~
—
[aa)
-
al
(8
ad
1
O
(8 8
N
O
Q
C
G
o
o]
(8 8
Y
=z
—
U
o]
[
o
=
(88
A
<
O
<

INSTITUTE of MATHEMATICS

Weak-type estimates in Morrey spaces
for maximal commutator
and commutator of maximal function

Amiran Gogatishvili
Rza Mustafayev
Miijdat Agcayazi

Preprint No. 19-2015
PRAHA 2015






WEAK-TYPE ESTIMATES IN MORREY SPACES FOR MAXIMAL COMMUTATOR AND
COMMUTATOR OF MAXIMAL FUNCTION

AMIRAN GOGATISHVILI, RZA MUSTAFAYEV, AND MUJDAT AGCAYAZI

ABSTRACT. In this paper it is shown that the Hardy-Littlewood maximal operator M is not bounded on
Zygmund-Morrey space M og 1,2, but M is still bounded on Mo 1,4 for radially decreasing functions.
The boundedness of the iterated maximal operator M? from Migog1).0 to weak Zygmund-Morrey space
WM og1),1 is proved. The class of functions for which the maximal commutator C,, is bounded from
Mgy 10 WMiogr),a are characterized. It is proved that the commutator of the Hardy-Littlewood
maximal operator M with function » € BMO(R") such that b~ € Lo(R") is bounded from Mpqog1).4 t0
WMy og1),1. New pointwise characterizations of M, M by means of norm of Hardy-Littlewood maximal
function in classical Morrey spaces are given.

1. INTRODUCTION

Given a locally integrable function f on R" and O < a < n, the fractional maximal function M, f of f
is defined by
Mf0 = supl0F [ Fldy, (e
Oax 0
where the supremum is taken over all cubes Q containing x. The operator M, : f — M,f is called the
fractional maximal operator. M := M, is the classical Hardy-Littlewood maximal operator.

The study of maximal operators is one of the most important topics in harmonic analysis. These sig-
nificant non-linear operators, whose behavior are very informative in particular in differentiation theory,
provided the understanding and the inspiration for the development of the general class of singular and
potential operators (see, for instance, [8, 12—14,30-32]).

Let f € L*“(R"). Then f is said to be in BMO(R") if the seminorm given by

1
1A 5= sup o fQ ) = foldy

is finite.

Definition 1.1. Given a measurable function b the maximal commutator is defined by

1
Cp(f)(x) = sup

N b b d
oo 10] fQ' () = Oy

for all x € R".
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2 A. GOGATISHVILI, R.CHMUSTAFAYEV, AND M. AGCAYAZI

This operator plays an important role in the study of commutators of singular integral operators with
BMO symbols (see, for instance, [9,21,27,28]). The maximal operator C, has been studied intensively
and there exist plenty of results about it. Garcia-Cuerva et al. [9] proved the following statement.

Theorem 1.2. Let 1 < p < co. Cy is bounded on L,(R") if and only if b € BMO(R").

Definition 1.3. Given a measurable function b the commutator of the Hardy-Littlewood maximal operator
M and b is defined by
[M,b]f(x) := M(bf)(x) = b(x)M f(x)

for all x € R".

The operator [M, b] was studied by Milman et al. in [22] and [2]. This operator arises, for example,
when one tries to give a meaning to the product of a function in H' and a function in BMO (which may
not be a locally integrable function, see, for instance, [5]). Using real interpolation techniques, in [22],
Milman and Schonbek proved the L,-boundedness of the operator [M, b]. Bastero, Milman and Ruiz [2]
proved the next theorem.

Theorem 1.4. Let 1 < p < co. Then the following assertions are equivalent:
(1) [M, b] is bounded on L,(R").
(ii) b € BMO(R") and b~ € Lo (R").

The opertors C;, and [M, b] enjoy weak-type L(1 + log* L) estimate.

Theorem 1.5 ([ 1, Theorem 1.5], see also [15] and [16]). The following assertions are equivalent:

(1) There exists a positive constant ¢ such that for each A > 0, inequality

(1.1) l{x € R" : C,(f)(x) > A}| < Cf V;_x)' (1 +log* (lf;x)l))dx.

holds for all f € L(1 + log* L)(R").
(ii) b € BMO(R™).

n

Theorem 1.6. [1, Theorem 1.6] Let b € BMOR") such that b~ € L(R"). Then there exists a positive
constant ¢ such that

(1.2) lx € R < |[M, b9l > )l < ceo (1 +Tog" o) [ L Elx)l (1 +log* (lf;_x)l)) dx,
Rn
forall f € L(1+1log" L) and A > 0, where co = ||b*||. + |67 ||co-

Operators C,, and [M, b] essentially differ from each other. For example, C, is a positive and sublinear
operator, but [M, b] is neither positive nor sublinear. However, if b satisfies some additional conditions,
then operator C,, controls [M, b].

Lemma 1.7. [1, Lemma 3.1 and 3.2] Let b be any non-negative locally integrable function. Then

(1.3) (M, b1f ()] < Cp(f)(x)  (x €RY)
holds for all f € LIIOC(R").
If b is any locally integrable function on R", then

(1.4) I[M, b1 f1(x) < Cp(f)(x) + 26" ()M f(x) (x € R")

"Denote by b*(x) = max{b(x),0} and b~ (x) = — min{b(x), 0}, consequently b = b* — b~ and |b| = b* + b™.



holds for all f € LIIOC(R”).
We recall the following statement from [1].

Theorem 1.8. [, Theorem 1.13] Let b € BMOR"). Suppose that X is a Banach space of measurable
functions defined on R". Moreover, assume that X satisfies the lattice property, that is,

O<g<f = lgllx s Ifllx

Assume that M is bounded on X. Then the operator C,, is bounded on X, and the inequality
ICs fllx < cllblll fllx

holds with constant c independent of f.
Moreover, if b~ € Lo(R"), then the operator [M, b] is bounded on X, and the inequality

I0M, D1 fllx < c(IB™ Il + 11671l f1lx

holds with constant c independent of f.
The proof of previous theorem is based on the following inequalities.

Theorem 1.9. [1, Corollary 1.11 and 1.12] Let b € BMO(R"). Then, there exists a positive constant ¢
such that

(1.5) Co(f)(x) < cllbll.M? f(x) (x e R")
forall f € L**(R").

Moreover, if b~ € Lo,(R"), then, there exists a positive constant ¢ such that
(1.6) IIM, b1 £ (0| < c (1Bl + 1167 ]lw) M £(x)
forall f € L11°°(R").

The classical Morrey spaces M,, ; = M, ,(R"), were introduced by C. Morrey in [23] in order to study
regularity questions which appear in the Calculus of Variations, and defined as follows: for 0 < A < n
and 1 < p < oo,

My = {f € LR : [Iflly,, = sup rNf llL, By < 00},
XeR", r>0
where B(x, r) is the open ball centered at x of radius r.

Note that M, o(R") = L,(R") and M, ,(R") = L,(R").

These spaces describe local regularity more precisely than Lebesgue spaces and appeared to be quite
useful in the study of the local behavior of solutions to partial differential equations, a priori estimates
and other topics in PDE (cf. [10]).

The boundedness of the Hardy-Littlewood maximal operator M in Morrey spaces M, , was proved by
F. Chiarenza and M. Frasca in [7]: It was shown that M f is a.e. finite if f € M, , and an estimate

(1.7) IM flim,, <cllflim,,

holdsif 1 < p < o and 0 < A < n, and a weak type estimate (1.7) replaces for p = 1, that is, the
inequality

(1.8) M f > 1y 0 Bx, )l < eI flim,,
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holds with constant ¢ independent of x, r, # and f.
In [11], it is proved that the Hardy-Littlewood maximal operator M is bounded on M, , 0 < A < n,
for radially decreasing functions, that is, the inequality

(1.9) IMFlip,, S Ifliwg o f € M

holds with constant independent of f, and an example which shows that M is not bounded on M, ,,
0 <A <nisgiven.

Combining Theorem 1.9 with inequalities (1.7) and (1.9), it is easy to generalize Theorems 1.2 and 1.4
to Morrey spaces (see Theorems 3.1 and 3.3).

In this paper the Zygmund-Morrey and the weak Zygmund-Morrey spaces are defined. In order to
investigate the boundedness of the maximal commutator C, and the commutator of maximal function
[M, b] on Zygmund-Morrey spaces we start to study the boundedness properties of the Hardy-Littlewood
maximal operator on these spaces. It is shown that the Hardy-Littlewood maximal operator M is not
bounded on Zygmund-Morrey spaces Mg 1),0, but M is still bounded on M e 1,4 for radially decreas-
ing functions. The boundedness of the iterated maximal operator M? from Zygmund-Morrey spaces
Miog )4 to weak Zygmund-Morrey spaces WM og1),1 18 proved. The class of functions for which
the maximal commutator C;, is bounded from M og1)1 10 WM_og 1)1 are characterized. It is proved
that the commutator [M, b] is bounded from Mogr).0 t0 WMiog1)2, When b € BMO(R") such that
b~ € L(R"). New pointwise characterizations of M, M by means of norm of Hardy-Littlewood maximal
function in Morrey space are given.

The paper is organized as follows. In Section 2 notations and preliminary results are given. Bound-
edness of maximal commutator and commutator of maximal function in Morrey spaces are investigated
in Section 3. New characterizations of M,M are obtained in section 4. In Section 5 it is shown that the
Hardy-Littlewood maximal operator M is not bounded on Zygmund-Morrey spaces M og 1)1, but M is
still bounded on Mo 1)1 for radially decreasing functions. The boundedness of the iterated maximal
operator from M og 1)1 10 WMyog1).0 is proved in Section 6. In Section 7 weak-type estimates for
maximal commutator and commutator of maximal function in Zygmund-Morrey spaces are proved.

2. NOTATIONS AND PRELIMINARIES

Now we make some conventions. Throughout the paper, we always denote by c¢ a positive constant,
which is independent of main parameters, but it may vary from line to line. However a constant with
subscript such as c¢; does not change in different occurrences. By a < b we mean that a < cb with
some positive constant ¢ independent of appropriate quantities. If a < b and b < a, we write a = b
and say that a and b are equivalent. For a measurable set E, yr denotes the characteristic function of E.
Throughout this paper cubes will be assumed to have their sides parallel to the coordinate axes. Given
A > 0 and a cube Q, 1Q denotes the cube with the same center as Q and whose side is A times that of
Q. For a fixed p with p € [1, ), p’ denotes the dual exponent of p, namely, p’ = p/(p — 1). For any
measurable set E and any integrable function f on E, we denote by fr the mean value of f over E, that
is, fr = (1/|E)) fE f(x)dx. Unless a special remark is made, the differential element dx is omitted when
the integrals under consideration are the Lebesgue integrals.

For the sake of completeness we recall the definitions and some properties of the spaces we are going
to use.
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Let Q) be any measurable subset of R", n > 1. Let () denote the set of all measurable functions on
Q and Ny (Q) the class of functions in Ni(L) that are finite a.e.
For p € (0, oo], we define the functional || - ||, o on (L) by

Ul = | @I A7 i p < eo,
PET \esssupg lf0)l i p = oo,
The Lebesgue space L,(€2) is given by

Ly(Q) := {f € M) : |Ifllp2 < o0}

and it is equipped with the quasi-norm || - ||, o.
Denote by Mt = 9radl(R") the set of all measurable, radially decreasing functions on R”, that is,

ML = (F e MR @ f(x) = @(|x]), x € R" with @ € M0, c0)}.
Recall that Mf ~ Hf, f € M?4, where

1
H =— d
f(x) 1BO. D] Jon lfO)ldy

is n-dimensional Hardy operator. Obviously, Hf € 9" when f € M2l
The non-increasing rearrangement (see, e.g., [4, p. 39]) of a function f € M (R") is defined by

@) :=inf{A>0:{xeR":|f(x)| > A} <t} (0<t<o0).
Then f** will denote the maximal function of f* defined by
@ = %ﬁtf*(s) ds, (t > 0).
The Zygmund class L(log* L)(Q) is the set of all f € IN(Q) such that
fg [f()ldog™ [f(x)]) dx < oo,
where log™ t = max{log, 0}, t > 0. Generally, this is not a linear set. Nevertheless, considering the class
L(1 +log" L)(Q) = {f € MY = I fllzq+iog* i) = fglf(X)I (1 +log™ [f(x))dx < 00},

we obtain a linear set, the Zygmund space.
The size of M? is given by the following inequality.

Lemma 2.1. [24, Lemma 1.6] There exists a positive constant ¢ such that for any function f and for all

A>0,
f) (1 + log' (If(x)l)) .
A A

The following important result regarding BMO is true.

(2.1) l{x e R" : M*f(x) > A} < cf

n

Lemma 2.2 ([17] and [3]). For p € (0, c0), BMO(p)(R") = BMO(R"), with equivalent norms, where

1 s
||f||BMO(p)(R”) ‘= sup (— f lf() - fQ|pd)’) .
o \10l Jo
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A continuously increasing function on [0, o], say ¥ : [0, co] — [0, oo] such that ¥(0) = 0, ¥Y(1) = 1
and W(o0) = oo, will be referred to as an Orlicz function. If ¥ is an Orlicz function, then

®(1) = supfts — Y(s); s € [0, 0]}

is the complementary Orlicz function to V.
The Orlicz space denoted by LY = L¥(R") consists of all measurable functions g : R” — R such that

[ (E e
R” a

Let us define the W-average of g over a cube Q of R" by

lglv.o = inf{a -0 é L‘P(lgsc)l)dx < 1}.

When Y is a Young function, i.e. a convex Orlicz function, the quantity

1flle = inf{a S0 f w(@)dy : 1}
N

is well known Luxemburg norm in the space LY (see [25]).

for some « > 0.

A Young function P is said to satisfy the V,-condition, denoted ¥ € V,, if for some K > 1
1
Y(r) < ﬁ(‘I’(Kt) for all ¢ > 0.

It should be noted that W(¢) = ¢ fails the V,-condition.
Theorem 2.3. [18] The Hardy-Littlewood maximal operator is bounded on LY, provided that ¥ € V.

Combining Theorem 2.3 and 1.8, we obtain the following statement.

Theorem 2.4. Let b € BMOR") and ¥ € V,.
Then the operator Cy, is bounded on LY, and the inequality

ICsflly < cllbll ANl

holds with constant c independent of f.
Moreover, if b~ € L(R"), then the operator [M, b] is bounded on LY, and the inequality

M, D1 flle < cCIB™ Il + 11671l f1l e

holds with constant c independent of f.

If f € LY(R™), the Orlicz maximal function of f with respect to ' is defined by setting

My f(x) = sup || fllv,0
xeQ
where the supremum is taken over all cubes Q of R” containing x.
The generalized Holder’s inequality
1
10l

where Y is the complementary Young function associated to @, holds.

22) f FO)Idy < [fllooliellvo
0
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The main example that we are going to be using is ®(7) = #(1 + log™ r) with maximal function defined
by M (1.410e* 1)- The complementary Young function is given by ¥(¢) = ¢’ with the corresponding maximal
function denoted by M, ;.

We define the weak L(1 + log* L)-average of g over a cube Q of R” analogously by

1 l{ixe Q:lgx)| > ar

lgllwz(1+10g 1.0 = Inf Ja@& > 0 2 sup —
(1+log™ L),Q =0 |0l %(1+10g+ %)

Let 0 < A4 < n. The Zygmund-Morrey spaces Mogr)a(R") = Miyisiogr )2 (R") and the weak
Zygmund-Morrey spaces WM og 1) /(R") = WM 1110g* 1) 1(R") are defined as follows:

1
Mgt paRY) :={f € MR") : ||f||ML(l+log+m = S‘ép 101" 1/l z1+10g* £),0 < o0},

<1

a
WML(1+1og+ paR") ={f € MR") : ||f||’WML(1+10g+ DA T Slép 101" | fllwzc1+10g* ),0 < 0},

respectively. Note that M 10+ 1)1 18 a special case of Orlicz-Morrey spaces L2 (with ®(r) = (1 +
log* 1) and ¢(¢) = t%, t > 0) defined in [26, Definitions 2.3]. As we know, a weak version has not been
defined yet in such form.

3. BOUNDEDNESS OF MAXIMAL COMMUTATOR AND COMMUTATOR OF MAXIMAL FUNCTION IN MORREY SPACES

In this section we investigate boundedness of maximal commutator and commutator of maximal func-
tion in Morrey spaces.
The following theorem is true.

Theorem 3.1. Let 1 < p < 00, 0 < A < n. The following assertions are equivalent:
(1) b € BMO(R").
(ii) The operator Cy, is bounded on M, 5.

Proof. (i) = (ii). Suppose that b € BMO(R"). By Theorem 1.9 and inequality (1.7) it follows that C}, is
bounded in Morrey space M,, ; and the following inequality holds:

IC(NIm,, S 11BN flIm, -

(i) = (1). Assume that there exists ¢ > 0 such that

NCs(DlIm,, < cllflim,,
for all f € M, ,. Obviously,

1
T sup(|Q’|‘n‘" | If(Y)I”dy) .
o4 o
Let Q be a fixed cube. We consider f = y. Itis easy to compute that
)= ’ , A
lollm,. = sup[1Q17 | xoMdy| =sup(lQ’ N QIQ'I™)
(3.1) o o | o
= sup (|QIIQ'1')" = |Ql".
<o
On the other hand, since

Culro)) 2 75 [ 1b03) = baldy forall x€ Q.
0

1
0l
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then

P

ICslIm,.. = sup (IQ'IA"n fQ, ICh(XQ)(y)I”dy)

a1
b(y) — byldy.
lQlfQuy) oldy

(3.2)

2 Q|

Since by assumption

IC(xlIm,, S xollm, .
by (3.1) and (3.2), we get that

= f Ib(y) — boldy < c.

Combining Theorem 1.9 with inequality (1.9), we get the following statement.

Theorem 3.2. Let 0 < A < n. Assume that b € BMO(R"). Then the operator Cy, is bounded on M, , for

radially decreasing functions.
The following theorem was proved in [33].

Theorem 3.3. Let 1 < p < o0, 0 < A < n. Suppose that b be a real valued, locally integrable function in
R”. The following assertions are equivalent:

(1) b is in BMO(R") such that b~ € L(R").

(ii) The commutator [M, b] is bounded in M, ,.

Remark 3.4. (i) = (ii). Assume that b is in BMO(R") such that b~ € L.(R"). By Theorem 1.9 and
inequality (1.7) it follows that [M, b] is bounded in Morrey space M, ; and the following inequality
holds:

M, b1 flim,, < (67N + 11671e0) 1S 1Im, 0

Combining Theorem 1.9 with inequality (1.9), we obtain the following statement.

Theorem 3.5. Let 0 < A < n. Suppose that b is in BMO(R") such that b~ € L(R"). Then [M,b] is

bounded on M, , for radially decreasing functions.

4. SOME AUXILLARY RESULTS

To prove the theorems in the next sections we need the following results.
Theorem 4.1. Let O < a < n. Then

Mo (M f)(x) = sup Q" fo~ SuPIQI ANz o .0

O>x
an | /1
~ suplQI* f|f|(1+log / )
05x Iflo
holds for all f € L11°C(R").

The statement of Theorem 4.1 follows by the following two lemmas.



Lemma 4.2. Inequalities

o= Lo ]

holds for all f € Llloc(R”) with positive constants independent of f and Q.

Proof. Let QO be a cube in R". We are going to use weak type estimates (see [29], for instance): there
exist positive constants ¢; < 1 and ¢, > 1 such that for every f € LIIOC(R”) and for every r > 1/|Q)| fQ Lf]

we have
c f ol dx<|{xe Q: Mf(x) >t} < czf BACY) d
Qlflny ! xe@lf>/2) L
‘We have that
fo - f x € Q: Mf(x)> A)dA
[0} 0
flo
= f {x e Q: Mf(x)> A}|da
0
+foo {x e Q: Mf(x)> A}|da
Iflo
= 10lflo + fu« e 02 Mf0o > A
Q
© dAa
> 10lflo + ¢ f ( f If(y)ldy) o
flo \Jixegilfoi>a)
el gq
= 10llflo + 1 f ( f —) Ol dx
(el fl>Iflo} \Wiflo
= 10lflo + clf Gl To ('f( )') dx
(e f (11 flo) |flo
chfgm( +log* l%’ )
On the other hand,

fo:fool{XEQ:Mf(x)>/l}|d/l
0 0
~ foo {xe Q: Mf(x)>2A}ldA
OIfIQ
= f {x e Q: Mf(x)>2A}|dA
0

+ fm {xe Q: Mf(x)>2A}ldA
Iflo

o dA
<10Iflo + f ( f If(y)ldy) a
[flo {xeQ:|f(x)|>}

= 10lflo + sz £ 1o ('f( )') ix
(reQ:If(I>Iflo) |flo

S02L|f|(1+log |%IQ)
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Lemma 4.3. Inequalities

AfT
||(1+10 ~ 1 fllea+og* 1,
hold for all f € LIIOC(R") with positive constants mdependent of f and Q.

I A
lwgfmJ*“ng’

Iflo < fllza+1og* 2y.0-

Using the inequality log*(ab) < log* a + log" b, a,b € R*, we get

]
|@fmb+mLm)
. | /1 1z +10g* L),Q))
= — 1
|@Lm0+%(MMme Flo
1 T
ﬂ@fmﬁ+mnmmmug

||f||L(1+1og 0.0
log
|@fm 7o

« Wllasiog 10

1flo

Proof. Since

then

< flleiviogt 0,0 + 1 flp 1o

AN 14108+ 1),

Since |f|Q+L)Q > 1 and log? < t when ¢ > 1, we get

1
@lefl(Hlog %) 2|1 fllzc1+10g* 1), 0-

On the other hand, by Lemma 4.2, we have that

1 it
|@LV¢+1 mJ |@f My

with some positive constant ¢ > 1 independent of f. Since

M

Iflo < c IQlf /s

then
1 I [ . A ]
— | — 1 +log — <1
10l Jo & [, Mf o oMf

Consequently,

1/ llzasiogt 0.0 < € fo
(1+log™ L),Q |Q|

Hence, by Lemma 4.2, we get that

1
WA llzr+0g 1.0 S 0l f |11 (1 +log" |Li|1)

The following corollaries follow from Theorem 4.1.
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Corollary 4.4. Inequalities

1
4.1) MZf(X) My (1410g+ 1) f (X) = sup — f /1 (1 +log” A )
xe0 |0 |flo

holds for all x e R" and f € LIIOC(R”) with positive constants independent of x and f.

Corollary 4.5. Let 0 < A < n. The equivalency

o I
1Ml % Wfllag e, =~ SUDIQLS f Tt (1 s logt U1
s 7o

holds with positive constants independent of f.

Note that M f = M 1410g 1) f Was proved in [24] (see, also [13, p. 159]). For the second part of (4.1)
see [6], [19], [20] and [24]. The equivalence M flip,, = Ifllm, e 1, 1 @ Secial case of [26, Lemma
3.5].

5. NOTE ON THE BOUNDEDNESS OF THE MAXIMAL FUNCTION ON ZYGMUND-MORREY SPACES

In this section we prove that the Hardy-Littlewood maximal operator M is bounded on M i0g* 145
0 < A < n, for radially decreasing functions, and we give an example which shows that M is not bounded
on ML(1+10g+ L)1 0<A<n.

In order to prove the main result of this section we need the following auxiliary lemmas.

Lemma 5.1. Assume that 0 < A < n. Let f € MR with f(x) = ¢(|x]). The equivalency
0 = 50 f f " dpdr
holds with positive constants independent of f.
Proof. Recall that
18t = SUPIBI'T fB Mf = IMAMf)llws f € MR,

Since M(f)(y) 2 W fB(o o f@ldz, in view of Mf ~ Hf, f € Mradl switching to polar coordi-
nates, we have that

1
M,(M _ M d
MP0) 2 o fB ZCTE

e
X |H f(2)|dz
IBQO, [yDI"Y" J gy
1 f 1
= lf(w)ldwdz
IBQO, [yDI"=Y" oy 1B, 12]) J o) /
1

Izl
N— ™ | (o)™ dp dz
|B(O, [yD['=4/ jz;(o b 0

Iyl
~ |y f Iso(p)lp” Ydp dt.

Consequently,

I}I
1My g 10 2 €88 SUP [y f f ()" dp dt

¥ cR"
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a2 (1 e
= sup x* f - f lp(o)|p™ " dp dt,
x>0 0 t 0

|B|
1 It S SUPIBIS [ (MY ()t
B 0

where f(-) = ¢(] - |).
On the other hand,

Bl

sup B | frde
B 0

A-n |B|1 !
suplBlnf —ff*(s)dsdt
B o IJo

A=n |B|1 !
sup B+ f - f lp(s™)lds dt
B o IJo

A-n |B|1 t% 1
sup Bl f 2 [ e dpar
B 0

B

sup B 5" f f e@lo"" dpdx
B

= sup x'™" f = f ()" dp dt,
x>0 o I'Jo

where f(-) = ¢(| - [). 0

Corollary 5.2. Assume that 0 < A < n. Let f € MR with £(x) = ¢(|x]). The equivalency

IM 8t = 9P 5 f : f f o)™ dpdt dy
0

holds with positive constants independent 0f f.

Q

Q

Q

Proof. Let f € M with f(x) = ¢(|x]). Since Mf ~ Hf and Hf € MM, by Lemma 5.1, switching to
polar coordinates, we have that

I 500 [0 [ (i [ play) et ana
T =05 05 0o BN Sy TN P

~ sup x*” f f f e(p)p"" dpdt dy.
x>0

Lemma 5.3. Assume that 0 < A < n. Let f € M with £(x) = ¢(|x]). The inequality

”MfllML(Hlog*L),A S ”f”ML(mog*L),,z’ f € et
holds if and only if the inequality

X 1 "y 1 !
sup x* ™" f - f - f e(p)p" dpdt dy
x>0 o YJo I Jo

< sup x* f f o(p)p" dpdt, ¢ € MHR,)

x>0

holds true.

Proof. The statement immediately follows from Lemma 5.1 and Corollary 5.2. O
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Lemma 5.4. Let 0 < A < n. Then inequality

X 1 Yy 1 t X 1 t
(5.1) supx”‘”f —f —‘fgo(p)p”_1 dpdtdygsupx’l_”f —fgo(p)p”_ldpdt
x>0 o YJo tJo x>0 o I'Jo
holds for all ¢ € M (R,).

X 1 y 1 !
sup x'™" f - f - f @(p)p"" dpdtdy
>0 o YJo !

_Supx/l n/ll/lnf f(p(p)pnldpdtdy

x>0

< supy"” f f ()" dpdt - (supx f A 1dy)
y>0 x>0

~ sugy f f e(p)p"" dp dt.
y>

Proof. Indeed:

O
Theorem 5.5. Assume that 0 < A < n. The inequality
WM FlIM o 0 S I My 10t 10
holds for all f € M with constant independent of f.
Proof. The statement follows by Lemmas 5.3 and 5.4. O

Example 5.6. We give an example which shows that M is not bounded on M j.10¢* 1)1, 0 < A < n. For
simplicity let n = 1 and A = 1/2. Consider even function f defined as follows:

fx) = ZX (K2 In (ko) 2 In2 (ko) +1] (XD x = 0.
k=0
It is easy to see that M f and M?f are even functions. Obviously,

Mf(x) = ZX (K2 10 (k) &2 12 (k) + 11 ()

k=0
ZO ln (k+ )X[k2lnz(k+e)+1,k2lnz(k+g)+1+mk](x)
N |
ZO k + 1)2 ln (k +1+ e) +1-— X[kz1n2(k+e)+1+mk,(k+1)z lnz(k+1+e)](x), x>0,
where
k+1212k+1+ _k212k+ 1
mk:( ) In“( ;) n“(k + e) k=0.1.2,....
Then

1/2
||f||ML(,+k,é+L)l/2(R) ||Mf||M1 1p®) = SUP e / fo

< sup [II™'? | Mf + sup [I]"'/? fo
I: 111 1 I |I|>1
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It is easy to see that
sup [I[7V2 | Mf < sup |II'"* < 1.
I |N<1 1 I |11
Since
G+1)? In?(j+e+1)
f Mf(x)dx~ (1 +2In(1 +mj)), j=0,1,2,...,
2 1n%(j+e) '
we have that
sup I[7V? | Mf(x)dx =sup sup |II7'? f Mf(x)dx
I I

I |I]>1 m>2 I:m—1<|I|1<m

< supm™/? f M f(x)dx
0

m>2
G+1)2 In?(j+e+1)

< sup m~? Z M f(x)dx

> D120
m=2 2 n2(jeyam ¥ 1 MG+

~ supm™ /2 Z (1 +21n(1 + m;))
m=2 2 n2(j+e)<m

< supm_l/2 Z In(j + e)

>2
= 22 (j+e)<m

< supm™Pm'? =1,
m>2

we have that
WA g ) S T+ T =2
On the other hand, it is easy to see that
MEF(x) > 1 f" dt
x — (In’(k + €) + 1) Jemn2gsor1  — K210’k + €)
In(x — k> In*(k + ¢€))
x— (1n’(k +e) + 1)
_ InGx— K 1n’(k + e))
T x—kPIn*(k+e)
for any x € [k In’(k + e) + e, kK> In*(k + e) + my].
Thus

In(x — k2 In*(k + e))
x — K21’k + e)

X102 1n2(kcte)+e k2 I (ko)1 ] ()

M?f(x) > Z
k=0
Finally,

- 2
”Mf”Munmg*m/z(R) ~ M f”Ml,l/z(R)
k2 In?(k+e)

> sup(kIn(k + e))™! f M? f(x)dx
k 0
k=1 2 In?(j+e)+m;
> sup(k In(k + €)™ Z f M2f(x)dx
k = FIn%(j+e)+e

k-1

72 In2(j+e)+m; 1 2 In2(k
> sup(kIn(k + ) > f n(x s k+e) .
k P In’(j+e)+e x—k*In“(k +e)

=1
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k-1

> sup(k In(k + e))” Z In? m;

j=1
k-1

> sup(k In(k + e))” Z In2(j + e)

j=1
> sup(kIn(k + €)) 'k In*(k + ¢)
k

=supln(k +e) =
k

6. WEAK-TYPE ESTIMATES IN MORREY SPACES FOR THE ITERATED MAXIMAL FUNCTION

In this section the boundedness of the iterated maximal operator M? from Zygmund-Morrey spaces
M i1+10g* 1)1 to weak Zygmund-Morrey spaces WM 110+ 1,1 1S proved.
To obtain weak-type estimates for M? in Morrey spaces, we need the following lemma.

Lemma 6.1. The inequality

1
(6.1) @ f Mf(y)dy < sup || fllca+iog 1.0
Y

Qcy’
holds for all f € L**(R") with positive constant independent of f and Q.
Proof. Let Q be a cube in R” and f = fi + f», where fi = fx30. Then
1 1 1
(6.2) —fM )ds—fM()d+—fM()d.
01 Jo J(y)dy 01 Jo Siy)dy 01 Jo L()dy

We recall simple geometric observation: for a fixed point x € Q, if a cube Q' satisfies Q' > x and
0'NBO) +#0,then Q c 3Q0’. Hence

Mo = s oo | 1oy < sw o [ oy
05 Q'] oczo 1O
Consequently, we have that
1
6.3 — | M d
63) G |, ey < sup o [y

Since for any cube Q’

1
p f Iy < 1 fllea+iog” 0,0 >
10l Jor
we get
(6.4) IQI foz(y)dy < SUP 1 Nlz1+10g" 0,07 -
On the other hand
|Q| fo(Y)dy ||f||L(1+1og 0),0

for all f such that supp f C Q (see [24, p. 174]). Thus

1 1
(6.5) @ fQMfl (»ndy < @ f3Q M fiy)dy < flla+ogt 0)30-
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From (6.2), (6 4) and (6.5), it follows that

(6.6) fo(Y)d)’ < sup 1A 4100 .00 + 1 L4100 030 S sup 1S Nl zc1+108* 1), 0 -

10l

The following theorem is true.

Theorem 6.2. Let 0 < A < n. Then the operator M? is bounded from Miasiogt 1.4 1o WMot )0 and
the following inequality holds

2
(6.7) M Fllwmy g a < EF My gr 10

with positive constant c independent of f.

Proof. Let Q be any cube in R” and let f = fi + f>, where fi = fxao. By subadditivity of M? we get
M?*f < M*fy + M* ;.
Since for any cube Q’ conditions z € 20 N Q" and Q' N {R"\4Q} # 0 imply Q € 4Q’, we have

ocag 10| f A

(6.8) Mf>(z) = M(fxrna0)(z) < sup

for any z € 2Q. Thus for any z € R”

(6.9) M f>(2) < x20(2) Sup If |+ xzm20(@)M f(2).

IQ’I
Applying to both sides of the inequality (6.9) by operator M for any y € Q we get

(6.10) M () < M(x20)(y) sup |le L1+ MQcrmaoM ().

ocagr 1O

Since M(x20)(y) = 1,y € Q, by the inequality (6.8) we arrive at

6.11 M M Mf.
(©1D 501 < sup o [ 1+ sup i | s s o [ ot

Consequently, fory € Q

1
(6.12) M?f(y) < M*(fxa0)(y) + sup p f Mf.
oco 1Ol Jor
Since
(6.13) 1 +log"(ab) < (1 +log* a)(1 +log™ b),

by Lemma 2.1 for any @ > 0 and ¢ > 0 we have
{re 0: M) > i

< ‘{x €R": MX(fyap)(x) > m}|
|(fxa0)(X)| (1 +log* (|(fX4Q)(X)|)) I
1

R® at

1 lf ()] L (I
SCa(l-l-l g a,)j;Q p ( +lo og (T))dx

<c
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We get
€ 0 : M*(fxa)(x) > at
(& o> atf] [0 g (V)
(ll (1 +log® (ll) 40 t
Consequently,
e raw>ad] 1 o p )
— < 1 +log" [——||dx.
w010 L(1+log' 1) <CI4Q|f4Q ! ( +°g( t )) '
Thus
1 [fve 0 M2 (Frap)0) > il
inf<r>0:sup— <l
o0 |0l 1(1+1og* 1)
< inf{t >0: |41Q| VKQ clft(x)l (1 +log” (&tx)'))dx < 1}
< inf {t >0: |41Q| LQ C'ft(x)l (1 + log* (@)) dx < 1}
that is,
(6.14) ||Mz(f)(4Q)||WL(1+10g+ 0.0 =< ||Cf||L(1+1og+ 040 = C||f||L(1+1og+ 0),40-

For the second summand in right hand side of the inequality (6.12) applying the inequality (6.6) we obtain

1
sup — Mf

6.15
(6.15) oco 19’ Jor

1
< sup o Mf < sup || fllzasiogt )0 -
WL(1+log* L),0 QcQ’ Q o QcQ’

By inequalities (6.12), (6.14) and (6.15) we get

2
(6.16) IM” fllwra+1og 1.0 < CQSCIZ% 11 +10g" 1.0 -

Thus

a 2 a
sup |Ol*[IM” fllwri+10g 0.0 < € Sup|Ql" sup || fllza+og” )07
0 0 Qc4Q

1 _a 1
<c (SUP|Q|" sup |Q'| ) sup [Ol" [ flla+10g* 1),0
0 Qc4Q o
2
~ sup | Q1" || flla+1o0g* 1),05
o

that is,

)
WM Fllwm, g og . < SN IMyarogr -
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7. WEAK-TYPE ESTIMATES IN MORREY SPACES FOR MAXIMAL COMMUTATOR AND COMMUTATOR OF MAXIMAL

FUNCTION

In this section the class of functions for which the maximal commutator C;, is bounded from M 410¢* 1)1
to WM (1410g* 1)1 are characterized. It is proved that the commutator of the Hardy-Littlewood maxi-
mal operator M with function b € BMO(R") such that 5~ € L, (R") is bounded from M iog* 1)1 tO
WM 1108 D0

The following theorem is true.

Theorem 7.1. Let 0 < A < n. The following assertions are equivalent:
(i) b € BMOR").
(ii) The operator Cy, is bounded from My 1106+ 1),0 10 WM 1108 1)0-

Proof. (i) = (ii). Assume that » € BMO(R"). By Theorem 1.9 and Theorem 6.2 operator C, is bounded
from M (1410g* 1),0 10 WM 1410+ 1),2 and the following inequality holds

(7.1) HCH Mt < B vt e

with positive constant ¢ independent of f.
(i1) = (i). Assume that the inequality

(7.2) ICH MMy 0 S NN s 10

holds with positive constant ¢ independent of f. Let Q) be any cube in R” and let f = x,.
By Theorem 4.1,

An Xo
”XQO”ML(Mog* pa ~ Sup [0/ fXQo (1 + 10g+ ; )
0 0 (rao)o

N
~ w102 Qo|(1+10g 0 )
0: 0NQY#0 (9] QN Qo
Obviously,
W aollaty e e 2 100

Let e € (0,1 — A/n). Since the function (1 + log ¢)/#* is bounded on the interval [1, c0), we get
len ol ( 0l )
|

I 0ol Mytyoge 0 S SUP 1O

0: 0NQy#0 10| 0N Q|
Ay _
= sup [QI""7NQ N Qol'*
Q: ONQp#0
Ao _ a
= sup [Q"**7Q N Qol' ™ = Qo]
0<0Qo
Thus
a
(7.3) I @ol M1 11,0 = 1Q07.
On the other hand

P
||Cb(XQ0)”WML(1+IOg+ pa — Sup 10" ||Cb(/‘(Qo)||WL(1+10g+ L),0
0

W%

4
|Q0| " ||Cb()(Q0)||WL(1+1og+ L),00"
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Note that
1CuOx o)l w1 +108* 1,00

:mf{bo L lxe 0o : ICs 000l > At sl}

o 10| 7(1 +log* ;)

> inf {/1 >0: IQill{x € Qo : [Chlxo)(®)| > 22} < 1}.
0

Since for any x € Q,

1 1
C )x)z—flbx—b |dy > |b(y) — bo,l|dy,
o)) 2 5o | 1060 = b0y = 575 | 160) ~ boyldy
then
2{€Q 1Colx o) (0 > 2 Ib()bld}‘ 2
X X — = 2.
ol |17 0 e 7 J, 0~ ol
Thus
”Cb(XQo)”WL(Hlog 0),00 = 4|Q | |b()’) — bg,|dy.
Consequently,
(7.4) ICs Ot o) WMy gy 2 1Q0l7 Ib(y) = bg,ldy.
1Qol Jo,

By (7.2), (7.3) and (7.4) we arrive at

1
|b( ) —bg,ldy < c.
| Ol y Qlay
Combining Theorems 1.9 and 5.5, we get the following statement.

Theorem 7.2. Let 0 < A1 < n. Assume that b € BMO(R"). Then the operator C, is bounded on

M i1+10g* 1), fOr radially decreasing functions.
The following theorems hold true.

Theorem 7.3. Let 0 < A < n and b is in BMO(R") such that b~ € Lo (R"). Then the operator [M, b] is
bounded from M 1100+ 1),0 10 WM (1410g* 1)1 and the following inequality holds

M, DY fllwmty g 10 < € DTN+ 1B L) N IMy i 100

with positive constant ¢ independent of f.
Proof. The statement follows by Theorem 1.9 and Theorem 6.2. O

Theorem 7.4. Let 0 < A < n and b is in BMO(R") such that b~ € Lo (R"). Then the operator [M, b] is
bounded on My 10+ 1,4 for radially decreasing functions, and the following inequality holds

d
M, DYy g 10 S € QBT A D) I Mg 10 S € DR,

with positive constant ¢ independent of f.

Proof. The statement follows by Theorems 1.9 and 5.5. O



20 A. GOGATISHVILL, R.CH.MUSTAFAYEV, AND M. AGCAYAZI

REFERENCES

[1] M. Agcayazi, A. Gogatishvili, K Koca, and R Mustafayev, A note on maximal commutators and commutators of maximal
functions, J. Math. Soc. Japan. 67 (2015), no. 2, 581-593.

[2] J. Bastero, M. Milman, and Francisco J. Ruiz, Commutators for the maximal and sharp functions, Proc. Amer. Math.
Soc. 128 (2000), no. 11, 3329-3334 (electronic). MR1777580 (2001i:42027)

[3] C. Bennett and R. Sharpley, Weak-type inequalities for H? and BMO, Harmonic analysis in Euclidean spaces (Proc.
Sympos. Pure Math., Williams Coll., Williamstown, Mass., 1978), Part 1, Proc. Sympos. Pure Math., XXXV, Part,
Amer. Math. Soc., Providence, R.I., 1979, pp. 201-229. MR545259 (80j:46044)

, Interpolation of operators, Pure and Applied Mathematics, vol. 129, Academic Press Inc., Boston, MA, 1988.

MR928802 (89¢:46001)

[S] A. Bonami, T. Iwaniec, P. Jones, and M. Zinsmeister, On the product of functions in BMO and H . Ann. Inst. Fourier
(Grenoble) 57 (2007), no. 5, 1405-1439. MR2364134 (2009d:42054)

[6] M. Carozza and A. Passarelli Di Napoli, Composition of maximal operators, Publ. Mat. 40 (1996), no. 2, 397-400.
MR1425627 (98f:42013)

[7] F. Chiarenza and M. Frasca, Morrey spaces and Hardy-Littlewood maximal function, Rend. Mat. Appl. (7) 7 (1987),
no. 3-4, 273-279 (1988). MR985999 (90f:42017)

[8] J. Garcia-Cuerva and J.L. Rubio de Francia, Weighted norm inequalities and related topics, North-Holland Mathematics
Studies, vol. 116, North-Holland Publishing Co., Amsterdam, 1985. Notas de Matematica [Mathematical Notes], 104.

[9] J. Garcia-Cuerva, E. Harboure, C. Segovia, and J. L. Torrea, Weighted norm inequalities for commutators of strongly
singular integrals, Indiana Univ. Math. J. 40 (1991), no. 4, 1397-1420. MR1142721 (93f:42031)

[10] D. Gilbarg and N. S. Trudinger, Elliptic partial differential equations of second order, 2nd ed., Springer-Verlag, Berlin,

1983.

[11] A. Gogatishvili and R.Ch. Mustafayev, A note on boundedness of the Hardy-Littlewood maximal operator on Morrey

spaces, submitted.
[12] L. Grafakos, Classical Fourier analysis, 2nd ed., Graduate Texts in Mathematics, vol. 249, Springer, New York, 2008.
MR2445437 (2011c:42001)

, Modern Fourier analysis, 2nd ed., Graduate Texts in Mathematics, vol. 250, Springer, New York, 2009.
MR2463316 (2011d:42001)

[14] M. de Guzman, Differentiation of integrals in R", Lecture Notes in Mathematics, Vol. 481, Springer-Verlag, Berlin-New
York, 1975. With appendices by Antonio Cérdoba, and Robert Fefferman, and two by Roberto Moriyén.

[15] G. Hu, H. Lin, and D. Yang, Commutators of the Hardy-Littlewood maximal operator with BMO symbols on spaces of

homogeneous type, Abstr. Appl. Anal. (2008), Art. ID 237937, 21. MR2393116 (2009d:42046)

[16] G. Hu and D. Yang, Maximal commutators of BMO functions and singular integral operators with non-smooth kernels

on spaces of homogeneous type, J. Math. Anal. Appl. 354 (2009), no. 1, 249-262. MR2510436 (2010c:43018)
[17] F. John and L. Nirenberg, On functions of bounded mean oscillation, Comm. Pure Appl. Math. 14 (1961), 415-426.
MRO0131498 (24 #A1348)

[18] H. Kita, On maximal functions in Orlicz spaces, Proc. Amer. Math. Soc. 124 (1996), no. 10, 3019-3025. MR1376993
(97b:42031)

[19] M. A. Leckband and C. J. Neugebauer, A general maximal operator and the A,-condition, Trans. Amer. Math. Soc. 275
(1983), no. 2, 821-831, DOI 10.2307/1999056. MR682735 (84¢:42029)

[20] M. A. Leckband, A note on maximal operators and reversible weak type inequalities, Proc. Amer. Math. Soc. 92 (1984),

no. 1, 19-26, DOI 10.2307/2045145. MR749882 (86i:42009)

[21] D. Li, G. Hu, and X. Shi, Weighted norm inequalities for the maximal commutators of singular integral operators, J.

Math. Anal. Appl. 319 (2006), no. 2, 509-521. MR2227920 (2007a:42041)
[22] M. Milman and T. Schonbek, Second order estimates in interpolation theory and applications, Proc. Amer. Math. Soc.
110 (1990), no. 4, 961-969. MR1075187 (91k:46088)

[23] C. B. Morrey, On the solutions of quasi-linear elliptic partial differential equations, Trans. Amer. Math. Soc. 43 (1938),

no. 1, 126-166, DOI 10.2307/1989904. MR1501936

[24] C. Perez, Endpoint estimates for commutators of singular integral operators, J. Funct. Anal. 128 (1995), no. 1, 163-185.

MR1317714 (95j:42011)

[25] M. M. Rao and Z. D. Ren, Theory of Orlicz spaces, Monographs and Textbooks in Pure and Applied Mathematics,

vol. 146, Marcel Dekker Inc., New York, 1991. MR1113700 (92e:46059)

[26] Y. Sawano, S. Sugano, and H. Tanaka, Orlicz-Morrey spaces and fractional operators, Potential Anal. 36 (2012), no. 4,

517-556, DOI 10.1007/s11118-011-9239-8. MR2904632
[27] C. Segovia and J.L. Torrea, Weighted inequalities for commutators of fractional and singular integrals, Publ. Mat. 35
(1991), no. 1, 209-235. Conference on Mathematical Analysis (El Escorial, 1989). MR1103616 (93f:42035)
, Higher order commutators for vector-valued Calderon-Zygmund operators, Trans. Amer. Math. Soc. 336
(1993), no. 2, 537-556. MR1074151 (93£:42036)

[4]

[13]

(28]




21

[29] E. M. Stein, Note on the class L log L, Studia Math. 32 (1969), 305-310. MR0247534 (40 #799)

[30] E.M. Stein, Singular integrals and differentiability properties of functions, Princeton Mathematical Series, No. 30,
Princeton University Press, Princeton, N.J., 1970. MR0290095 (44 #7280)

[31] —, Harmonic analysis: real-variable methods, orthogonality, and oscillatory integrals, Princeton Mathematical
Series, vol. 43, Princeton University Press, Princeton, NJ, 1993. With the assistance of Timothy S. Murphy; Monographs
in Harmonic Analysis, III. MR1232192 (95¢:42002)

[32] A. Torchinsky, Real-variable methods in harmonic analysis, Pure and Applied Mathematics, vol. 123, Academic Press,
Inc., Orlando, FL, 1986. MR869816 (88e:42001)

[33] C.P. Xie, Some estimates of commutators, Real Anal. Exchange 36 (2010/11), no. 2, 405-415. MR3016724

INSTITUTE OF MATHEMATICS, ACADEMY OF SCIENCES OF THE CZECH REPUBLIC, ZITNA 25, 115 67 PraHA 1, CzEcH REPUBLIC
E-mail address: gogatish@math.cas.cz

DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCE AND ARTS, KIRIKKALE UNIVERSITY, 71450 YAHSIHAN, KIRIKKALE, TURKEY
E-mail address: rzamustafayev@gmail . com

DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCE AND ARTS, KIRIKKALE UNIVERSITY, 71450 YAHSIHAN, KIRIKKALE, TURKEY
E-mail address: mujdat87@gmail.com


http://www.tcpdf.org

