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Abstract
We study the homogenization problem for the evolutionary Navier-
Stokes system under the critical size of obstacles. Convergence towards
the limit system of Brinkman’s type is shown under very mild assumptions
concerning the shape of the obstacles and their mutual distance.
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1 Introduction

There is a vast amount of mathematical literature devoted to the flow of an
incompressible fluid in perforated domains, where the number of holes, or ob-
stacles, tends to infinity. To be more specific, consider a bounded spatial do-
main Q C R3, together with a family of obstacles (compact sets) T2, . .. 7TEI\[(E),
parametrized by € — 0. The motion of an incompressible fluid is governed by
the Nawvier-Stokes system of equations

div;zu=01in (0,7) x ., (1.1)
Opu+divg(u®@u) + Vyp = div,S + £ in (0,7) x Q, (1.2)

where ‘
Q. =0\ uNET (1.3)

The symbol u denotes the fluid velocity, p is the pressure, f. denotes a driving
force, and S is the viscous stress tensor given by Newton’s rheological law

S=v(Vyu+ Viu), v>0. (1.4)

*The work of E.F. was supported by the GA CR (Czech Science Foundation) project
13-00522S in the framework of RVO: 67985840.

TThe work of S.N. and Yu. N. was supported by project between the Academy of Sciences
of the Czech Republic and the National Academy of Sciences of Ukraine (2008-2012).

$The work of S.N. was supported by the GA CR (Czech Science Foundation) project 13-
00522S in the framework of RVO: 67985840.




Problem (1.1 - 1.4) is supplemented by the no-slip boundary conditions for the
velocity
ulpo, =0, (1.5)

and the initial condition
u(0,-) = ug. (1.6)

As is well-known (see Leray [13], Hopf [11], Ladyzhenskaya [12], Temam
[19], and many others), problem (1.1 - 1.6) possesses at least one weak solu-
tion provided 9. is sufficiently regular, f. € L?(0,T; L*(Qc; R?)), and ug . €
L2(Qg; R?)), diveug e = 0, ug . - njpg, = 0. Uniqueness as well as regularity of
solutions in terms of the data represent a well known outstanding open problem
in mathematical fluid mechanics.

The class of admissible weak solutions may be specified by imposing the
energy inequality

/ f|u| dx—l—u/ / \qu|2 dz dt
Qe
g/ 7|u075|2 der/ / f.-udedt (1.7)
Q. 2 0o Ja.

for a.a. 7 > 0. As a matter of fact, the velocity field is weakly continuous,
more precisely u € Cyeak([0,T]; L?(Qe; R?)), therefore we may assume that
(1.7) holds for any 7 > 0. Extending u to be zero outside 2., relation (1.7)
yields a bound

u e L>=(0,T; L*(%; R®)) N L2(0, T; Wy * (Q; R®)) (1.8)
in terms of the data ug ., fy .. In particular, for
{ug ¢ }es0 bounded in L?(Q; R?), (1.9)

{f.}.~0 bounded in L?(0,T; W~12(Q; R?)), (1.10)

the associated family of weak solutions {u.}.~o of problem (1.1 - 1.7) satisfies

u. — u weakly-(*) in L>(0,T; L*(9; R*))
and weakly in L2(0,T; W, (S R?)), (1.11)

at least for a suitable subsequence.

It is easy to check that the limit u satisfies the incompressibility constraint
(1.1) a.a. in (0,7) x €, however, performing the passage in the momentum
equation (1.2) is more delicate. The collective effect of friction forces imposed
on the fluid by each obstacle results, in general, in a new term of a Brinkman
type appearing in the limit problem. Obviously, the asymptotic size as well
as shape of the obstacles plays a crucial role in this process. We consider the
so-called critical case, where the diameters of the sets TP do not exceed the
value €3, while their mutual distances are larger than e. This distribution of



obstacles is called critical since for “larger” holes or “shorter” mutual distances
the limit velocity would necessarily vanish, while in the opposite case the limit
problem would be the same as (1.1), (1.2). Note, however, that suitable scaling
of the velocities in the former case gives rise to a Darcy-type law as the effective
equation (see Allaire [2], [4], Mikeli¢ [15]).

More specifically, we assume that

T!CcBi={x||lz—a|<rl}, i=1,...,N(e),

i _ =i i .
B, CcQfori=1,...,N(¢e), BN B. = () whenever i # j.

Let di be a distance between balls B, BJ, j # i, and 9§2. Then we suppose the
following conditions for the perforation:

re < dg, Eh_r}(l) 151}2@((5) d, =0, (1.12)
N(e) i\2
(re)
=— < (1, (1.13)
2 (@)

where C1 is independent on of ¢ and e.

Our approach is based on the concept of Stokes’ capacity, analogous to the
classical Newtonian capacity used in the homogenization problems for elliptic
equations by DalMaso and Skrypnik [7], [8], Marchenko and Khruslov [14],
Skrypnik [16], [17] among others. For a compact set Q C R3, we introduce

Cri(Q) :/ V.vF Vvl de, (1.14)
RA\Q
where v* is the unique solution of the model problem
— A+ V,¢" =0, div,vF =0 in B(z,1)\ Q, (1.15)
v*ag = €*, v*aB(@o1) = 0, (1.16)

here e, k = 1,2,3 is the canonical basis of the space R3. Let B(xg,r) be
a minimal ball such that Q C B(zg,r), r < 1. Moreover, let normalize the
pressure by the following equality

/ ¢"dx =0.
B(:L’(),l)

In addition to the hypotheses (1.12), (1.13), we suppose that at least for a
suitable subsequence,

gg% Z CkJ(TE) :/GCkJ(x) dz (1.17)
TiCcG

for any Borel set G C €, where C = {Clal}z,z:p C € L>=(Q; R3%3), see Section

sym
5. It can be shown that the matrix C is constant in the case of periodically



distributed obstacles of identical (rescaled) shape, see Allaire [3]. The effective
momentum equation satisfied by the limit velocity field u reads

Opu+divy(u®@u) + Cu+ V,p = div,S + £, (1.18)

where f is a weak limit of the sequence {f.}.~o.
In order to justify the limit passage from (1.2) to (1.18), it is necessary to
control the pressure in the associated stationary Stokes system

—Av +V,q =1 in Q. v]sa. =0. (1.19)

As observed in the seminal work of Tartar [18], this step requires the existence
of restriction operator R. enjoying the following properties:

o R.: Wy?(Q R?) — Wy*(Q; R?) is a bounded linear operator,
||R8[V]Hwolv2(95;33) < CHV||W01>2(Q;R3)a (1.20)

with ¢ independent of ¢.
Re[v] = v for any v € W, ?(Q; R%). (1.21)

divyR:[v] = 0 whenever div,v = 0. (1.22)

As we will see in Section 3 below, the operator R. can be constructed under
very mild restrictions imposed on the shape of the obstacles {Tg}f\i(i)oo,
particular if all of them are convex.

Homogenization of the stationary Navier-Stokes system under distribution
of identical obstacles was considered by Marchenko and Khruslov [14] and later
on was analyzed in detail in the seminal papers of Allaire [3], [4]. Desvillettes
et al. [9] generalized Allaire’s result to the quasi-stationary problem, where the
family of obstacles is formed by balls that are allowed to move with prescribed
velocities. To the best of our knowledge, the only result concerning homogeniza-
tion of the evolutionary incompressible Navier-Stokes system with the limiting
behavior of a Darcy-type law was obtained by Mikeli¢ [15]. In comparison with
the previous results, we impose only very mild hypotheses concerning the spatial
distribution, the size, and the specific shape of the obstacles. One possible way
of the proof of this kind of homogenization result is to follow the ideas of Allaire
by verifying the abstract conditions in [4]. However, we prefer to give a direct
proof which we believe can be of interest. Last but not least, we handle the
evolutionary Navier-Stokes system combining homogenization with the classical
Lions-Aubin argument.

The paper is organized as follows. In Section 2, we specify the principal
hypotheses concerning the shape of obstacles and formulate our main result.
One of the main ingredients of the proof is the construction of the restriction
operator R. based on the recent results of Acosta et al. [1], Diening et al.

in



[10], concerning the inverse of the divergence operator on John’s domains, see
Sections 3. The properties of solutions to the model problem are given in Section
4. In Section 5, we analyze the associated stationary Stokes problem. Finally,
we examine the time dependent Navier-Stokes system in Section 6.

2 Hypotheses and main result

In addition to (1.12), (1.13), we assume that the obstacles satisfy the following
geometrical condition:

CONDITION (G):
There exists a constant w > 0 such that at each point x € 97" there exists
a closed cone C, with vertex at x and of aperture w such that

C,NT! = {x}.

We say that u. is a weak solution of problem (1.1 - 1.7) if
e u_ belongs to the class L(0, T; L*(Q.; R?)) N L2(0, T; Wy > (Q; R?));
e divyu. =0a.a. in (0,7) x §;

e the integral identity

/ / us 8tw+(u6®u€).vxw)dxdt /uos w(0,-) dz (2.1)

//S dea:dt—/ / f.-wdx dt

holds for any test function w € C°([0,T) x Qg; R?), div,w = 0;

e the energy inequality

/ f|u5\ d:r—i—l// / |V, u.|? dz dt
Q.
1 9 T
< dzr + f.-u, do dt
Q. 2 0 Ja.

holds for a.a. 7 > 0.
Our main result reads as follows.




Theorem 2.1 Let {Q.}.~0 C R? be a family of domains given by (1.3), where
T!, i=1,...,N(e), satisfy (1.12), (1.13), (1.17) together with condition (G).
Assume that

ug . — ug weakly in L*(Q; R?),

f. — f weakly in L*((0,T) x Q; R3).

Let {u.}eso be a family of weak solutions of problem (1.1 - 1.7).
Then, at least for a suitable subsequence,

u. — uin L*((0,T) x Q; R*)) and weakly in L*(0,T; W'2(Q; R?)),  (2.2)
where u is a weak solution of the problem
Ou+divy(u®@u) + Cu+ Vyp =div,S+ £ in (0,T) x Q, (2.3)

divyzu=0 a.a. in (0,T) x Q, (2.4)
with C given by (1.17), supplemented with the initial condition

u(0,-) = u, (2.5)

and the boundary condition
ulpn = 0. (2.6)

In Theorem 2.1 and hereafter, we always assume that u. were extended to
be zero outside .. The weak solutions for problem (2.3 - 2.6) are defined
analogously to those for problem (1.1 - 1.7). The rest of the paper is devoted
to the proof of Theorem 2.1.

3 Extension operator

One of the main novelties of the present paper is a construction of Tartar’s
restriction operator under very mild hypotheses imposed on the distribution of
the obstacles. Note that comparable results obtained by Allaire [3] hold only
in the periodic setting and for a fixed shape of a model hole. The hypothesis
of periodicity was later relaxed by Desvillettes et al. [9], where, however, the
model hole is a ball. Our approach is based on recent results of Acosta et al.
[1] concerning the explicit construction of the so-called Bogovskii operator on
John’s domains (see also Diening et al. [10]).
Proposition 3.1 Let {Tg}i]i(i)DO satisfy hypotheses (1.12), (1.13), together
with condition (G).

Then there exists a restriction operator R enjoying properties (1.20 - 1.22).

Proof:
The proof will be carried over in several steps.

Step 1:



For a given function u, we introduce wi, i = 1,..., N(¢) satisfying
wi e Wy (CL R?),
~Aw! 4+ V,q¢t = —Auin C,
divyw, = divyu + oI divyu dz in C,
|Ba| T:
wi =uon dC\ AT, w' =0 on 9T,
where C! is the control volume around 77 that is C? := B \ T¢.
If u € Wy (Q; R?), we set
0in T7,
Reu=< wiinC: i=1,...,N(e),

u otherwise.

Step 2:
Following the arguments of Allaire [3], we observe that it is enough to verify
that ‘
||VmW§||2Lz(c;;R3x3)) < CHHH%/VL?(CQ';RSV i=1,...,N(e), (3.1)
where ¢ is independent of i, ¢.

Step 3:
Furthermore, in view of Allaire [3, Section 2.2], estimate (3.1) follows as soon
as we are able to solve an auxiliary problem:

Given f € L>(B\T}), B = {z| |x — 2| < 1}, Jo\pi [ dx =0, findv e B\ T!
such that _
diVxV = f in B \ Tg, V|3(B\T5i) = O, (32)

Wl oyzsse < ellf Lz, (3.3)
where ¢ is independent of i, €.

Since T satisfy condition (G), solutions of problem (3.2) can be constructed
by the method of Acosta et al. [1]. Indeed, in notation of [1, Theorem 4.1],
the reference point x can be taken on the sphere {x| |z — x| = 1/2}, where
the curve connecting zo with a point = € T¢ can be taken the axe of the cone
C, up to its intersection y with the sphere {z| |z — 2| = 1/2}, together with
the geodesics connecting y, zg on {z| |z — 21| = 1/2}. In accordance with [1,
Theorem 4.1], the bound (3.3) follows, where ¢ depends only on the aperture w
appearing in condition (G). Proposition 3.1 has been proved.

Q.E.D.

As a consequence of Proposition 3.1, we can construct the so-called Bogov-
skii’s operator - a suitable branch of div;1 in Q..



Proposition 3.2 For each € > 0 there exists a linear operator B. such that
v = B.[f] solves the problem

divyv = f in Q., v]pa. =0 (3.4)
for any f € L*(.), fQE f dax = 0. Moreover,

[Vilwieca.rs) < el fllzz.) (3.5)
with ¢ independent of €.

Proof:
Extending f to be zero outside {2 we first solve the problem

div,wo = f in , wolgq =0,

[wollw2;rsy < cllfll2.)-

Now, take vg = R.[wp], where R, is the restriction operator constructed
explicitly in Proposition 3.1. Accordingly, we have

divyve = f =+ 90,

where

/ go dz =0, [lgollz2(0) < cillfllz2(.), with e1 = /|TE[/[BE] < €.
Q
Repeating the same construction for gy we obtain v; such that

div, (vo +e°vi) = f + g1,

with
Vil 2 ammy < ellfllzzan, 19" lzz@y < €2 Flzeen)

Thus by induction we can construct a function

with the desired properties.

Then, using Propositions 3.1, 3.2 and following the idea of Allaire [3] about
the existence of an extension operator for the pressure (Proposition 1.1.4, [3]),
we have the following statement.

Theorem 3.1 Let the restriction operator R. satisfy properties (1.20)—(1.22).
Then there exists an extension operator P. defined for every q. € La(Qe) by

/V[Ps((Je)]'hdm:/Vqs~Rshdx
Q Q

for each h € VVOL2 (Q; R3?), and satisfying the following conditions



P.: La(Q:) — La(Q) is a linear continuous operator;
P [qgl =g in L2(Qe>;

HPE(QE)HLz(Q) < CHQEHLQ(QEﬁ

HV[PE(QE)]”W*LZ(Q) < CHVqEHW*l»Z(QE);

where ¢ is a constant independent of € and q..

4 Model Stokes problem

In the next consideration we will need the following pointwise and integral es-
timates of the solutions to the model problem (1.15), (1.16).

Lemma 4.1 Let v*, ¢* are solutions to the model problem (1.15), (1.16) and
the set Q satisfies the condition (G). There exist positive constants Cj, j =

1,...,4, not depending on r such that the following estimates are valid
a, k r k r
; <Cy—— - <Co—
‘D Ui (!L‘)| = Cl |.’E — {E()|1+‘a| ’ |q ($)| = 02 |l’ — $0‘27 T e B(an 1) \B(.%‘Q’T)’
(4.1)
where |a] =0,1,2,4=1,2,3, and
|vE % de < Cyrid, / \V.v*? dx < Car, (4.2)
B(zo,d) B(zo,d)
|¢"? dw < Cyr, (4.3)

B(xzo,d)
for every d > r.
Proof: The proof of the estimates (4.1), (4.2) without any restriction on
the set @ can be found for example in [14]. The integral estimate (4.3) of
the pressure is proved under the additional condition on the shape of the set

Q. Namely, analogously to [6] we use the Bogovskii operator B such that the
function v = Blq"] is the solution of the following problem

divv = ¢" in B(z0,1)\ Q, v =0, z € d{B(x0,1)\ Q},
moreover the next estimate is valid

IVIiwre(B, ez < a1 Ls (B, 1\Q)-

The construction of this operator for the domain @ under the condition (G)
was provided in Proposition 3.2. Multiply the first equation in (1.15) on v and
integrate over B(zg,r) \ 2, as a result we have:

/ vvF . V(B[¢"]) dx 7/ ¢" V- (B[¢"]) dz = 0.
B(wo,m)\Q B(zo,r)\Q



Using Hélder’s and Young’s inequalities we derive

[ s ( / |Vv“dx> ( / |V<B[q’f]>|2dx>
B(zo0,7)\Q B(zo,m)\Q B(zo0,7)\Q

< C(&)/ |Vvk|2dx+5/ " |? da.
B(zo,r)\Q B(z0,m)\Q

Choosing ¢ = % and applying (4.2) we obtain (4.3).

1
2 2

Q.E.D.

5 Stationary Stokes problem

The heart of the paper is the analysis of the associated stationary Stokes problem
in the form

—Av+V,q=1£ in Q. v]|pa. =0, div,v=01in .. (5.1)

The problem (5.1) has the following weak formulation. We say that (v.,q:) €
Wy (92; R?) x L (9.) is a weak solution of problem (5.1) if the following integral
identities hold:

/ Vve: thda@—/
Q. Q

/ reV-vedr =0 Vr. € Ly(Q). (5.3)
Qe

¢-V-h, dx:/ f.-h.drz ¥V h, € W, (2 R%) (5.2)

€ Qe

As is well known, problem (5.1) admits a unique solution (v, q.) for any f. €
W=L2(Q; R?), e > 0 fixed. In accordance with our agreement, all functions
defined in 2. are extended to be zero in Q\ .. In particular, f. can be viewed
as a functional in W~12(Q,; R3).

Proposition 5.1 Let a family of domains {Q:}eso satisfy the hypotheses of
Theorem 2.1. Assume that

f.— £ in W H2(Q; R?). (5.4)

Let (ve, q.) be the unique solution of the Stokes problem (5.1) in Q., [, q- dz =
0. Then, at least for a suitable subsequence,

ve = v weakly in Wy ?(Q; R®), q. — q weakly in L*(%),
where (v,q) is the unique solution of the problem
—Av+Cv+V,q=finQ, v]gg =0, div,v=0 in Q, (5.5)

with a matriz C determined by (1.17).

10



Proof:

In view of the existing results (Allaire [3], Desvillettes et al [9]), the most dif-
ficult part of the proof is the existence of the restriction operator R. established
in Proposition 3.1. The remaining part of the proof is nowadays standard. By
virtue of the properties of solutions of model problem (1.15), (1.16), the problem
may be shown to fit the abstract framework developed by Allaire [3, Section 1].
In particular, we could show that hypotheses (H1) - (H6) of [3, Section 1.1]
are satisfied; whence Proposition 5.1 follows from [3, Theorem 1.1.8]. Here,
we prefer to give a proof using different arguments that we believe may be of
independent interest.

We extend the solution v, in problem (5.1) to z € Q\ Q. by setting v. =0
then v, € WD1 2(Q; R3). Using for the redefined function the same notation and
applying the Poincaré inequality in €2, we have:

IVVellaursy < ClE:llw—s2(0m (5.6)

with the constant C' depending only on €. Then the set of functions {v.} is
bounded and weakly compact in VVO1 ’Q(Q; Rgg. Therefore, there exists a subse-
quence converging to some function v € Wy*(€; R?) as € — 0.

To show the existence of the limit pressure ¢ we need the a priori estimate
for the unknown pressure g. of problem (5.1). The operator of extension P. on
the set Q\ Q. was defined in Section 3 with the help of the restriction operator
R. given by Proposition 3.1. It is easy to prove that the constructed extension
of the pressure is bounded in Ly(£2) and there exists a subsequence converging
weakly in Lo(£2) to some function ¢ € Ly(£2) as € — 0 (see [3]).

We show that the limit functions (v, ) represent a solution of the homoge-
nized problem in €.

Denote by p¢ the following numbers:

. 3, (@)’ g
pr =Mmax —ry, ———=——= p,

2 20
where C' = max  t?In? % It is easy to see that
o<t<diam Q
N(e)
: i3 _
lim 2 (pe)” = 0. (5.7)

Let x € C§°(R') be the cut-off function with the following properties: (i)
0<x<1; (i) x(Q)=1if { < A1, x(¢) =01if ¢ > Ao, where the numbers A1, Ay

satisfy inequalities: % < A1 < Ag < 1 (u6d) ‘%‘ < 2. We define

@n [l = zil)
QDZ- x) = X i
( ) ( Pe

where z% is the center of ball B! defined by (1.12).

11



Let (vf.,qF.) be a solution of the model problem (1.15), (1.16) with Q =

Ti(s). To describe the asymptotic behaviour of the velocity v. we need the
approximations of its weak limit v and the function f from (5.4). Let fix the
parameter x > 0 and represent v, f as

V =V + Vg, f:fo_f_f,€7
where vo, fy € C§°(Q; R?) and
[Villwiere) < &, [fllwiers) < k-

Then the following asymptotic expansion is constructed:

ve(z) = vo(z) + 21 (z) + 2P () 4+ 20 (), (5.8)
where NG
2D(@) = Y (volal) = vo(2)e” (x)
oy
2 () = — > ;vﬁgu)w)(@vé(m;),

and z,(f) € WO1 ’2(Q5; R3) is the remainder term of the asymptotic expansion.

Taking into account the properties of solutions to the model problem we
obtain the following behaviour of terms in the asymptotic expansion for the
velocity.

Lemma 5.1 Let Q). satisfy hypotheses (1.12), (1.13), and condition (G). Then

zél), z,({ ) converge strongly to zero, and zg) converges weakly to zero in W2(Q.; R3)

as € — 0.

Proof: Consider the Lo-norm of the z(l).

2
N(e)
i (1) - iy _ ()
lim / |28V]* da = lim .E_l(vo(fcs) vo(z))p; '| dx

N(e)
<1 _ 20 < i i iy _
< 213(1) Z /B(z ) [vo(zt) — vo(z)Pdx < Cili% Z meas B(zL, A2pt) =0,

where ¢ = ¢(k). This proves the strong convergence of z" in Ly () to zero.
Applying Poincaré’s inequality we estimate the Lo-norm of the gradient of this
function:

N(e) 2

hm/ |Vz! 1)|2 de = hm V Z(vo(xé) — vo(x))apz(,s) dx

i=1

12



N(e) N (e)

< clim / IVvo 20! 2da + / vo(al) — vol? |Vl [Pdx
€0 Z B(zlA2pl) Z

(zl,A2pl)

< ¢ lim Vvo 2dx =0
0] NGO ; ’
I, Blaiapl)

from the absolute continuity of the integral, since

N(e) N(e)
hr%meas LJI B(xl, \opl) = chm Z =0,

here ¢ is independent of .

Now we show the strong convergence of the second term in the asymptotic
expansion in Lo (Q; R?). Applying the integral estimate (4.2) of the velocity for
the model problem, it is easy to see that

N(e)

2
hm/ |z |? dz < clim / E) v )(ex ka o) | dx
LD DY N Zo

3 N(e) N(e) N(e)
. E |2 . i3 . i 2 _
<ctm S [ (iR < clin 3 () e lim Y pkGrl)? -
k=1 i=1 Y B(@l,A2pL) i=1 i=1
where ¢ is dependent of k. Next we prove boundedness to the norm of the

gradient 22 in L, (Q) by a constant not depending on €.

/ |Vz P |2 da
Q

3
<eY Y (k) /B . (IVe7 2 (er = vE)? + [ IV VE?) do
; zL,A2pL

=1
NE)

; 2/ (1+ ‘vzs| )d$+/ ‘vvl s|2dx>
- (PL)” JB(iA2pi)\B(ziArpl) B(xi,A2pi)

N(e) N(E) N(e)

Z%+Z

where c¢ is dependent of .

The weak convergence of the reminder term of the asymptotic expansion to
zero is a direct consequence of its definition and the previous consideration, so
that z) converges weakly to zero in W12 (4 R3) as e — 0.

,

The next step is to show the strong convergence of the gradient Vz )(x) in
Lo(Qe; R?) as € — 0. Testing the integral identity (5.2) by h. = sz)( ) and
using representation (5.8), we derive:

/QE \Y (vo(x) + 21 (x) + 23 (z) + z,(f)(x)) V2 (z)do — / ¢V -2 (z) da

Qe

13



= / f. -2 (x) dz. (5.9)
Qe
Taking into account the following properties
zgl) — 0, z,(f) — 0 wealky in Wh2(Q; R%) as ¢ — 0,

it is easy to see that
/ v (vo(x) + zgl)(a:)) V2 (x)dr —0 as € — 0.
Qe
The next step is to show the convergence

/ Vz?(z): Vzl(x)dr — 0 as € — 0. (5.10)
Qe

From the definition of z!? (z) we have

/ Vz?(z): Vzl® (x)dx
Qe

N(e) 3
= / \Y4 vaﬁ(m)go( )(sc)vk(xz) V2 (z)de < cIl(E’F") + clée’k"),
L i=1 k=1
(5.11)
where
N() 3
1=y V@) vk @] V40 @) o,
im1 k=1 B@i,X2p)\B(zi,A\1pL)
N(e) 3
e .= Z / Vvi-fe(x) : (apl(vs)(x)Vz,(f)(x))dx .
i—1 k—1 |’ Bzl 2pl)

Applying the Holder inequality, we derive

( N(e) 3 ) 3
159 < ¢ / |vE_(2)]? dx
' z:: 2 <(P?>2 Blai dap \B(wihipf)

1 k=1

x / V2% da
B(Z;A?pé)

Applying to the right-hand side the pointwise estimate (4.1) for the solutions of
the model problems near the small sets, we have

2

N(e)

1 1
i\2\ 2 2
e 2 <(7:;) ) (/B( i A2pi) |Vz,(f)|2dx>
i=1 € TL,A2pL
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N2\ B i3 2
<e ((rj)?)) <d€i) / V202 da
— \ (d2) ¢ JB(xirapt)
1
N(e) , .. 2

(ri)? ¢ / ()2
<c . . V2% da
i:zl (d2)? Zzzl Pe  JB(xiapi)

It is easy to see that

d’ 1
lim max (de)” <clim max —— =0, (5.12)
e—=01<i<N(e) pE e—=01<i<N(e) In? dl

where the constant ¢ does not depend on e. Taking into account (1.13), (5.12),
we have

1
]_ 2
lim I[{" < clim  max —5— (/ |VZ§>|2dg;> =0. (5.13)
e—0 e—=01<i<N(e) In a7 Q

Let us consider the second term in (5.11)

N(e) 3
B =SS [ v (V) - (96 )
i—1 k—1 |’ B(xi,X2pl)
N(e) 3
< Z / Vvﬁs : V(apgs) 2%)) dx
i=1 k=1 |/ B A2p0)

e (5.14)

> / Vi (Vo) -2l do| =
B(xt,\apl)

To estimate LEE"{) we use the following generalized Poincaré inequality. The

scalar version of this inequality was proved in [17] (Lemma 1.4, Chapter 8).

Lemma 5.2 For every function u € WH2(B(0,r); R™) there ezists a positive

constant C depending on n (n denotes a dimension) such that the following
inequality holds

1 1
— / lul*dz < C —np"_Q/ |u|2dx—|—/ |V ul® dz
p B(0,p) r B(0,1)\B(0,r\2) B(0,r)

.
for every p < 3.

Applying this lemma, we obtain

12/ 1252 da
(PL)? JB(ai rapi)

15



i
<c pfS/ |z(5)| dx—i—c/ V22 da.
(d)? JB(ai ai)\B(at, B(ai de)

Using the last inequality and the following estimate

i\2
/ - - \Vvﬁg|2dgc§c@7 (5.15)
B(@i,A2pi)\B(xiA1ph) Pe
we have )
N(e) 2
) < / 120)? da
Z ( ps B(zi,A2pk)
3 N(E) v 2
(re)
\va |2d9: <ec 3
</B<z;,xzpz>\5<xzmz) N ; (d2)?
1
N(e) (di)s N(e) 2
Z ai / | 8) |2 dz + Z / |z(5) )|2 dx 7
i—1 Pe B(zt,d) B(zt,dl)

since the integrating is on the nonintersecting balls. Taking into account the

strong convergence to zero of z') () in Ly(2) as e — 0 and (1.12), (5.12), we
have that
lim I35 = 0. (5.16)

e—0

(e,5)

Now we consider I using that vﬁ . is a solution to the model problem

N(e) 3
e = 22/ VvE V(0 20) da
i=1 k=1 |7/ B, 2pL)
N(e) 3
:ZZ/ V(929 da
i=1 k=1 |’ B(@L:A2p])

N(e)

255 3 BN

i—1 k=1 Bzl 2pl)

(1289 V {21 + 1017V 2]} do = 1 + 1.

First consider I, 5(5’”)

) N2 i1

£,K

& Sczﬁp
i=1 Ve

taking into account (4.1):

/ 47 do
€ JB(al,A2pL)\B (L, A1p7)

Ti -3 1
<ey ne o [ 2602 do
— (pt)* " (PL)? JB(wi papi)

1
2
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1
2

M\W

'MZ

€ pé (e)12
V22 de + L / 1252 da
</B(:1:7 di) (d2)3 JB(ai,ai)

N Z 7
cey CE [ waopas [ P
o (di)z \ Pe JBiay B(ai,di)

Nl=

1
2

1
(e) i\2 2 N(e) i\3 N(e)
(re) (dz) / 2 2
<c = = V2|2 de + 2|2 dx
— (dv)? ; Pe JB(ai,di) Z @i di)

Analogously to the previous investigations we use (1.13), (5.12), and it proves

that )
. £,k) __
Eh_% I =0. (5.17)

Let us consider Iég’ﬁ). Taking into account the asymptotic expansion for the

velocity (5.8), we derive

div 2 = divv.(z) — divvo(z) — divzY (z) — divz® (z) = —div vo(z)
N(e) _ N(e) 3 4
—div | D (volad) = vo(@)e” | —div | D D (@)oo (ad)
i=1 i=1 k=1
N(e) _ N(e)
= —divvg — Z (vo(zs) — vo(z (E) Z ©; ) Qiv Vo
i=1
N(e) 3
+ 3N VE @)V el (). (5.18)
i=1 k=1

Using this and the properties of the cut-off functions, we have

N(e) 3

16 < ¢ ZZ/ gk |div vo dz

i=1 k=1 B(@&A2p7)

N(e) 3

+ZZ/ |qzs||v0( )7VO(I)||VCP£E)|CL’E

i=1 k—1 " Bzl A2pi)

N(e) 3
X V@V e ) de
i=1 k=1 B@l  2pi)\B(xL,A2p%)
N() 3 3 3
<c Z / |qf,€|2das / |div vo|*dx
i=1 k=1 B(zi,\2p%) B(xi,A\2pl)
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=2
=
Ll
o
vl

k |2
/ gl
B(zi,A2pl)\B(zi,A2pl)

k=1 i=1

2
—~
m
—
ol

- / vo(z?) — vo()[? de
)? JB(ai rapt)
’ (e)
+e [ @RIV
; Z( B(wi,Aapi)

%
x / o e de
B(zi,A2p2)\B(zi,A2pL)

The first term on the right-hand side tends to zero as € — 0 because of the
absolutely continuity of the integral. The second term also goes to zero by the
same reason after application of the Poincaré inequality. The crucial point here
is using the integral estimate (4.3) of the pressures to the model-type problems.
The third integral on the right-hand side of the last inequality is estimated
analogously to I fa’”). These arguments give us the following statement:

Nl=

lim 15 = 0. (5.19)

e—0

Finally, from (5.11), (5.13)—(5.19) we derive (5.10).
Coming back to the integral identity (5.9) we have to estimate the following
integral

/ ¢V -2 (z) du.

Qe

Using the expression for divergence of sz)(x) given in (5.18) we have

N(e)
/ qEV.z'(f)(x)dosgc/qEV.vodx+cZ/ lge| |V - vo| do
e Q i=1 7 Bl A2pl)
N(e) 3

+ Z Z/B |ge| [vo(al) — vo(x)| |V <p§€)| dx

i=1 k=1" B 2p])

gl VE @) 1V 01 ol (2] dae

(9527)\202)
/ |V - vo|?da
B(wé)AZPé)

[M]
o

S
[

18



N(e) 3 N(e)

3
1 )
+c / q:|*dx — / vo(zl) — vo(z)]? dz
; 2 ety ;(02)2 B(xz,xngl (v )

i=1 (zl,A2pt)
/ 0. da
B(xi,A2p1)

Applying the same arguments as in the previous investigation we get

N(e) 3 2 3

1550 D1 f IR AT e
B(zi,\2p5) l

i=1 k=1

Eli_r% o, ¢V -2 () dx = 0.

This proves the strong convergence to zero of the reminder term to the asymp-
totic expansion in Wy(€; R?).

Q.E.D.

Now we will pass to the limit as ¢ — 0 into the integral identities (5.2), (5.3).
For an arbitrary h € C§°(Q; R?) we construct the following test function

h.(z) = h(z) + h{"(z) + b () € Wy (Qe; R?),

where N |
h(V(2) = 3 (h(zi) ~ h(@)ei” (@)
N(e) 3
b)) = = 37 > vi@)el” @ht (),
i=1 k=1

It is easy to check that the following statement is true.

Lemma 5.3 Let Q. satisfy hypotheses (1.12), (1.13), and condition (G). Then
h® =0, h® =0 weakly in WH2(; R?) as € — 0.

Testing the integral identity (5.2) by h. we have

/ Viv+z® +22 42.):V(h+h +h?)de

—/ ng-(h+h§1)—|—h§2))dm:/ f.- (h+h® +h®)dz
Q. Q.

Consider every integral in this identity. From the strong convergence of (zgl) +
z.) and h'" in W, 2(%; R?) to zero we obtain that

/ V(zY +2.):V(h+h +h®)dz -0,
Qs

19
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/V(v+z§2)):Vh§1)d:c—>07 / ¢V -hW dzr — 0
QE

as € — 0. Using that h'? and z{? converge weakly to zero in V[/Ol’2 (Q; R3), we

derive:

/ Vv:Vh®dz -0, / Vz? :Vhdr -0 as € — 0.
Qe
Since g. — g weakly in Lo(€2) we obtain:
/q5V~hdx%/ qV -hdx as ¢ —0.
Qe Q.

Consider

3
Z hk (vﬁe . V(pge) — ¢§€>v . er(x)) dx.

N(e)
1 k=1

/ q:V - h(2)dx—/ QEZ
Q.

€ =

The second term in the last integral is equal to zero from the solenoidality of
the v¥_. The reminder integral tends to zero as € — 0 due to the properties of
the cut off functions and solutions of the model problem (1.15), (1.16). Finally,

from the strong convergence of (hg ) 4 h.) to zero in Ly(Q; R?) and from the
assumptions of Proposition 5.1 we have:

/fE-(hgl>+hg2>)dx—>o, / fE-hdm%/ f-hdr as ¢—0.
QE QE

By the standard calculations we derive for the remainder integral from the
integral identity:

N (e)

lim vz® . Vh, 2) dz = lim U / VvF_  VvE dx
e—0 Qs € e—0 i1 k;l B(Iza)\zpé) nE uE

:/Ck,l(x)vh dz.
Q

Passing to the limit into the integral identities (5.2), (5.3) as € — 0 we get
the main result of the Section.

Q.E.D.

6 Evolutionary Navier-Stokes system

In order to complete the proof of Theorem 2.1, we consider the evolutionary
Navier-Stokes system in the form

diveu =0 in (0,7) x ., (6.1)

20



Opu+divy(u®u) + Vyp =div,S+ £ in (0,T) x £, (6.2)

supplemented with the no-slip boundary condition
u|,995 = 0, (6.3)

and the initial datum
u(0,-) = ug. (6.4)

6.1 Uniform bounds
Tt follows easily from the energy inequality (1.7) that

T
2 2
ess sup |[ue(t,- . +/ w3 g ey At 6.5
te(O,T)H E( )||L2(Q,R3) 0 || a||W0 2(QR?) ( )
T
< C(||u0,8| iZ(Q R3) + ||f5||iQ(Q R dt),
€ 0 €}

for any weak solution u. of (6.1), (6.4), where the constant c is independent of
€.

6.2 Weak sequential stability

By virtue of the hypotheses of Theorem 2.1 and the uniform bounds established
in (6.5), we immediately get

u. — u weakly-(*) in L>(0,T; L?(€; R®) and weakly in L(0,T; W, *(Q; R%)),

(6.6)
passing to suitable subsequences as the case may be. Moreover, div,u = 0 a.a.
n (0,7) x Q.

Our goal is to show strong (a.a. pointwise) convergence of the sequence
{u:}c>0 necessary to perform the limit passage in the convective term u ® u.
To this end, consider the unique solution w of the modified Stokes problem (5.5)
for a given function f € L?(2; R?). In accordance with Proposition 5.1, there
is a uniquely determined sequence {w, }.~¢ of solutions to the Stokes problem
(5.1) in ., with f. = 1g_f, such that

w. — w weakly in W, 2(Q; R®). (6.7)
Since the quantities

gD(t,:C) = Qﬁ(t)ws(z), (RS C(?O(OvT)v

represent admissible test functions in the weak formulation (2.1) of the momen-
tum equation, we may infer that the family of functions

t— / uc(t,-) - we da is precompact in C([0,T1]).
Q
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Moreover, the Sobolev space W12(Q) is compactly embedded into L?(12),
therefore
w. — w in L*(Q; R?),

and the functions

t»—>/9u8-wdx: {tH/ﬂuE-(w—wg)dx}+[tl—>/9ug-wadx} (6.8)

form a precompact set in C[0,T].
Finally, since the domain of definition of the modified Stokes operator (5.5)
is dense in the space of square integrable solenoidal functions, we conclude that

u. — uin Cyear ([0, T); L(€; R?)). (6.9)
Relations (6.6), (6.9) yield the desired conclusion

u. — uin L*((0,7) x Q; R?). (6.10)

6.3 Homogenization of the evolutionary Navier-Stokes sys-
tem

To begin, we regularize equation (6.2) with respect to the time variable. After
a straightforward manipulation, we obtain

/ Valuc(t, )]’ : Voo do = / [£.(t,)]° - o dz (6.11)
Qe

Q.
+ / e ® ue(t, )] : Voo do - / Oruc(t, ) - da
Qe Q.

for any ¢ € Wy*(Q; R?), div,e = 0, and any t € [, T — 8], where [-]° denotes
the time convolution with a smoothing kernel supported in (—§/2,d/2).

Now, Proposition 5.1, together with (6.6), (6.10), allow us to pass to the
limit for € — 0 to obtain

/va[u(t,.)ﬁ Va0 dx+/Q(C[u(t,.)]5)-<p d — /[f(t,-)]5~<pdx (6.12)

Q
—|—/Q[u® u(t, ~)]6 Ve do — /Q[Otu(t, )]‘S < dx

for any ¢ € Wol’Q(Q; R3), div,p =0, and any t € [§,T — §].
Finally, we let § — 0 in (6.12)

/0 /Q (u-dp+[u®u]: Vo —DJu] : Dly]) dz dt + /Q((C[u(t, ) e dz
(6.13)

T
:—/uo-cp((),-)dx—/ /f-gpdzdt
Q 0o Ja
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for any test function
@ € CH[0,T) x % RY), divyp =0, plog € V, (6.14)

where u ® u denotes a weak L!—limit of u® u. From [5] it follows that

T T
/ /u®u:V<pdmdt:/ /[u@u]:Vgpdwdt (6.15)
0o Ja 0o Ja

for any test function ¢ satisfying (6.14).

So we have
Ju+divy(u®u)+Cu+Vyp=Au+g, (6.16)
div,u=0 (6.17)
in Q,
ufpn = 0, (6.18)

supplemented with the initial condition
u(0,-) = ug. (6.19)
Theorem 2.1 has been proved.
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