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Abstract Euler system

Equation

Beu + divy <(" +h[u]) ® (u + h[u])

Tl + H[u]) =0, diviu=0

v@vzv@v—%|v|2]l

0,T)xQ Q= ([-1,1]|—1y)"

Energy constraint

Boundary conditions

u(0,:) =ug, u(T,:)=ur
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Oscillations in conservation laws

Nonlinear conservation law

Oru + diviF(u) =0
Linear field equation

Btu =+ diVxV = 0
Nonlinear “constitutive” relation

Fuy=V
Oscillations

o 2 2
/Bu5—>/Bufor all B, I|£n_:51f/8|u5| /B|u|
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Convex integration

Field equations, constitutive relations

Oru + div,V =10, V =TF(u)

Reformulation, subsolutions

V=F(u) & G(u,V) = E(u), E(u) < G(u,V) <

E convex, € “concave”

Oscillatory lemma, oscillatory increments

Oz +diviVe =0, u[—10
E(u+u)<Gu+u.,V+V.)<eu+u,)

Iiminf/E(ue)/(é(U) — E(u))*
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Abstract Euler system, revisited

Equation

Beu + divy <(" +h[u]) ® (u + h[u])

Tl + H[u]) =0, diviu=0

v@vzv@v—%MZ]I

0,T)xQ Q= ([-1,1]|—1y)"

Energy constraint

Boundary conditions

u(0,:) =ug, u(T,:)=ur
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Abstract operators

Control set @

QC(0,7)x9Q, |QI=1(0,T)xQ

Boundedness

b maps bounded sets in L°°((0, T) x Q; R") on bounded sets in
Cb(Q7 RM)

Continuity

blva] — b[v] in Co(Q; RM) (uniformly for (t,x) € Q)
whenever

Vi — v in Cyeak([0, T]; L2(2; RV)) and weakly-(*) in L>((0, T) x ; RM)

Causality

v(t,-) =w(t,:) for 0 <t <7 < T implies b[v] = w] in[(0,7:_] X Q]__ﬁ Q.
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Subsolutions

Velocities, fluxes

v € Cuear([0, T]; L2(2; RM)NLZ((0, T)xQ2; RY), v(0,-) = up, v(T,:) =u

F e L°((0, T) x Q; REXM)

sym,0
Field equations, differential constraints
dev + diviF = 0, divov = 0in D'((0, T) x Q; RY)
Non-linear constraint

veC(Q;RY), Fec(@;RYM),

sym,0

(v +h[v]) ® (v + h{v])

sup N)\
(t,X)EQ,t>T 27 rlv]

—F+Hlv]| —e[v] <0

forany0 <7< T
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Subsolution continued

“Implicit” constitutive relation

Amax [V @ v — U]

N V@ v—T] > %Mz, Ue

NxN
RO,sym

2

Amax [V @ v — U] = %M2

@Uzv@v—%MzH
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Hypotheses

NxN
RX

Uc RxR", N=2,3bounded open set
hec(u;R"Y), He c;

NN, & FeC(U), F>0, §<&inU
N h®h
5)\max [

~ —]I:H]<éin u.
r

w, € C°(U; RY), G, € C(U;

Conclusion

R, n=0,1,...
Ow, + diviG, = 0, divow, =0 in R x RV,

N [(ﬁ+wn)®(ﬁ+wn)
EAmax ~

7

—(H+Gn)] < &in U,
w, — 0 weakly in L*(U; RV)
2

40> «F>»r «=)>r»r 4«
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Basic ideas of analysis

Localization

Localizing the result of DeLellis and Széhelyhidi to “small” cubes by
means of scaling arguments

Linearization

Replacing all continuous functions by their means on any of the “small”
cubes

Eliminating singular sets

Applying Whitney's decomposition lemma to the non-singular sets (e.g.
out of the vacuum {g = 0})

Energy and other coefficients depending on solutions

Showing boundedness and continuity of the energy €(u) as well as other
quantities as the case may be



Expected results

Basic assumption

The set of subsolutions is non-empty

Good news

The problem admits global-in-time (finite energy) weak solutions of any
(large) initial data

Bad news

There are infinitely many solutions for given initial data

More bad news

There exist data for which the problem admits infinitely many
“admissible” solutions, meaning solutions that dissipate the energy

a
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Example |, Euler-Fourier system

Mass conservation

Oro + divx(pu) =0
Momentum balance

O:(ou) + divi(ou @ u) + Vi (09) =0
Internal energy balance

g [&(919) + divx(gﬂu)] N

= —pddivyiu

4O0r 4F» «=)>» <«
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Application of convex integration

Ansatz

ou=v+ V, ¥V div,v =0
Equations

Oev + div, <(v + VW) ® (v+ VW)

ouiv. (VT2

> (00 + aiva (9(u + V.0)) ) — &9
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o>



Existence of weak solutions

Initial data

00, Yo, uo € C>, 0o >0, o >0
Global existence

For any (smooth) initial data go, 9o, uo the Euler-Fourier system admits

infinitely many weak solutions on a given time interval (0, T)

Regularity class

o€ C? 009, V20 e LPforany 1 < p < oo

u € Cuear([0, T]; L2) N L™, diveu € C!

«4O0r «4Fr «=r «=)>»
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Dissipative solutions to the Euler-Fourier system

Initial data

00 € C*99 € C°, 00 >0, ¥ >0

Infinitely many dissipative weak solutions

For any regular initial data go, Yo, there exists a velocity field ug such that
the Euler-Fourier problem admits infinitely many dissipative weak
solutions in (0, T)



Example 1l, Euler-Korteweg-Poisson system

Mass conservation - equation of continuity

Oro + divk(ou) =0

Momentum equations - Newton’s second law

9¢(ou) + divx(ou @ u) + Vip(0)

1,
oV« (K(Q)AXQ +5K (9)|Vx9|2)

— ou—+ oV,V
Poisson equation
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Reformulation, Step 1

Extending the density

Be0 + dived =0, 0(0,-) = 0o
Flux ansatz

J=0(Uo—2), Z=2(1)

3t/T3H[J] dx+/T3H[J] dx=0

H — standard Helmholtz projection

meas {x eT? | o(t,x) = 0} =0 for any t € [0, T]

4Or 4F» «=)>» <«
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Reformulation, Step 2

Flux ansatz

J=J+w, div,w =0, w(0,-) =0

Equations

w €| Cuear([0. T1, LX(2 R?)) |U LZ((0, T) x 2 R?)

O (w+]) + div, (

%) + Vap(o) + (‘”+j> -

Vi (x(a)Ax@) + %Vx (x'(Q)IVxQIZ) — 4divy (X(Q)VX\/E ® VX\/E)

+oViV
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o>



Reformulation, Step 3

Final flux ansatz
J=H[] + VM, v=¢ (w + H[]]) ,
Equations

divav =0, v(0,-) = H[Jo]

v + div, (M +]HI> +V,M=0

Coefficients

r = etg, h= ethM

4Or 4F» «=)>» <«
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Driving terms

Convective term

B ) = 40 (X(OVov/28 Vv - Sx(@IVvaPT)

3x3
RO,sym

set (%|VXV|2]1 - vXV®vxv> L He

Pressure term

N(t.x) = ¢ (p(e) + 9:M + M — x(2)xe)

1 4 1
—e <§><'(9)|ngl2 - §><(9)|Vxx/E|2 +2oV+ §|VXVI2> +[A]

A — a suitable constant
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Example 111, Euler-Cahn-Hilliard system
Model by Lowengrub and Truskinovsky

Mass conservation

0ro + divk(ou) = 0
Momentum balance

Cahn-Hilliard equation

Ot(ou) + divye(ou @ u) + Vypo(p, c) = divy <gvxc ® Vyic— §|ch|2]l)

9e(oc) + dive(ocu) = A (uo(g, ) - Livs <gvxc))

«4Or «Fr «=>»
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Energy functional

Energy in the convex integration ansatz

1|lv+ Vo —
e p— E
5 0 v]

= At) - g <%

Uniform estimates

VeV |+ po(e clv]) + atvx¢)

|[Vxc| = |u| needed!

Maximal regularity - Denk, Hieber, Pruess [2007]

Orc + éA (édivx (QVXC)> =h
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Example 1V, 2D Savage-Hutter model

Aeh 4 divy(hu) = 0,
i +f> ,
|ul

de(hu) + divy(hu @ u) + Vx(ah®) = h (_,y

Eduard Feireisl joint work with E.Chiodaroli (Lausanne), D.Donat

«0» «4F)»r « =)
Solvability in fluid mechanics



