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Navier-Stokes-Fourier system

Equation of contintuity

Oro + divy(ou) =0, u-njpa =0

Momentum equation

It(ou) + divy(ou ® u) + Vi p(0, ) = divsS(¥, Vu), ulagg =0
Second law, entropy production

q(¥, V)

at@s(@19))+divx(@s(g,z9)u)+divx( a

) <o anin =

First law, total energy balance
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Constitutive relations
Gibbs’ law, thermodynamics stability

dp(o,V)
do

e(p,v)

oo 0

>0,

9Ds(o,9) = De(o,9)+ p(o,9)D (Z) )

Viscosity, Newton’s law
2
S(¥, Vxu) = p(9) <qu + Viu-— 3divxu}l) + ndiv,ul
Heat conductivity, Fourier’s law
q(9, Vi) = —k(9) V0

Second law, entropy production

A (50T Vo - ST



Relative energy for NSF system

Ballistic free energy [Ericksen]
He(o,9) = ce(e, ) — ©os(o, V)

Relative NSF energy

¢ (e.0,u|r,0,U)
1 OHe(r,©
= [ (Geu— 02+ o) - 2o )~ o)) ax
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Relative entropy vs. relative energy

Dafermos [1979] - relative entropy for the full Euler system

1
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Relative energy inequality

Relative entropy inequality

[5 (Q,ﬁ,u re, u)];o
+/T/ % <S(19,qu) :Vu — W) dx dt
0 Q

S/ R(o,¥,u,r,©,U) dt
0

Test functions

r>0, >0

U satisfying the relevant natural boundary conditions



Remainder

Remainder

’R(Q,ﬂ,u,r,G,U)‘

:/Q(g(atujuu-vxu) (U~ u) +5(9, V) : V,U) dx

[ (001 )b + 2092001
/( (s )8t@+g< (Q,ﬁ)—s(r,e))u.vxe
+ (ﬂﬁv V) ~Vxe) dx

+/ r*g(atp(r,ewu-vxp(r,e)) dx
Q r
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Global-in-time weak solutions, hypotheses

Pressure - density, temperature state equation

p(0,9) = 95/2P (193/2) + a0t
2 95/2 a 94
ve(0,9) = 19 P(Wz) + 30

im P(Z)

Z—00 25/3 = Peo >0

Transport coefficients

w1 +0%) < p(@) <p(L+9%), () <71 +9%), a € (2/51],

K(1+19%) < k(9) <R+ %)
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Results

Existence of weak solutions [Indiana Univ. Math. J. 2004]

Weak solutions exist (under certain constitutive restrictions) for any
finite energy initial data and on an arbitrary time interval. Smooth
weak solutions are strong solutions

Weak-strong uniqueness [with A.Novotny ARMA 2012]

Weak and strong solutions to the Navier-Stokes-Fourier system
emanating from the same initial data coincide as long as the latter
exists. Strong solutions are unique in the class of weak solutions

Conditional regularity [with A.Novotny, Y. Sun ARMA 2014]

A weak solution emanating from smooth initial data is smooth as
soon as

[Vxul| oo (0, Tyx0) < 00



Inviscid fluids?

Euler-Fourier system

Oro + divy(ou) =0
Ot(ou) + divy(ou @ u) + V() =0
3 . .
5 [0t (09) + divy(edu)] — AY = —pddivyu

Existence of weak solutions [with E.Chiodaroli, O.Kreml AIHP
2014]

The Euler-Fourier system admits | infinitely many | global-in-time

weak solutions for any smooth initial data gg, ¥, up. Moreover, for
any 0o, Yo there exists a velocity field ug € L°° such that the
problem admits infinitely many global admissible weak solutions.



Solutions via convex integration
Step 1: density and acoustic potential
ou=v+V,V divy,v =0, 0o+ AV =0
Step 2: temperature as a function of v

g (9u(09) + div, (9(v + VW) ) ) = A9 = —oddiv, (‘W“)

Y

Step 3: Euler system with nonconstant coefficients

v+ VV) @ (v+ V,¥)
1%

Opv + divy <( ) + V. (0:V + 009[v]) =0

e = x(t) - S o0l



Vanishing dissipation limit

Pressure

0
p(o,9) = pu(e, 9)+pr(e, ), pu = 9*/*P (W) . Pr(0, ) = %ﬁ“

Viscous stress

S(9, Vyu) = {M(ﬁ) (qu + Viu-— idivxu]l> + 7](19)divxull}
Heat flux
q=—[wk(?)Vo

Brinkman type “damping”

D:fu



Target system

Full Euler system

Oro + divy(ou) =0
81‘(@“) + diVx(Qu & u) + VxPM(Q’ 19) =0

1
O (29112 + oem(o, 19))
N VS
+div, §Q|U| + oem(0,9) | u+ pu(o,9)ul =0

Slip boundary conditions

u-njpa =0



Vanishing dissipation limit

Theorem EF [2015]

Let [og, Ve, ug] be the classical solution of the Euler system in a
time interval (0, T), with the initial data [o g, Jo £, uo,g]. Let
[0,9,u] be a weak (dissipative) solution of the Navier-Stokes-Fourier
system, with the initial data [og, Yo, uo].

Then

£ (g,ﬁ,U‘QEﬁBUE) (7)

S Cl( Ta data)g (Q07 19()’ uO‘QO,Ea 190,57 uO,E)

1/3
v ow a
+c(T,data) max q a,v,w, \, —, — < >
P(Tdata) { Ve a \Via }
fora.a. 7€ (0, T).




Numerics
Equation of continuity
Oro + divy(ou) =0

Momentum balance

Ot(ou) + divy(ou ® u) + Vyip = divS(Vxu)
Thermal energy balance
cv (De(V) + divy (V) + diveg > [S(Vyu) : Viu — pydiveu

Total energy balance

d
I ( olu? + ge) de



Numerical analysis

Numerical analysis with T.Karper, A.Novotny, R.Hos3ek,
M.Michalek [2014]

m A mixed finite-volume finite element implicit scheme converges
to a weak solution

m Convergence is unconditional provided the numerical solutions
oh, Un, up and div,uy remain uniformly bounded



Blow-up criterion

Blow-up of smooth solutions [E.F., Y.Sun 2014]

Suppose that the initial data gg, Yo, and ug are smooth (W?23).
Then the Navier-Stokes-Fourier system admits a strong solution
defined on a (possibly short) time interval (0, T).
If
sup [[lollte + (|9l + [Jul[Le] < o0,
te(0,T)

then the solution can be extended beyond T.
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Regularity criterion

Regularity for weak solutions [E.F., Y.Sun 2014]

Suppose that the initial data gg, 9o, and ug are smooth (W?23). Let
[0, 9, u] be a weak solution of the Navier-Stokes-Fourier system such

that

sup_[[lollee + [l + [Jul[re + [|diviul[] < oo.
te(0,T)

Then [g, ?, u] is regular.
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Synergy analysis - numerics, assumptions

Numerical solutions with regular initial data

Suppose that [gn, U4, up] is a sequence of numerical solutions for
regular initial data

Boundedness

Suppose that
k k k : k
Q/” 19/7’ uh, lehuh

are bounded independently of the order of discretization h.



Synergy analysis - numerics, conclusion

Conclusion

The numerical solutions converge to a weak solution with

sup [[lolleee + [l + [lullLoe + [[diviu]|Lee] < o0.
te(0,T)

Consequently:
m the limit solution is smooth
m the limit solution is unique
m the numerical scheme converges unconditionally

m error estimates (?)



