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Complete fluid systems

S Die Energie der Welt ist
L constant;

"y . Die Entropie der Welt
strebt einem Maximum zu

Rudolph Clausius
[1822-1888]

All pictures in the text thanks to wikipedia
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Fluids at equilibrium

Thermodynamic state variables

Mass density ........ ...t 0= o(t,x)
absolute temperature .......... ... o ¥ = 9(t, x)

Thermodynamic functions

PIESSUTE . .\ttt et e e e e e e e e p = p(o,?)
internal energy ........ .. e=¢e(p,?)
ENEFOPY oot s =s(o,9)

Gibbs’ relation

UDs(o,9) = De(o, V) + p(o,9)D (;)

Thermodynamic stability

Ip(o, )
do

de(p, 1)
09

> 0, >0



Dynamics, diffusion, transport

Macroscopic velocity

dX
u = u(t,x), E(t) = u(t, X(t)), X(0) = x
Viscosity - Newton’s law

2
S(Vxu) = 1 <qu +Viu— 3divXuH> + ndiv,ul,

Heat conductivity - Fourier’s law

q=—rV, 0

Energetically insulated system

u-nlpa =0, g-njspg =0, uxnljgg=0o0r (S-n) x njgg =0



Conservation (balance) laws

Mass conservation - equation of continuity

Oro + divy(ou) =0

Momentum equations - Newton’s second law

O¢(ou) + divy(ou ® u) + Vyp = divyS

Thermal energy vs. entropy balance

Ot(0€) + divx(pue) + divqu : Vyu — pdiveu

Bu(0s) + divy(ous) + divy (%) % (S V- X Zw)

Total energy balance

d

1 2
= |z 9)| dx =
dt,QLQu' + oe(o, )} x=0



Well posedness, classical way

o Existence. Given problem is
solvable for any choice of
(admissible) data

@ Uniqueness. Solutions are uniquely
determined by the data

e o Stability. Solutions depend

Jacques Hadamard continuously on the data

[1865 - 1963]
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Dissipation

Dissipation inequality
d
dt Jq

© q-V, 9
— : = <
—i—/Qﬂ(S Vxu 3 )dX_O

1
LQIUI2 + oe(o,9) — Oos(o, 19)] dx

Ballistic free energy

He(o,79) = oe(o,9) — ©os(o,v)

Relative energy
£ (o.9,u

1 OHo(r,©
= [ [3eu—v2+ o) - 2L g 1)~ hio(r.0)] ax

r,®, U)




Dissipative solutions

Relative entropy inequality

e (orsliou)],
+// % (S(ﬁ,VXu) V- ‘W) dx dt
0 Q

< / R(o,%,u,r,©,U) dt
0

Test functions

r>0, >0

U satisfying the relevant natural boundary conditions




Remainder

Remainder

\R(g,ﬂ, u,r,0,U) \

:/ <Q(atu+u Vi U) (U—U)+S(197vxu):vxu> dlx
/ [(p ple, 19)>d1VU+ (U—u)- Vip(r, 6)} dx

/ ( (s 0,9) —s(r,0) )5t@+9(5(g,19)—s(r,e))u.vxe

n q(v, Vxv) -VX@) i

19
/ !
Q

(atp(r, ©)+ U - V,p(r, @)) dx
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Weak vs. dissipative solutions

Classical (strong) solutions

Equations satisfied in the classical sense

Weak solutions

@ continuity and momentum equations in the sense of
distributions

@ entropy (internal energy) inequality in the sense of distributions

@ total energy balance

Dissipative solutions
Relative energy inequality for any trio r, ©, U
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Properties of weak solutions

Compatibility

weak + smooth = strong

Weak solutions with entropy inequality are dissipative
weak = dissipative

Weak strong uniquness

Dissipative (weak) and strong solution emanating from the same
initial data coincide as long as the latter exists
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Global-in-time weak solutions, entropy

Pressure - density, temperature state equation

p(o, V) = v°/2P (193/2) + a*

a
oe(o,9) = 7195/2P (@3/2) + 2o

lim P(2)

Z—00 25/3 = 7 =

Transport coefficients

w(1+9%) < p@) <m(l+9%), n®¥) <71+9%), ac(2/5,1],

K(1+93) < k(¥) <R +0%)
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Global-in-time weak solutions, internal energy

Pressure - density, temperature state equation
e(o,9) = ¢,V + H(o)
plo,9) = 0" + 09, v >3

Transport coefficients

© >0, n >0 constant
(1 +9%) < w(9) < E(L+9?)

Eduard Feireisl Thermodynamics of fluids



Regularity criteria

Weak solutions with entropy inequality

The weak solution emanating from smooth initial data remains
smooth as soon as

[Viul| oo (0, Tyx0) < €

Weak solutions with internal energy inequality

The weak solution emanating from smooth initial data remains
smooth as soon as

Jull o= (0, Tyx:r5) + [[divieull 2o, T (@) < ¢, ¥ <0
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Existence theory - a priori bounds

Integral bounds - conservation laws
Jeu € L0, T; L2(Q; R%))
0 € L=(0, T; L53(Q))
¥ € L>(0, T; LY(Q))

Gradient bounds - energy dissipation

8
5—-—«

Vau e 120, T; L9(Q; R3*%)), q =

V.9 € L2(0, T; L2(Q; R%))
V. log(¥) € L2(0, T; L3(Q; R?))

Pressure bounds

p(o,0)0” € L1((0, T) x Q) for a certain 5> 0




Convergence, sequential stability

Div-Curl lemma [F.Murat, L.Tartar, 1975]

Let
v, — v weakly in LP,
w. — w weakly in L9,
with
1 1 1
S+S=Z<1
p q r

Let, moreover,
div[v.], curl[w.] be precompact in W~*

Then
Ve -w, — v-w weakly in L".

Eduard Feireis| Thermodynamics of fluids




Weak sequential stability of convective terms

Ansatz for Div-Curl lemma

Ve = [Qastua]a W, = [u£7070a0]a =123

Aubin-Lions argument (Div-Curl lemma)

OsUe — ou

Ol U, — ou U

0:5(0,9: )0 — 0s(0, )9
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Pointwise convergence of temperature,

GOAL: Use monotonicity of s(p,?) in ¥ to show

=
/ / (Qas(gevﬁs) — 0:5(0e, 79)) (W —9) dx dt —» 0
0 Q
=
|9 — Iz — O

STEP 1: Aubin-Lions argument (Div-Curl lemma)

.
/ / 0e5(0e,0:) (¥ =) dx dt — 0
0 Q
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Pointwise convergence of temperature,

STEP 2: Renormalized equation of continuity [DiPerna and
P.-L. Lions, 1989]

0ub(0) + divi(b()u) + (b (e)e — b(e) ) diveu =0

STEP 3: Aubin-Lions argument (Div-Curl lemma)

b(0)g (V) = b(o) &(V)
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Pointwise convergence of temperature, ||

Fundamental theorem on Young measures, [J.M Ball 1989,
P.Pedregal 1997]

Letv. : Q € RN — RM be a sequence of vector fields bounded in
LY(@; RM).
Then there exists a subsequence (not relabeled) and a family of
probability measures {v,},cq on RM such that:
For any Carathéodory function ® = ®(y, Z), yin@, Z € RM such
that

®(-,v.) — & weakly in L}(Q)

we have

B(y) = /RM By, Z) du,(Z) for aa. y € Q.
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Pointwise convergence of temperature,

STEP 4:
Since we already know from STEP 3 that

V[Qsﬂs] = V[Qs] ® sz]v

Fundamental theorem yields the desired conclusion

.
/ / 0:5(02,9)(9: — ) dx dt — 0
o Ja

Conclusion

Y. =Y a.a. on (0, T)xQ
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Pointwise convergence of density,l

STEP 1: Renormalized equation of continuity

Or(0log(0)) + divy(olog(o)u) + odiv,u = 0

O¢(0log(p)) + divy(elog(e)u) + ediviu =0

Propagation of density oscillations

4 [ (2To8() - olog(e)) ax = - /Q (edivn — pdiv,u) dx
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Pointwise convergence of density, ||

STEP 2: Effective viscous pressure [P.-L.Lions, 1998]

p(o,9)b(e) — p(e, V) b(e) = [R : S]b(e) — [R : S]b(e)

where
Rij =0 A 10y
Commutator
R85 =|R 5 (3u() +n())diven |+ (3u00) + n(0))divs
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Commutator estimates

Commutator lemma [in the spirit of Coifman and Meyer]
Let w € WHT(RN), V € LP(RV; RN) be given, where

1 1 1
1<r<N,1<p<oo, —4+—-———<1
r p N

The for any s satisfying

+

N =
T~
=2~
0|

there exists 8 > 0 such that

[RWV] = wR[V]|lws.s(rr,rr) < cllwllwor [V ]ee-
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Pointwise convergence of density,lll|

STEP 3: Effective viscous pressure revisited

4 — .
0 < p(o,9)o — p(o,9)o = (g,u(ﬂ) +n(9)) (leVXU - levxu)
yielding

olog(o) = olog(o)

Conclusion

0 > pa.a. in(0,T)xQ
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Pointwise convergence of density - general case, |

STEP 1: Renormalized equation of continuity:

O:(oLk(0)) + divyx(oLk(0)u) + Tk(o)diviu =0

Or(oLk(0)) + divx(oLk(o)u) + Tk(o)divyu =0

Cut-off functions

Tk(0) = min{o, k}

Lk(o) = log(o), o < k
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Pointwise convergence of density - general case, Il

Density oscillations

% o (QT(Q) - QLk(Q)) dx = /Q (Tk(g)divxu — Wdim&) dx

+ /Q (Tk(g)divxu . Tk(g)divxu) dx

STEP 2: Effective viscous flux revisited
p(o;9) Tk(0) — p(o,¥) Tk(o)

= (39) + () (Tule)iv, — Tid)divw)
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sup
k>1

Hinaup

/T/ |Tk(-Qs)— Tk(g)|q o dt] < o
o Jo

i
v

«O0r» «Fr «=» « .




Convergence of the density - general case,lll

STEP 3: Boundedness of oscillation deffect measure

@ The limit functions g, u satisfy the renormalized equation of
continuity

/ (Tk(g)divxu — Tk(g)divxu> dx — 0 for k = oo
Q

Pointwise convergence of density

olog(o) = oLi(0) = lim olLy(0) = olog(o)

lim
k— o0

0 > pa.a. on (0, T)xQ
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Well-posedness of inviscid fluids
Compressible Euler system
Oro + divy(ou) =0
Ot(ou) + divi(ou ® u) + V,p(p) =0

Energy (entropy) inequality
1 5 . 1 5
Oe | 50lul” +P(o) | +divx | { Selul®+ P(e) J u+p(e)u| <0

P(Q)—g/lgp(z)dz

Z2

Result of Chiodaroli, DeLellis, Kreml [2013]

There exist Lipschitz initial data such that the compressible Euler
system admits infinitely many admissible (entropy) weak solutions.



Riemann problem

Riemann initial data

oL if xg <0
Q(O,Xl,...,XN) =

or if x1 >0

u% if x; <0
w0, x1,. .., xn) =

up if x3 >0

u (0, x1,...,xn) =0, k=2,...,N

Wild solutions

The wild solutions emanate from the 1D Riemann data but the
velocity admits non-zero second component




Shock free solutions

Geometry, pressure

Q= (—a,a) x T* (periodic in x,)
p(0) =0, p'(r) >0 for r > 0, p convex

Theorem EF, O.Kreml [2014]

Let § = g(x1/t), @t = [G'(x1/t), 0] be the self-similar solution to the
Riemann problem consisting of rarefaction waves (locally Lipschitz
for t > 0) and such that

essinf(o )xr0 > 0.
Let [0, u] be a bounded admissible weak solution such that
0>0aa. in(0,T)x Q.

Then

o=g,u=hin(0,T) x Q.




Method of relative energy

Relative energy

E (g,u

) = [ (Gelu= VP + P~ P2 1) - P(r)) ax

4

Relative energy inequality

£ (oufz.a)]
== /OT/Q [9|”1 — @' + p(o) - P'(8)(0 — 8) — p(8)| D i dx dt

+ “other terms”




Full Euler system

Mass conservation

Oro + divy(ou) =0

Momentum balance

O¢(ou) + divy(ou @ u) + V,00 =0

Energy balance
1, 5 ) 1 5
Or EQM + ¢ 0¥| + divy §g|u| +cod+0d |u|l =0

Entropy inequality

0t(0s) + divy(osu) > 0, s = s(o, ) = log (ﬁ;)



Riemann problem

Geometry

Q=R"x T where T* = [0, 1]f0,13 is the “flat” sphere

Initial data
RL for X1 S 0
0(0,x1,x) = Ro(x1), Ro =
Rg for xg > 0
©, for x; <0
(0, x1, %) = Oo(x1), O =
Ok for x; >0
U, for x; <0,
Ul(O,Xl,Xz) = U()(Xl)7 Uo = U2(0,X1,X2) =0.

Ugr for x; >0




Shock free Riemann solutions

Solution class

0<0<92, 0<9<Y, [s(0,9)] <5, |ul<T

Isentropic solutions

e the entropy S is constant in [0, T] x Q

O =Rw exp (CLS)

e R=R(t,x1) and U = U(t,x1) represent a rarefaction wave

solution of the 1-D isentropic system

cy+1

OtR + 05, (RU) =0, R[0:U + Ud,, U] + exp <c15> O R ™o

=0




Uniqueness

Theorem, EF, O.Kreml, A.Vasseur [2014]

Let [o,d,u] be a weak solution of the Euler system in (0, T) x Q
originating from the Riemann data. Suppose in addition that the
Riemann data give rise to the shock-free solution [R, ©, U] of the
1-D Riemann problem.

Then

0=R, 9=0, u=[U,0]a.a.in (0, T) xQ




Relative energy

Relative energy (entropy) functional

£ (Q,ﬁ,u @,6,6)

:/Q [;Q|u_a|2+Hg(g,19)—H~a(@—5)—’45(5,5)] dx

Ballistic free energy

H;(0,9) = o (cvﬁ — Js(o, 19)) :

o — Hj(o, 1) convex

decreasing for ¥ < 9

¥ — Hz(o,) {

increasing for ¢ > ¥




Relative energy inequality, dissipative solutions

Relative energy inequality

5,9, u)} =

t=0

[5 (g, 9,u

g/OTR(g,ﬂ,u,é,ﬁ,ﬁ) dt

Test functions

~ {éZRLa{g:eLa ﬁl:UL7 []2:Oifxl<_A7

@R, ﬁlZUR, lszOifX1>A

|




Remainder

Remainder in the relative energy inequality

R <g,19,u, @,6,6)

- / [g(a —u) - Osii + ol — u) ® u s Vi + (50 — gﬂ)divxﬁ] dx
Q

— [ le(s(e,9) = s(8,0)) 90 + o[ s(0,9) = 5(8,9) )u- V,d| dx
Q

+/Q Kl - Z) 0 (89) + (a - i) u- vx(gﬁ)] dx




Robustness of 1D viscosity solutions

Navier-Stokes system

0ro + divy(ou) =0
Or(ou) + divy(ou @ u) + Vyip(0) = div,S(Vyu),

Pressure, viscous stress

p(e) =a0”, a>0, v>1,

2
S(Vxu) = (qu + Viu— Ndivxu]l) + ndiv,ul, >0, n > 0.




O+R + ay(RV) —0,

9:(RV) + 0,(RV?) + 0,p(R) = [2u (

- 2
1- N) +77] P,V

«Or «Fr <=

<

Ha



Stability of 1D solutions - hypotheses

Theorem EF, Y.Sun [2015]

N 1 1
’Y>§, q>maX{2,’}/}, ;+?:1IfN:2

q>max{3,5,y6z6} if N =3

Let [R, V] be a (strong) solution of the one-dimensional problem,
with the initial data belonging to the class

Ry € WY9(0,1), Ry >0, Vo € W;9(0,1)

Let [0, u] be a finite energy weak solution to the Navier-Stokes
system in
(0, T)xQ, Q=(0,1) x TN,

with the initial data

00 € L(Q), 00 >0, ug € L3(Q; R3).




Stability of 1D solutions - conclusion

Conclusion
Then

| [3el=VE+ P - PR~ R) - PRI () ax

< e(7) [ | ool ~ Vil + Plen) ~ P/(Re)(en ~ Ro) ~ P(Ro)| ax

fora.a. 7€ (0, T),

P(0) = v,
(0) pog 4




Full Navier-Stokes-Fourier system

Navier-Stokes-Fourier system

Oro + divy(ou) = 0,
O¢(ou) + divy(ou ®@ u) + V,p(0, V) = div,S(

9
. . q
Or(0s(0,1)) + dive(os(o, P)u) + div, 5) =0

q- V0
19 )

,Vxu) — Au

o= 1 (S(ﬁ,vxu) :V,u —

9

Slip boundary conditions

u-nlpa =0, [S(Y,Viu)-n] x njgpg =0

q(9, Vi) -nlsgq =0




Constitutive relations - scaling

Pressure

p(o,9) = pu(o,9)+pr(0,9), pm = 9*/*P (19379/2) , Pr(0,7) = @194

Viscous stress

2
S(9, Vyu) = {,u(ﬂ) (qu + Viu— 3divxu]I> + n(ﬂ)divxull}
Heat flux
a4 = —[@k(O)V?

Brinkman type “damping”

D:—u



00 + divy(ou) =0

0:(ou) + div,(ou ® u) + V,pu(0,9) = 0

1
Or (§QIUI2 + oem(o, 19))

1
+divy [(§Q|U|2 + oem(o, 19)) u+ pum(o, ﬂ)U] =0

u-n|aQ:0

o>



Dissipative solutions

Relative energy
E (g,ﬂ, u’r,@, U)

aH@(rv e)
do

-/, B@|u_u2+He(p,z9)— (Q—r)‘H@(r’e)] >

Relative energy inequality
2 (evulnou)]

/ / ( (¢, Vxu) : Vyu — W) dx dt
+>\/ /|u|2 dx dtg/ R(0,9,u,r,©,U)dt
0 Q 0

r,e>07 U-n|aQ:0

t=71




Dissipative solutions - remainder

Remainder

R(g,ﬂ,u,r,@,U):/g(u—U)-VXU-(U—u) dx
Q

+/ {S(ﬁ,vxu) cv,u - A0 V:9)
o B

~VX@+)\u-U} dx
+/ s(o,9) —s(r,®))(U—u) - V,0 dx
[ o(ste.9) -~ 5(,9)) (U~ u)
+/g(atu+u.vxu) (U - u) dx—/p(g,ﬁ)divxu dx
Q Q

~ [ (e(ste.0) - 1. ©)2:6+ o(s(e. ) - 5(r. ) - V,0)

+/Q ((1-2) 2p(r.©) ~ 2u - V.p(r, ©)) dx




Vanishing dissipation limit

Theorem EF [2015]

Let [og, Ve, ug] be the classical solution of the Euler system in a
time interval (0, T), with the initial data [0g g, Jo £, o g]. Let
[0,9,u] be a weak (dissipative) solution of the Navier-Stokes-Fourier
system, with the initial data [gg, %o, uo].

Then

£ (g,ﬂ,U‘QEﬁE,UE) (7)

< Cl( Ta data’)g (907 190a UO‘QO,Ea 190,E7 uO,E)

1/3
) a
+c(T,data) max q a,v,w, \, —, — <>
A { Vo' 3 \Vimx }
fora.a. 7€ (0, T).




Navier-Stokes-Fourier system - numerics

Mass conservation

Oro + divy(ou) =0

Momentum balance

J¢(ou) + divy(ou @ u) + Vip(o, V) = div,S(V,u)
div,S(Vxu) = pAu + AV, diveu, p >0, A >0

Internal energy equation
v [0:(09) + divy(du)] — divy (k(F) V1)
= S(Vxu) : Viu — py(o,9)diveu, £(9) >0

Initial conditions and boundary conditions
0(0,:) = go > 0, ¥(0,:) = >0, u(0,:) =ug
u|39 = 0, Vxﬁ . n|39 =0



Total energy balance, weak formulation

Pressure

p(o,9) = a0” + bo+ 09, v >3, a,b>0

Total energy balance

1 a
E(t) = / {2‘9|u|2 + c,.00 + - 197 + bglog(g)}

d d
SEM =0, aE(t)o

Internal energy inequality
v [0:(09) + divy(du)] — divy (k(9) VD)
S(qu) 1 Viu — py(o,9)divyu, k(9) >0
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Analytical approximation

Mass conservation

Oro + divy(ou) = 5

Momentum balance
O¢(ou) + divy(ou ® u) + V,p(o, ) = div,S(Vu)
+e|l Ax(ou)

Internal energy equation
¢y [0:(09) + divy(du)] — divy (k(F) V)
= S(Viu) : Vou — pg(o,9)diveu, () >0




Numerical solution

FV framework

regular tetrahedral mesh
Q C Qp — polygonal domain
Q, — € in the sense of compacts

Q@p = {v | v = piece-wise constant}

FE framework - Crouzeix - Raviart

V, = {v ‘ v = piece-wise affine, Vi continuous on face F}

T
Vi = — [ v dS,
T




Hyperbolic part - finite volumes

Time discretization

Upwind
ru-V,é = Up[r,u][[¢]] on a face I
[19]] = ¢ — g
Standard upwind
Up|r,u] = Up[r,u] = g ([<u>r 0" +[<u>r-n]")

out

+r
2

([<u>rn]" +[<u>r-n]7)




rout

([< u>rn+ hT + [<u>ron— h°)

([Ku>r-n+h" +[<u>rn—h")

o> <Fr <=

=



Hyperbolic part - upwind

Artificial dissipation

Uplr, u]
<u>r ~n)
h ’

dissipative component

= r[<u>r o]t 4 < u > —[[rlrhx (

conventional upwind
0 for z < —1,
H(z+1)if —1<z<0,

—3(z-1)if0<z<1,

0 for z > 1.




0¢0 + dive(ou) =0
/Q Drofpn dx — Z /,—Up[Qﬁ, o] [lonllr S, = 0

rery,

for all pn € Qn(€2h)

Ha



Numerical scheme [Karlsen-Karper], |1

Momentum equation

O¢(ou) + divy(ou ® u) + V,p(o, ) = div,S(Vu)

Momentum method

/Q D, (ol) - on dx— 3 /r Uplal, u] - [[B4]]dS.

rery
= / p(gﬁ,ﬁ,’;)divhgoh dx—/ (w,,u,, :Vie + )\divhuﬁdivhgoh) dx
Q Q

for all ©Yh € Vh,O(Qh)




Numerical scheme, Ill

Energy equation

¢ [0:(09) + divy(Yu)] — divy (k(9) V)
= S(Vxu) : Viu — py(o,9)divyu, () >0

Energy method

/QDt (okvk) on dx — Y /FUP[QWI,;aUﬁ] [[onllrdS,

rery

+ 5 [ K@D lesleas,

rery
:/ (LIV hug? + Aldivaug|?) ¢n dx—/ D509 p(of, V) diveufon dx
Q Q

for all pp € Qn(2n)




0eb(0) + divi(b(e)u) + (B'(2)o — b() diveu =0

Ha




Renormalization, Il

Renormalized continuity method (numerical scheme)

i X — kY uk
/meb(Qh)“ > [ Uplbeh).uf] 1] 0,

el int

+ /Q o (b'(0f)ok — b(k)) divu dx

2
At Qk o Qk_l
— _ b k h h d
Q, 2 (é-g,h) ( At (b X

b S [0 bk el s,
Felping J

1

2

Frelp ing

for any ¢ € Qn(Q4), b € C(0, )

¢ b" (1 »)[oR]1?[5 - n dSx




de(ox(9)) + divi(ox(V)u) — div(x'(9)VK(¥))

= X'(9)S(Vsu) : Vu — X" (9)K'(0)| V0> — X (9)ps (e, ¥)divsu

o>




Renormalization, IV

Renormalized energy method (numerical solution)

4 / De (X)) ¢ dx—c, 3 / Up(lx (%), uk) [[6]] dS,

Felp,int

= Y [ S IKOD 8 a5~

rerh int




Renormalization, |V, continuation

_ / (1| Vhuk)? + Adivaug]?) X' (95)¢ dx

h

—/ X' (9%)oppdivauge dx
Qp

At e [0k — o
- h
—cv7 /m X”(ﬁﬁ,h)@h ( At > ¢ dx

L2 5 [ oA el s,

EcE,TeCOE

~hte, 30 e T00oh) - X 05)9%) o) s,

FElh,int J

for any ¢ € Qn(2h), x € C?(0,0)
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d

dt

1 2 a ¥
— —_— = <
/szh [2Q|U| +col + w1 (0)" + bo |0g(9)] dx=0 (0)

«4O0>» «Fr «=>»

<

o>



Total energy (numerics)

Discretized total energy

1 g a
Df/ ~ohluk? + coofk + —— (of) " + bok log(f)| dx
Q, L2 Ay =1
2 2
At 9/’5 - Qﬁ_l k—1 Gﬁ - ﬁﬁ_l
= AlEE—Ch A h || g
2 /Qh At O At X
‘Ak (Ak)out 2
. _|Up — Uy
-2 > [ by s,
EcE,TeCOE Fe

A ~
+5 > | (b + [k nl) [[ek])? dS. <0
rerh,int




0 € (0, T L"())

Jou € L0, T; L2(Q; R?))
qu (S L2((07 T) X Qh; R3X3)

o € L(0, T; L*(Q4))

V., Vilog(¥) € L*((0, T) x Qi R?)

QR



Existence vs. convergence

Existence of weak solutions [E.F.2003]

The Navier-Stokes-Fourier system admits a global-in-time weak
solution for any finite energy initial data

Convergence of the numerical scheme [E.F., R. Hosek, M.
Michalek, T.Karper, A.Novotny 2014]

Consistency estimates; the numerical solutions converge, up to a
subsequence, to a weak solution of the Navier-Stokes-Fourier system




Compactness - convergence

Density oscillations

Orolog(p) + divy (g Iog(g)) u) + odiv,u =0

Ot(olog(p)) + div, (0log(e)) u) + ediv,u = 0

Effective viscous flux

0 < p(0)o — p(0) o = odiviu — pdiv,u

Biting limit of the temperature

lim Ko (0.) = Ka(9), Ka /K




Blow-up criterion

Blow-up of smooth solutions [E.F., Y.Sun 2014]

Suppose that the initial data gg, Yo, and ug are smooth (W?23).
Then the Navier-Stokes-Fourier system admits a strong solution
defined on a (possibly short) time interval (0, T).
If
sup_[[lefleoe + (|9l + [lullLoe] < o0,
te(0,T)

then the solution can be extended beyond T.
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Regularity criterion

Regularity for weak solutions [E.F., Y.Sun 2014]

Suppose that the initial data g, o, and ug are smooth (W?3). Let
[0, 9, u] be a weak solution of the Navier-Stokes-Fourier system such
that

sup )[H@IILw + [9lee + [Julleee + [|diviuf[r] < oo
0, T

Then [0, 9, u] is regular.
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Synergy analysis - numerics, assumptions

Numerical solutions with regular initial data

Suppose that [op, ¥h, up] is a sequence of numerical solutions for
regular initial data

Boundedness

Suppose that
k gk kooqs ok
Qh7 19/7’ uh, lehuh

are bounded independently of the order of discretization h.




Synergy analysis - numerics, conclusion

Conclusion

The numerical solutions converge to a weak solution with

sup [llollcee + [l + [lullLoe + [|diviu]|zee] < oo.
te(0,7)

Consequently:
@ the limit solution is smooth
@ the limit solution is unique
@ the numerical scheme converges unconditionally

@ error estimates (?)




