(2)VxvE® Va2 = 3x(@)IVoval])

1
set (§|va|2]l —V V@ Vs v) ,HeRrS,
Pressure term

n(t,x) = e (p(g) +0:M+ M — x(@)Axg)

1 4 1
—e <§x'(a)lvx9|2 - §X(9)|VX\/§|2 +oV + §|VxV|2> +

A — a suitable constant
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Example 111, Euler-Cahn-Hilliard system

Model by Lowengrub and Truskinovsky

Mass conservation

Oro + divy(ou) =0
Momentum balance

Ot (ou) 4 divx(ou ® u) + Vipo(o, €) = divx (QVXC ® Vxc — §|ch|2]l)
Cahn-Hilliard equation

Be(c) + divy(ocu) = A (Mo(g, ) - Zaivs (gvxc))
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Energy functional

Energy in the convex integration ansatz

2
l lV + Vx¢| _ E[V]
4

=A@~ (% + pole.clv]) + afvxcv)

2

Uniform estimates

|Vxc| & |u| needed!

Maximal regularity - Denk, Hieber, Pruess [2007]

1 1
Orc+ —A (—divx (QVXC)> =h,
4 e
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