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Model by Lowengrub-Truskinovski [1998]

Mass conservation

0ro + divy(ou) =0

Momentum balance

O¢(ou) + divy(ou ® u) + Vypo(o, ¢) =| div.S(c, V,u)

+divy (gvxc ® Vxc — §|ch|2]1)

Cahn-Hilliard system

Ot(oc) + divy(ocu) = A (,uo(g, c)— édivx (QVXC)>
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Model by Anderson-McFadden-Wheeler [1998]

Mass conservation

0r0 + divy(ou) =0

Momentum balance

O¢(ou) + divy(ou ® u) + V,p(p, c) = div,S(c, Vxu)

1
+divy <VXC ® Vic — 2|VXC|2H>

Cahn-Hilliard system

Be(oc) + div(ocu) = A (M(Q, ) — édivx (gvxc)>
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plo;c) = Qz%ic), uo,0) = 229

oc

‘Freeenergy
f(o, ) = fe(0) + fmix(0; €), fmix(0, ¢) = H(c)log(e) + G(c)

pl.c) = (o) + eH(O). ) = [ P az




More hypotheses

Growth hypotheses

Pe(0) =0, pr1o” ' — p2 < pl(0) < ps0” '+ pa

—Hy < H'(¢c),H(c) < Ha, , Gic — Gy < G'(¢c) < Gzc+ Gy

Viscosity - Newton’s law

2
S(Vxu) = u(c) <qu +Viu— 3divxuﬂ) + n(c)divyul,

Periodic boundary conditions

4= ([O’ 1]‘{0,1}>3'




Global existence - viscous case

Weak solutions - H.Abels, EF, Indiana Univ. Math. J. 2008

Let v > % Then the Anderson-McFadden-Wheeler model admits a
global-in-time weak solution for any finite energy initial data.




Global existence - inviscid case

Weak solutions, EF 2014
Let

f(o,¢) = H(c) + log(o) (all ; ¢ —&—azl;C) ,

H e C*(R), |H"(c)| < H forall c € R

and let the initial data be given such that

0(0,-) = 0o € C*(Q), inf o0 > 0,

u(0,:) =up € C3(Q; R%), ¢(0,-) = ¢ € C%(Q).

Then the Lowengrub-Truskinovski inviscid model admits infinitely

many global-in-time weak solutions.
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Eunlo.w0) = [ (Gaul+ Jolcl + ohle.c)) d

Iirg(i)q_fgtot(g, u, ¢)(t) > &t (00, uo, c)-
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Dissipative solutions

Global-in-time admissible weak solutions, EF 2015
For any given T > 0 and the initial data

0(0,-) = g0 € C3(Q), ir§12f 0o > 0,

there exists a set of initial concentrations ¢o € C3(f) dense in C()
such that for any [go, co] there exists ug € L°°(Q; R?) such that the
inviscid Lowengrub-Truskinovski system with

U(O, ) = Up

admits infinitely many weak solutions in (0, T) x Q satisfying the
energy inequality

1 1
[ (Geiz + 3aivci + e.)) (2.
Q

1 1
S/ <2Qouo|2+290|VXC0|2+Q07%(90,CO)> dx
Q




Convex integration ansatz

Helmholtz decomposition

ou=v—+V,$ div,v=0, /CDdx:O
Q

Modified system

8tQ =+ Ad) = 07
v+ V) ® (v+ Vi9)
0

r (v + V@) + div, <( ) + Voepo(o, €)

— div, (gvxc ® Vyc — §|vxc|211) :

00;c +v-Vyic+ Vid-V,c

- _A (Zdivx (gvxc)) + A (H’(c) 4 2 ;0‘1 |og(9)> .




v cv], ve L0, T) x @ R*) N CY((0, T) x Q; R?), div,v =0

Bic + %A (%divx (gvxc)> _h
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Reformulation via convex integration theory

Abstract Euler system
v(0,-) = vq, divyv =0

(V+ V@)@ (V+Ved) 1|v+ VX¢|2H>
0 3 0

8tv TP diVX <

— dive (0 Vac[v] ® Vicly] = 2[Vcv]?
(e( s

Energy
v+ VP2

E[v] = % .

= A(t) -

N W

(é|vxc[v]|2 + polo, cv]) + atvxcp)



