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Introduction
In this contribution we deal with the system of the non-steady Navier-Stokes equations with
mixed boundary conditions. We present here survey of some recent results.

We suppose that Ω is a bounded domain in IRm with a Lipschitz boundary for m = 2 or
m = 3. Γ1 and Γ2 are open disjoint subsets of ∂Ω such that ∂Ω = Γ1 ∪ Γ2, Γ1 6= ∅ and the
(m− 1)–dimensional measure of ∂Ω− (Γ1 ∪ Γ2) is zero. The domain Ω represents a channel,
Γ1 is a fixed wall and Γ2 is both the input and the output of the channel. Let T ∈ (0,∞), (0, T )
is a time interval and Q = Ω× (0, T ). We consider the initial–boundary value problem

∂u

∂t
− ν∆u + (u · ∇)u +∇P = g in Q, (1)

div u = 0 in Q, (2)
u = 0 in Γ1 × (0, T ), (3)

−Pn + ν
∂u

∂n
= σ in Γ2 × (0, T ), (4)

u(0) = γ in Ω. (5)

Here u = (u1, . . . , um) denotes the velocity, P represents the pressure, ν denotes the kine-
matic viscosity, g is a body force, σ is a prescribed vector function on Γ2, n = (n1, . . . , nm) is
the outer normal vector on ∂Ω and γ is an initial velocity. We suppose for simplicity that ν = 1
throughout the whole paper.

The Navier–Stokes equations have been mostly considered with the Dirichlet boundary con-
dition. The theory of the Navier–Stokes equations with this boundary condition is relatively
deeply elaborated (the results on the global in time existence of weak solutions, uniqueness
of weak solutions in an appropriate function space, local in time existence of strong solutions,
global in time existence of strong solutions). However, the homogeneous Dirichlet boundary
condition (i.e. the no–slip boundary condition) is not natural in some situations – for example
on the output of a channel. Some authors therefore use boundary condition (4) or

−Pn + ν e(u) · n = σ (6)

on the input and on the output. By e(u) we denote the symmetric part of the velocity gradient
with components eij = (∂ui/∂xj + ∂uj/∂xi) /2.

Boundary condition (4) do not exclude the possibility of backward flows that could eventu-
ally bring back to the channel an uncontrollable amount of kinetic energy. Consequently, they
do not enable us to obtain a priori estimate of a weak solution. Due to this fact, the problem of
the global in time existence of our problem is still open.

In [3] and [4], Kračmar and Neustupa prescribed an additional condition on the output
(which bounds the kinetic energy of the backward flow), formulated steady and evolutionary
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Navier–Stokes problems by means of certain variational inequalities of the Navier–Stokes type
and proved the existence of a weak solution of these inequalities.

In [5], Kučera and Skalák proved the local–in–time existence of a strong solution of the
non–steady Navier–Stokes problem with boundary condition (4) on the part of the boundary.

In [6], Kučera proved the global–in–time existence and uniqueness of a strong solution in a
small neighbourhood of another known solution.

In [1], Beneš proved the local–in–time existence of the strong solution (in the sense that the
solution possess second spatial derivatives) to our system.

In [2], Beneš and Kučera proved the global–in–time existence and uniqueness of a strong
solution in a small neighbourhood of another known solution in the sense that the solution
possess second spatial derivatives.

In [7], Kučera solved problem in which we prescribe condition

u(0) = u(T ) (7)

instead of (5). He defined a solution u of this problem to be regular if the problem is uniquely
solvable in its neighbourhood. He proved that a set of solution which are not regular is small in
a specific sence.
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