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STABILITY FOR APPROXIMATION METHODS OF THE
ONE-DIMENSIONAL KOBAYASHI-WARREN-CARTER SYSTEM
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Abstract. A one-dimensional version of a gradient system, known as “Kobayashi-Warren-
Carter system”, is considered. In view of the difficulty of the uniqueness, we here set
our goal to ensure a “stability” which comes out in the approximation approaches to the
solutions. Based on this, the Main Theorem concludes that there is an admissible range of
approximation differences, and in the scope of this range, any approximation method leads
to a uniform type of solutions having a certain common features. Further, this is specified
by using the notion of “energy-dissipative solution”, proposed in a relevant previous work.
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1. INTRODUCTION

Let 0 < L, T' < oo be fixed constants, and let Q := (=L, L) be a one-dimensional
bounded domain with the boundary points £L € R. Let @ := (0,7) x  be the
product set of the time-interval (0,7T") and the spatial domain .

In this paper, the one dimensional version of a gradient system, known as
“Kobayashi-Warren-Carter system”, is considered. This system is denoted by (S)
and is derived from the following free-energy:

F0) =5 [ Inao+ [ awde+ [ a@IDaol. Vo e H'(9) % BVQ)

including an unknown-dependent total variation [, (n)|D,0|, where § is a given
nonnegative function, and « is a given positive convex function. Accordingly, the
system (S) is formally described as follows.
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(1.1) n:(t, L) =0, t€(0,7),
n(0,z) = no(x), =€

D6 .
ao(n)et - (a(n) |D 9|):C =0 in Q7
D,6
|D6|

ao(n(0,2))0(0, z) = ao(no(x))bo(z), =€,

where g is the derivative of g, o’ is the differential of o, and «y is a given nonnegative

a(n(ta iL)) (ta :l:L) =0, te (Oa T)a

function.

System (S) is based on a phase-field model of a planar grain boundary motion in
a polycrystal, proposed by Kobayashi-Warren-Carter [5]. In the context, the physical
situation is reproduced by using two order parameters n = n(t,z) and 6 = 0(t, z),
which indicate, respectively, the orientation order and the orientation angle of the
grain. In particular, 7 is supposed to satisfy the range constraint 0 < n < 1 on @), and
the threshold values 1 and 0 are supposed to indicate, respectively, the completely
oriented phase and the disordered phase of orientation.

Recently, the existence results relative to the Kobayashi-Warren-Carter system
were reported in several literatures [2], [3], [6], [8], [9], [10], and in each of these, the
forerunners adopted some approximation problems, configured as gradient systems
of the following types of relaxed free-energies:

Z0.0)i=5 [ 0P+ [ gme+ [ a6, ds

Q
+g/ 10,2 dz, V[n,6] € H'(Q) x H(Q), Vv e (0,1).
Q

Here, v € (0,1) is an index of the parabolic regularization for (1.2), and hence
this index approximates the original situation as v | 0. Further {a,; v € (0,1)}
and {8,; v € (0,1)} are sequences of functions to relax, respectively, the possibly
degenerate situation of o and the nonsmoothness of the absolute-value function |- |.

Meanwhile, with regard to the uniqueness, the standard analytic technique is not
applicable, due to the unknown dependence of the weights ag(n) and a(n) in (1.2).
This difficulty has cost us satisfactory answers for the uniqueness question, except
for a quite restrictive case (cf. [2], Theorem 2.2). Hence, we must still worry about
that the system (S) may include some “instability” for the approximation methods,
since we cannot deny the possibility of obtaining different types of solutions relative
to the choices of the approximation components {«, } and {3, }.
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In view of this, we here set our goal to ensure the “stability” for the approxima-
tion methods. To this end, a class & of pairs A = [{«, }, {f.}] of the approximation
components will be defined to prescribe an admissible range of the approximation
differences (oscillations). Based on this, the Main Theorem of this paper will be to
conclude that any approximation method associated with any A = [{aw }, {8, }] € &
leads to a uniform type of solutions to (S),, having certain commonalities. Further-
more, the commonalities will be specified on the basis of the notion of the “energy-
dissipative solution”, proposed in the relevant previous work [8], Definition 3.1.

2. MAIN THEOREM

We begin with confirming the assumptions and notation in this study.

Assumptions. Here are the assumptions in the study of the system (S).

(Al) g € VI2/'1})’C°°(R), g(0) < 0, ¢g(1) > 0, and ¢g has a nonnegative primitive
g€ WE(R)

(A2) ap € W°(R), ap=0o0n R, and (ag)~'(0) = {0}.

(A3) a € CY(R), @ > 0 on R, and it is a convex function such that the derivative

o/ € C(R) satisfies o/ (0) = 0. Moreover, d,, := a(0) = meiu%a(ﬁ) > 0.
7
(A4) The initial data [ng, fo] belongs to a class Dy C C(Q) x L>(), defined as

Do :={[w,z] € H'(Q) x BV(Q); 0 <w <1 on Q}.

Specific notation. For any w € C(Q), we define a functional ®(w;-) on L2(Q)
by putting

/ a(w)|Dyz|, if z € BV(Q),
O(w, z) := Q

(2.1) for any z € L*(1).

oo, otherwise,

Furthermore, for any open interval I C (0,7) and any £ € C(I x ), we define
a functional EI;({“; Jr on L*(I; L*(Q)) by putting

(2.2) &aopz/éawm@wm for any ¢ € L2(I; L*(%)).

I

As is easily seen, the functional given in (2.1) is a proper lower semicontinuous and
convex function on L?(£2). We denote by 0P (w;-) the subdifferential of the convex
function ®(w;-) in the topology of L?(Q2), for any w € C(Q). Also, for any open
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interval I C (0,7, it follows from (A3) and [9], Lemma 3 that the functional given
by (2.2) is a proper lower semicontinuous and convex function on L?(I; L?), and

D(®(&)r) = {C € LX(I;L2(Q)); |D.C()|(Q) € LN}, Ve e C(Tx9Q).

Next, we propose (AP1)—(AP3) as the conditions to prescribe an admissible range

of approximations.

(AP1) {a,; v € (0,1)} € W,2°(R) such that o, > 0 on R, Yv € (0,1), and
ay — ag in Clpe(R) as v | 0.

(AP2) {B,; v € (0,1)} € WL>°(R) N W2 (R) is a sequence of convex functions
such that 8, > 0 on R and 5,(0) =0, Vv € (0,1).

(AP3) There exist bounded functions g : (0,1) — (0,00), rx: (0,1) — [0,00), k =
0,1, such that hﬁ?)le(V) =1, 1i£18rk(1/) =0,k =0,1, and go(v)|7| — ro(v) <
Bu(T) L u(V)|7| +r1(v), VT € R, Vv € (0,1).

Now, we define the class 7, mentioned in Introduction, as follows:
(2.3) o ={A=[{a},{B}]; {a} and {B,} fulfill (AP1)-(AP3)}.

Subsequently, for any A = [{a, }, {B,}] € & and any w € L?(2), we define a sequence
{®,(w;-); v e (0,1)} of relaxed convex functions for ®(wj;-) by putting

/oz(w),@l,(zx)da:—l—z/ |2, |? d,

Q 2 Ja

(24)  Pu(w2) = if 2 € HY(Q), ¥z € L2(Q), Vv € (0,1).
0, otherwise,

Moreover, for any A = [{a,},{B.}] € &, any open interval I C (0,7) and any
¢ € L3(I; L*(Q)), we define a sequence {</I\>,,(§;~)[; v € (0,1)} of relaxed convex
functions for ®(¢;-); by putting

@25) B (60 = / B, (€(t);C() dt, V¢ e LI L3(Q)), Vv € (0,1).

I

As is easily seen, the functionals given in (2.4) are proper lower semicontinuous and
convex functions on L?(Q). Also, for any open interval I C (0,7, it follows from
(A3) that the functionals given in (2.5) are proper lower semicontinuous and convex
functions on L2(I; L%(f2)), and all of their effective domains uniformly coincide with
the space L%(I; H(2)).

Remark 2.1. The conditions (AP2)-(AP3) cover various regularization methods
of the absolute-value function | - |, e.g., approximations by using hyperbolic graphs,
Yosida-regularizations, primitives of tanh and arctan, etc., although the approxima-
tion by |- |P with p > 1 is not in the applicable scope of these conditions.
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Now, for any pair A = [{«, }, {0, }] € &, we can consider a sequence of functional
pairs {[n,,6,]; v € (0,1)} consisting of solutions [1,,8,], v € (0,1), to the following
approximation problems, denoted by (AP),:

(AP),: for a fixed index v € (0,1), find a functional pair [n,, 6,] fulfilling

e Wh2(0,T; L3(Q)) N L>=(0,T; H(Q)) N L?(0,T; H*(Q)),
(2.6) and 0<n, <1 onQ,
6, € WH2(0,T; L*(Q2)) N L0, T; H'(R)), and |0, ¢q) < |00 lc @)
()2 (t) + A () + g(m () + &/ (0 (£)) B0 ((62)2(t)) =0 in L2(Q), t € (0,T),
(0 (£))(8,)¢(t) + 0%, (1, (1);6,(t)) 30 in L*(Q), t € (0,T),
[1,(0),6,(0)] = [n0,0,00,,] in L*(Q) x L*(9),

where [10,,,,00,,] € Do N H'(R2)? is the relaxed initial data satisfying [0o,.[om) <
00|15 () for all v € (0,1), and Ay is an operator defined as

An: z€{2€ H3(Q); 2,(+L) =0} = Anz := —24 € L*(Q),

and for any v € (0,1) and any w € L?(f2), 9®,(w,-) denotes the subdifferential of
the convex function @, (w;-) on L2(€).

For any v € (0,1), the existence and uniqueness of the solution to (AP), can be
verified by referring to the analytic method as in [2], [3], [4]. Furthermore, as another
consequence, we can derive the following energy identity:

(2.7) / (10m)e ()| 22y + [V (nu (¢ ()72 dt + 0 (nu (1), 0,(1))
=F,(n(s),0,(s)), Vs,Vte|0,T], Yve(0,1).

Now, our Main Theorem is stated as follows.

Main Theorem (Stability for approximation methods). Let us assume (Al)-
(A4). Then, for any A € </, the limiting set, defined as
Hwvpn} C (0,1) such that the sequence of
s the approximate solutions [0, 0,] := [, 0., ]
w(A) = [7,0] € L2(Q)? s
(AP),,,, for n € N, converges to [7], 6]
in the weak- topology of L*°(Q)* as n — oo

is nonempty, and the union |J w(A) is a subset of the class of functional pairs [, 6],
Aed
fulfilling the following conditions:
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(S1) n € Wh2(0,T;L*(Q)) N L®(0, T H'(Q)), 0 < 7 < 1 on Q, 0 € L™(Q),
0C) Bve) € L=(0,T), 0 € L (@ \ n71(0)), |0lr=(q) < |0o|r=(), and
ao(n)f € WH2(0,T; L*(Q)) N BV(Q).

(S2) n solves (1.1) in the following variational sense:

/ (me(t) + g(n(t)))w dz + / e (w5 dz + / wal (n(t))| D20(t)] = 0,
Q Q Q
Yw e H'(Q), a.e. t € (0,T), withn(0) =no in L*(Q).

(S3) @ solves (1.2) in the following variational sense:

/19* —z)dx—f—/Q a(n(t))|DL0(t)] < /Qa NI Dy 2],

Yz € BV(Q), ae. t € (0,T), with ag(n(0))8(0) = ap(10)o in L*(Q),

where 9* := [ap(n)0]: — [ao(n)]:0 € L*(0,T; L?(Q)).
(S4) [n, 0] satisfies the following energy inequality:

1 t
—_ 9 (T)|22, 0 AT + .F (n(t), 0(t
oy [, 1l 7+ Fe).00)

< F(n(s),0(s)), aeld<s<t<T.

t
/ [7e(T)] 72y A7 +
S

Remark 2.2. Note that (S1)—(S4) are based on the conditions defining the
“energy-dissipative solution” proposed in [8], Definition 3.1. Hence, our Main The-
orem is to conclude that if the approximation method is taken in the range of &7,
then the approximation stably leads to a uniform type of solutions belonging to the
category of energy-dissipative solutions.

3. PROOF OF MAIN THEOREM

Let us fix any A = [{a}, {Bu}] € & to consider a sequence {[n,,0,]; v € (0,1)}
of solutions [n,,6,] to (AP), for v € (0,1). Then, on account of (2.6) and (2.7),
it will be possible to show the existence of an approximation limit [,0] € w(A).
Also, an analytic method similar to that in [10], Section 5 will be applicable for the
verification of (S1)-(S4), if we can prove the following lemma concerned with the

Mosco-convergences of convex functions.
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Lemma 3.1 (cf. Mosco [7]). Under (A3), the following two items hold:

(1) If wy € C(Q), {w,; v € (0,1)} C C(Q), and w, — wy in C(Q) as v | 0,
then the sequence of convex functions {®,(w,;-); v € (0,1)} converges to the
convex function ®(wo;-) on L*(Q), in the sense of Mosco, as v | 0.

(I) For any open interval I C (0,T), if & € C(IxQ), {&; v € (0,1)} C
C(IxQ), and &, — & in C(I x Q) as v | 0, then the sequence of convex
functions {(51,(@; J1; v €(0,1)} converges to the convex function ®(&o;-)s on
L?(I; L*(Q)), in the sense of Mosco, as v | 0.

Now, all we have to do is reduced to giving the proof of Lemma 3.1.

Proof of Lemma 3.1. We prove only the item (II), because the other item (I)
can be obtained similarly and more simply. Then, according to the general theory
of Mosco [7], we need to verify the following two items.

(ML) (Lower bound.) liminf D, (6 C)r = (60; Co)r, if Go € LA(L; L), {Gvs v €
(0,1)} € L*(I; L*(Q)) and {, — { weakly in L(I; L*(2)) as v | 0.

(M2) (Optimality.) Vo € D(®(&o;-)1), Héyy v € (0,1)} € L2(I; HY(R)) such that
G = Co in LI L2(92)) and @y (€3 G)r = B(€o3 o) as v 1 0.

For the verification of the lower bound, let us take a function ¢y € L2(I; L?(f))
and a sequence {C,; v € (0,1)} € L?(I; L*(Q)) as in (M1). Here, if we suppose the
nontrivial case, i.e., if 1ir£1ﬁ)nf ‘/I;V(fl,, ()1 < oo, then it follows from (A3) and (AP3)
that

lim inf 3,(6,C)1 = nminf@y(fo; C)r =0 (6; C)r — @0 (€03 G)1l)
hmmf// (€0(1)Bu((C)a) (1)) da dt
+hmmf(—|a(§,,) — a(é)loxay 8o ((G)a) i (12 @)
> 1ir$1¢%nf (qo(z/) /I/Q a(&(t))|( |dxd> 2LT (o)l o (rxa) hmro( )
3,

+ ES hm( la(&) — a(o)lcxa)) hmmf

80 110 (&3 Co)1 = ®(&03 Go)-

Thus, the condition (M1) of the lower bound is verified.
Next, for the verification of the optimality, we fix any {, € D( (&o;+)1) asin (M2),
and apply [9], Lemma 7 to take {¢;; i € N} € C°°(R?) such that

6.1 Ui — G in L2(I; L2(Q //wm |dxdt—>//|D<0 )| dt,
3.1
Ui(t) = Co(t)  in L2(Q) and strictly in BV (), a.e. t € I, as i — oo,
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On that basis, let us take a decreasing sequence {7;; i € N} C (0,1) such that
- 1
(32)  Bie1 < and g// (@)e (0P drdt < 3, VieN, Vv e (0,),
1Ja

and define a sequence {(,; v € (0,1)} € L*(I; H*(Q)) by putting

Up in L2(1; HY(Q)), if v € [Pi41, ) for some i € N,

(3.3) ¢ ;—{ S . )
Y1 in LA(I; HY(Q)), if v e€[i, 1), Vv € (0,1).

Then, from (3.1)—(3.3), it is easily checked that

§V_><A'0 iIlL2(I;L2 _fIfQ Cl/x |2d$dt—>0
(3.4) asv |0,

/I/QQI(V)|(CAu)x(t)|dxdt—>/I/Q 1D,Co(t)] dt,

(35)  liminr /U ()6 ()] da dt

> liminf g1 (v) / / 1(E))a ()] da dt
w0 1 unicta); zeay

> // |Dxéo(t)| dt, for any open set U C I x €,
IV yn{(tz); zen}

and

(3.6) Moy(I 1—|—V21(10p1){// B (( C,,I dxdt+//|§l,x |dxdt}

<14 sup){// )+ D)|(6)e () dadt + 2TLr (v )}<oo.

ve(0,1

Taking into account (AP3), (3.1), (3.4)—(3.6) and [1], Proposition 1.80 (see also [8],
Lemma 4.4, the condition (M2) of optimality is verified as follows:

1B, (6,3 C)1 — (€03 Co)1l
<| [ [jate ) - atcalpisntGnn aret

tﬂygAm—M%mwm4

/ (o)) ()] dz — [Duo(t) ‘ 2 [ [ 1@ aar
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<M()[|a(§u)—04(50))|C(1x9)+|0450 e S (k) — 1] + 2TL (1)
k=0

/ (&) g|mw—// (o(t) (”ﬂ
+§/I/Q|(éy)x(t)|2dxdt—>0 as v ] 0.

O

Acknowledgment. The authors wolud like to express their hearty gratitude

to the anonymous referee for valuable comments and suggestions.

1]
2]
3]
[4]
[5]
[6]
[7]
8]
[9]

[10]

References

L. Ambrosio, N. Fusco, D. Pallara: Functions of Bounded Variation and Free Disconti-
nuity Problems. Oxford Mathematical Monographs, Clarendon Press, Oxford, 2000. MR]
A. Tto, N. Kenmochi, N. Yamazaki: A phase-field model of grain boundary motion. Appl.

Math. 53 (2008), 433-454. IMR]
A. Tto, N. Kenmochi, N. Yamazaki: Weak solutions of grain boundary motion model with
singularity. Rend. Mat. Appl., VIL. Ser. 29 (2009), 51-63. IMR]
A. Tto, N.Kenmochi, N.Yamazaki: Global solvability of a model for grain boundary
motion with constraint. Discrete Contin. Dyn. Syst., Ser. S 5 (2012), 127-146. IMR]
R. Kobayashi, J. A. Warren, W. C. Carter: A continuum model of grain boundary. Phys-
ica D 140 (2000), 141-150. MR]

S. Moll, K. Shirakawa: Existence of solutions to the Kobayashi-Warren-Carter system.

Calc. Var. Partial Differ. Equ (2013), 1-36. DOI 10.1007/s00526-013-0689-2.

U. Mosco: Convergence of convex sets and of solutions of variational inequalities. Adv.

Math. & (1969), 510-585. MR]
K. Shirakawa, H. Watanabe: Energy-dissipative solution to a one-dimensional phase field

model of grain boundary motion. Discrete Contin. Dyn. Syst., Ser. S 7 (2014), 139-159. IMR]
K. Shirakawa, H. Watanabe, N. Yamazaki: Solvability of one-dimensional phase field sys-

tems associated with grain boundary motion. Math. Ann. 356 (2013), 301-330. MR
H. Watanabe, K. Shirakawa: Qualitative properties of a one-dimensional phase-field sys-

tem associated with grain boundary. GAKUTO Internat. Ser. Math. Sci. Appl. 36

(2013), 301-328.

Authors’ addresses: Hiroshi Watanabe, Department of General Education, Salesian

Polytechnic, 4-6-8, Oyamagaoka, Machida-city, Tokyo, 194-0215, Japan, e-mail: h-watanabe
@salesio-sp.ac.jp; Ken Shirakawa, Department of Mathematics, Faculty of Education,
Chiba University, 1-33 Yayoi-cho, Inage-ku, Chiba, 263-8522, Japan, e-mail: sirakawa
@faculty.chiba-u. jp.

389


http://www.emis.de/MATH-item?0957.49001
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1857292
http://www.emis.de/MATH-item?1199.35138
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2469586
http://www.emis.de/MATH-item?1183.35159
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2548486
http://www.emis.de/MATH-item?1246.35100
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2836555
http://www.emis.de/MATH-item?0956.35123
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1752970
http://www.emis.de/MATH-item?0192.49101
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0298508
http://www.emis.de/MATH-item?1275.35132
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3082861
http://www.emis.de/MATH-item?1270.35008
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3038131

