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Abstract. In the context of periodic homogenization based on two-scale convergence, we
homogenize a linear system of four coupled reaction-diffusion equations, two of which are
defined on a manifold. The system describes the most important subprocesses modeling the
carcinogenesis of a human cell caused by Benzo-[a]-pyrene molecules. These molecules are
activated to carcinogens in a series of chemical reactions at the surface of the endoplasmic
reticulum, which constitutes a fine structure inside the cell. The diffusion on the endoplas-
mic reticulum, modeled as a Riemannian manifold, is described by the Laplace-Beltrami
operator. For the binding process to the surface of the endoplasmic reticulum, different
scalings with powers of the homogenization parameter are considered. This leads to three
qualitatively different models in the homogenization limit.
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1. INTRODUTION

The method of periodic homogenization is a mathematical tool for upscaling rigor-
ously models of multiscale processes. Often, the microstructure of the material leads
to the multiscale nature of the given problem. Because it is too costly to resolve
the microstructure in detail using numerical simulations, homogenized models are
used to describe the process on a much larger observation scale and these are mostly
entirely sufficient for practical purposes. The idea of periodic homogenization relies
on the assumption of periodicity of the material with respect to a reference cell.
The homogenized model is found by considering the limit as the periodicity length
approaches zero. Monographs on the subject are [3], [24], [2], [14], [6], [15].
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The endoplasmic reticulum of a biological cell is a bilayered membrane, which per-
vades the whole cytoplasm of the cell. Considering the problem on lengthscales of the
order of the cell diameter, one can assume that, roughly speaking, the endoplasmic
reticulum is everywhere and nowhere in the cell. To handle this fine structure, we
use periodic homogenization based on two-scale convergence [1], [17], [16].

We apply two-scale convergence to homogenize a linear model for carcinogenesis
of a human cell, where carcinogenic molecules invade a cell, perform chemical reac-
tions to more aggressive molecules and enter the nucleus to bind to the DNA. The
transformations to the aggressive molecules take place at the surface of the endo-
plasmic reticulum. The binding process to the surface of the endoplasmic reticulum
is scaled with different powers of the homogenization parameter, ¢ > 0. This leads
to three qualitatively different models in the homogenization limit. As a byproduct
of the homogenization process of the carcinogenesis model, we indirectly find the
homogenization limit of an e-depending operator involving the heat kernel defined
on a manifold.

This paper is organized as follows. In Section 2 the system of reaction-diffusion
equations is introduced and its relation to carcinogenesis in a human cell is explained.
Further, we show the a-priori estimates in Section 3, where boundedness in L? inde-
pendent of € is proven. In Section 4 the model is abbreviated by finding analytical
solutions of the equations defined on the surface of the endoplasmic reticulum. This
facilitates the verification of the existence of a solution for every € > 0 in Section 5.
The limit for € tending to zero is characterized in Section 6. Finally we show unique-
ness of the limit model in Section 7.

2. STATEMENT OF THE PROBLEM ON THE MICROSCALE

One of the longest known and best understood causes for carcinogenesis is the
molecule Benzo-[a/-pyrene, abbreviated by BP. It is found, for example, in coal tar,
automobile exhaust fumes, cigarette smoke and charbroiled food. One of the main
reasons for lung cancer (caused by inhaling cigarette smoke), testicular cancer and
skin cancer is the contact with the molecule Benzo-[a]-pyrene (see [13], [11]).

The activation of BP to carcinogens mostly takes place on the surface of the en-
doplasmic reticulum induced by the enzyme system called MFO (microsomal mized-
function oxidases). Normally the MFOs serve a detoxification role, but unfortunately
not in this case (see [10], [23], [27], [18]). We abbreviate endoplasmic reticulum
by ER.

The process of toxification is simplified by the following scenario: BP molecules
pass the plasma membrane from the intercellular space to the cytosol inside of a hu-
man cell, where they diffuse freely, but they cannot enter the nucleus. They can bind
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to the surface of the endoplasmic reticulum. There, a series of chemical reactions
takes place caused by the enzyme system MFO, which ultimately results in BP be-
ing chemically activated to a diol epoxide (DE), which can bind to DNA. From the
mathematical point of view, we summarize the reactions to just one metabolism from
BP to DE. Newly created DE molecules unbind from the surface of the endoplasmic
reticulum and diffuse again in the cytosol of the cell. There they may enter the nu-
cleus. Hence, BP cannot pass the nuclear membrane and DE cannot pass the plasma
membrane, which describes a worst case scenario. Here, when DE molecules enter
the nucleus, we stop our consideration. A nonlinear carcinogenesis model based on
similar modelling assumptions is presented in [12]. It is also worth poiting out [4],
in which the metabolism in the cell has been modelled similarly.

In order to formulate a mathematical model of this process, we require some
notation. Let 2 C R™ be a human cell with the domain occupied by the nucleus
removed, which has Lipschitz boundary 0€2. The process shall happen in the time
interval [0, T for fixed 0 < T' < co. We suppose that the endoplasmic reticulum has
a periodic structure. For this purpose we define a model district Y = [0, 1]™. Let
Y** C Y be such that the smooth manifold I"' = 9Y** does not touch the boundary
of Y. This is the lumen of the ER. The volume occupied by cytosol is given by
Y* = (0,1)" \ Y**. We pave the cell with the model districts of size ¢ > 0, ¢ < 1.

We denote the cell membrane by I'c and the boundary of nucleus by I'y so that

00 =T ¢ UT'N. Furthermore, Q. and T'; are defined as Q. := |J e(Y*+k)NQ and
kezn
I.:= U & +k)NQ and we assume that the geometry is such that I'c N 9 = ().
kezn

Further, the concentration of BP molecules in cytosol is denoted by u.: €. X
[0,7] — R and the concentration of DE molecules in cytosol is v.: Q. x [0,7] — R.
The concentration of BP molecules bound to the surface of the endoplasmic reticulum
is denoted by s.: I'. x [0,7] — R and the concentration of DE molecules bound to
the surface of the endoplasmic reticulum is denoted by w.: I'. x [0,7] — R. We
set the initial values to be uc(z,t) = us(x), ve(z,t) = vi(z) for t =0, = € Q and
se(z,t) = s1(z), we(z,t) = wi(x) for t = 0, x € I'; and assume that the initial values
are smooth, bounded and nonnegative. Further, at the membrane of the ER, T'., we
multiply the binding-unbinding term by !, for [ > 0. The higher the exponent I,
the slower is the exchange between bound and unbound molecules. An exchange in
“normal” speed would be [ = 1, because the binding process happens on a surface, see
[20], [16], [5], but also other values would make sense for special binding-unbinding
processes. For [ < 1, the binding process is faster; for [ > 1 it is slower. We denote
the exponent of € in the term that corresponds to the binding term for DE molecules
by m > 0. More examples for homogenization of systems of equations describing
chemical reactions and the influence of scaling can be found in [21], [22], [19].
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For the weak formulation we need the function spaces V(€2.) = L2([0,T], H*(Q:))N
HY([0,T), H (), V() = {u € V(Q); u = 0 on I'n}, Veo(Q) = {u €
V(Q); u=0onTc}, Vo(Q) = {u € V(Q); u = UBoundary 00 I'c} and V(I's) =
L2([0,T), HY(T.)) N H'([0,T], HY(T.)"), where upoundary € H'/?(I'c). For the ho-
mogenization limits, we need the function spaces V(Q,Y) = L2([0,T] x Q, H;E(Y))
and V(Q,T) = L*([0,T] x Q, HY(T')). For the test functions we define the func-
tion spaces Voo(Q) = {u € HY(Q); u=0o0n e}, W(e) = {u € HY(Q:); u =
0on Iy}, V(Te) = HY(T.), V(Q,Y) = L*(Q, H,(Y)) and V(Q,T) = L*(Q, H'(T)).
For u,v € L?(T'.) we use the scalar product (u,v)r. := fl“a geuvdo,, where g. is the
metric tensor on I',, see [8].

Having fixed notation, we state the model equations in their weak form: Find
(Ue, Ve, Seywe) € V() X Vn(Qe) x V(Ie) x V(T'e) with (ue(z,0), ve(x,0), se(z, 0),
we(x,0)) = (ur(x),vr(z), si(z), wr(zr)) such that for all (o1, w2, 3, 1%4) € Voo (Qe) X
W () x V(Te) x V(T'.) we have

(Ostte, 1)a. + Du(Vue, Vo )a, + ells(ue — se, p1)r, =0,
(Orve, p2)a. + Du(Voe, Vor)a, + €™l (ve — we, p2)1. =0,
£(0sSe, ¥3)r. +eDs(eVrs., eVrs)r, + ef(se, ¥3)r.

— elly(ue — se,¥3)r. =0,
£(0ywe, a)r. + Dy (eVrwe, eVru)r, — e f(se,a)r.

- 5mlw<vs - ws7¢4>r5 =0.

(1)

The coefficients D,,, D,,, Dy, D,, > 0 describe the diffusion tensors, I,,l,, > 0 are
the binding and unbinding rates to the endoplasmic reticulum, and f > 0 is the
transformation rate from s. to w;.

3. A PRIORI ESTIMATES FOR THE SOLUTIONS OF THE MICROMODEL

First we show that the concentrations of molecules stay nonnegative for nonnega-
tive initial values. We then proceed by proving energy estimates.

Theorem 1 (Positivity). The functions u. and v. are nonnegative for almost
every x € Q. and t € [0,T]. The functions s. and w. are nonnegative for almost
every z € I'; and t € [0,T).

Proof. We define u._ = —u. if u. < 0 pointwise and u._ = 0 otherwise.
Analogously we define u., v.—, s.— and w._. We test the weak formulation for u.
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and s. with —u._ and —s._, respectively,

(815“6—7“6—)95 + (Duvue—7 vus—)QE + €lls <'U'€— + 557ue—>1“5 =0,
e(0tSe—y Se—)r. + €D (eVrSe—,eVrsc_)r. +ef{(Sc—, Sc—)1.
+ellg(ue + 5., 5. )r. = 0.
We integrate from 0 to ¢ and add the equations. With the assumption that u(0) > 0
and s:(0) > 0 we get
sllue—lIg, + DulVuellf, , + 3ellse-|IE, + Dse®[[Vrse—I7.

+ 5f||56—||12“5,t + 5118”“6— - 56—||12“E,t + 5118<56+7u6—>1“5,t + 5lls<us+a Se—>1“5,t =0.
This yields

%HUE—H%E + DuHVUs—H%E,t + %EHSE—H%E + D853||VF56—||12“5¢
+ 5f||367||%6,t + 5115”“5— - 36*||12“5,t <0
We deduce that u._(x,t) = 0 for almost every x € Q. and t € [0,T] and s._(z,t) =0
for almost every x € I'. and ¢t € [0,T]. This means that u.(x,t) > 0 for almost every
x € Q¢ and ¢t € [0,7] and sc(z,t) > 0 for almost every z € I'. and ¢ € [0,T].

Analogously we find that v.(z,t) > 0 for almost every = € Q. and ¢t € [0,7] and
we(x,t) > 0 for almost every x € T’z and t € [0,T]. O

Next, we show an a priori estimate in order to verify the conditions to use two-
scale convergence results on (). for u. and v.. Further we want to use two-scale
convergence on manifolds for s, and w. and we are going to show that the required
conditions are fulfilled.

Lemma 2 (Boundedness in L?). There is a constant C > 0 independent of € such
that
luelld, + Dull Vuellf, o + llvellg, + Dol Ve, o +ellself, + Dae’lIVrsell?, .
+ 5”“’6”12“5 + Dw53||vl“w6||12“5,t + ellSHuE - 56||12“5,t + &My |lve — w6||12“5,t <C
for almost every t € [0,T].

Proof. To prove the claim we start with the weak formulation of our problem.
We test the equations with the functions (u., ve, sc, w:) and add them up,

(815”5; UE)QE + (8157]57 UE)QE + Du(vuea VU’E)QE + D, (V'Uea VUE)QE
+ 5<8t5€; 5€>FE + 5<8tw€; we>F5 + D353<VF56; VF5€>F5 + Dw€3<ers7 vos>F5
+ef(se, 8e)r. — ef(se,we)r, + €'l (ue — so,ue — 52)r.

+ ™Ml (Ve — we,ve — we)r, = 0.
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With 1(d/dt)]|ue 1B, = (Drue, uc)q,, integration from 0 to ¢ and the binomial
theorem it holds that

slluclld, + 3llvella, + DullVuellg, ¢ + Dol Voell,
+esllsellf, +ezllwellf, + Dse® | Vrself,  + Duwe?® || Vewel|f, ,
+ EfHSEH%E,t + €lls||u€ - 36”12“5,1: + &M lyllve — w6H12“E,t

<efllsellf. e +efllwelp, o + 3lluc (O)II, + 3llv-(0)13, + 3ells=(0)IF, + gellwe (O)IIF.-
With initial conditions lying in L? we now deduce from Gronwall’s lemma that

slluclle, + 3llvelld, + Dull Vuellg,  + Dol Voeld,
+ 5%HSEH%E + 5%”“’6”12“E + D353||V1“56H%5,t + Dw53||vl“w€”%5,t

+ Ell5||u6 - SEH%E,t + "y |lve — w6||12“5,t <C

and the proof is complete. ([

Further, we need one more corollary.

Corollary 3. There is a constant C > 0 independent of € such that e||uc[|3_, < C
and ¢||vc||p_, < C.

Proof. We assume ¢ < 1. With the trace inequality and Lemma 2 we find
ellucllf, , < co(lluclld, , + €3I Vuellg, ;) < C. Analogous inequalities hold for v.. [

In the next section we are going to build an abbreviation of the model that is
helpful to show existence of a solution.

4. ABBREVIATION OF THE MODEL

The partial differential equation for the functions s. and w. is a standard non-
homogeneous heat equation with an additional linear term on a domain without
boundary conditions. For such equations, analytical solutions exist and are unique,
see [9]. The right-hand side of the PDE for s. and w. depends on u. and v, re-
spectively; so, the analytical solution also will depend on u. or v.. We will need to
deduce the solution on the Riemannian manifold I',.

To solve ;5. — Dse?Arse + (f +e'71)se = e/~ tsu. on T from (1), we implicitly
define an auxiliary function A by s(z,t) = A(z, t)e_(f‘*slfll-*)t as, e.g., in the proof
of Theorem 26.1 in [28]. The solution of the resulting equation for A is well-known,
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see [7], [9], and by retransforming, we find the solution s. given by
(2) F(ue) == sc(z,t) = e(DSezAF_f_Elflls)tsj(m)

t
+ e—(f+6”1ls)t€l—1ls / eDsezAr(t—S)uE(s7 x)e(f+6”lls)s ds.
0

Analogously, the solution w. can be written as
2 m—1
(3) Gue,v.) :=w.(x,t) = ePuws" Ar=e" L)ty (4)
t
e ut / Puet (=) Ar (1] o (5,2) + fF(u)(s,x))e" 1 ds,
0

Ar

Remark 4. The operators ' and G are linear because e~r'! and integrals are

linear operators.

To show existence of a solution in the next section, we need positivity and bound-
edness of the operators F' and G.

Lemma 5. The operators F: L?([0,T] x T.) — L2([0,T],H'(T.)) and G:
L3([0,T)xT2)* — L*([0,T), H'(T'.)) defined in (2) and (3) are positive and bounded.

Proof. Davis provesin [7] that for the Laplace operator A, the function e®* has
a strictly positive C kernel. This means there exists a smooth function k. (¢, z) > 0
for each t > 0 (we denote k.; = k-(¢,-)) such that DAl (1) = (f * ket)(z) =
fFE ke(t,x — y)f(y)do, for every f € L*(I'.). Hence, for every function f > 0 it
yields e®tf > 0. The integral operator f J f also is a positive operator. Hence,
we have F(uc) > 0, if uc > 0, and G(u,,ve) 2 0, if u., v = 0.

Since the integral operator and e®! are linear and bounded [7], the inequalities

IF(ue)llF. ; < exlluelr.s and |G lue, ve)llr..o < callvellr..e + esllucllr. «

hold true with 0 < ¢1, ¢2, c3 < o0. O
The weak formulation of the abbreviated form is given by (u.,v:) € V() x
Vn(€2:) such that
(4)  (Grue, p1)a. + (Orve, p2)a. + Du(Vue, Vi )o, + Dy(Vve, Vo),
+ 8lls <u5 - F(us)v 901>F5 + Emlw<v6 - G(UE, ve); 302>FE =0

for all Y = (301, (,02) S VCQ(QE) X VN(QE)
With the system of equations (4) we have an abbreviated version of the model (1).
We are going to use this representation for showing existence of a solution.

169



5. EXISTENCE OF A SOLUTION

To show existence of a solution of the system of equations (4) we use Proposi-
tion 3.2 in [26]. The proposition is summarized in Theorem 7. We briefly introduce
the setting used in [26].

Let V and V = L?([0,T],V) be separable Hilbert spaces with duals V'’ and V' =
L2([0,T],V"), respectively. Let W be a Hilbert space with continuous injection
V — W and V dense in W. We are given for every ¢t € [0,T] an operator A(t) €
L(V,V") such that (A(-)u)v € L*>([0,T]) for each pair u,v € V. Furthermore, let
B(t) € L(W,W') be another family of operators with (B(-)u)v € L>°([0,T]) for each
pair u,v € W. Finally, suppose that ug € W and f € L2([0,T],V’) are given.

The problem is given by: Find a u € V such that
6)  SBOuD) AN = f(1) V', (B)0) = BOuo

Definition 6. The family {B(¢); t € [0, T]} of operators given as above is called
regular if for each pair u,v € V the function (B(-)u)v is absolutely continuous on
[0,7] and there is a function K € L'([0,77]) such that

‘%(B(t)u)v‘ <KOlullloll, wv eV, ae. t€0,T].

Theorem 7. Let the separable Hilbert spaces V,W and linear operators A(t),
B(t), 0 < t < T, the data ug € W and f € L?([0,T],V’) be given as above, and
assume further that B(t) is a regular family of self-adjoint operators. Furthermore,
let B(0) be monotone and let there be numbers k, A > 0 such that

(6) 2(A(t)v)v + MB)v)v + (B'(t)v)v = wljv]|?, veV, 0<t<T.
Then the Problem (5) has at least one solution which satisfies

lully < OO &)1 + (BO)uo)uo) /2.

Transformation of the problem. Before we can use Theorem 7, the problem to
solve (4) is going to be transformed to a suitable form. Therefore, the function up is
defined by extending the boundary function ugoundary € H 1/ 2(I'¢) to the domain €2,
using the inverse trace operator v: H'/?(I'c) — H' (9Q.) such that v(up) = UBoundary
on I'c. Further, we define 4. € Vo by % = u. — up. Then the function . satisfies

(Ortie + Opup, p1)a, + (v, p2)a, + Du(Vie + Vup, Vi )a, + Dy(Vue, p2)a,
+ ellg(tte + up — F(@e) — F(up), p1)r.
+ €mlw<vs - G(ﬁea Ue) - G(qu O)a 802>F5 =0.
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Hence, the problem (4) is equivalent to finding (@, v:) € Voo X Vn with

() (Otic, p1)a. + (Orve, p2)a. + Du(Vie, Vi), + Do(Vue, p2)a.
+ &'l (lie — F(@), o1)r. + €™ lw{ve — G(iic, ve), p2)r.
= — (Bup, ¢1)a. — Du(Vup, Ver)a, — e'ls(up — F(up), o1)r.
+&"1w(G(us, 0), p2)r.

for all (o1, ¢2) € Voo x Vx with initial conditions (. (0),v.(0)) = (ur — up,vr) and
then setting u. = u. + up.

Identification of the setting. For every ¢ > 0 we now identify the spaces,
operators and functions in our setting with the ones used in Theorem 7.

We set V= {u € H(Q.); u = 0onTc} x {u € H'(Q.); u = 0 on 'y} and
W = L2(92.) x L*(Q.). Then the conditions for the spaces are satisfied and the
space V in (5) is equal to the space Vo X Vn. Further, we define A.(¢) € L(V, V')
by

8)  (Ac(t)w)p = (DyVwy, Ver)a. + (DyVws, Via)a,
+ e (ls(wr = F(t)(w1)), 1)1, + €™ (lw(wz — G(t)(w1,w2)), p2)r.

for w = (wi,w2) € V and ¢ = (p1,92) € V. We are going to prove later that
(A ()u)v € L*=(]0,T]). The operator B.(t) is independent of ¢ and given by

9) (Be(t)yw)p = (w1, p1)a. + (w2, p2)a.

for w,p € W. Obviously, it holds that (B.(-)u)v € L*([0,T]). With u; and vy
elements of L2(Q.), it follows that ug = (ur — up,v;) € W. Finally, we identify the
right-hand side f € L%([0,T],V’) by

Ft)e = —(Owup, p1)a, — Du(Vup, Vir)a, — e'lup — F(t)(up), ¢1)r.
+e™Ww(G(t)(up,0), p2)r.

for ¢ € V. Then, problem (5) and problem (7) are equivalent. Now three preparing
lemmas are stated before the existence of a solution is proven.
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Lemma 8. For w,p € V and F(t) defined in (2), G(t) defined in (3) it holds that

|(F(w1), p1)r.

| < e(T)|lwill2roylerllz2cr.)
(G(wr,w2), p2)r.| <

A(T)(lwillzzere) + w22l L2 ()

forall 0 <t <T.

Proof. We know from [7] that there exists a smooth function k.(¢t,z) > 0
for t > 0 with ky(-) = ke(t,-) € L3(I'.) such that eP==" A f(z) = (f * kyo)(z) =
fFE ke(t,x—y)f(y) doy for every f € L?(T.). This yields for F(¢)(w;) with w,¢ € V
and ¢ > 0 that

(F(w), o1)r, | = \<(e<f+€"”s>t<w1 k)

¢
+ ei(erEl 1ls)tﬁlills/ (w1 *kt—S,s)e(erEl o d8> 501>
0

< Jwy * kel 2o llonll 2.

e

f+el_1ls)~€l71

+ [Jwr * ke e || L2 (0,75 1€ LserllL2(jo, 1) xr2)

< kel o lwillza Il zar.)

+ (D)l ktellLro.nxrolwillzz e Il Lz .y,

where we first used the Holder inequality and then the Young inequality. With
kel and ||kt |1 (0,9 xr.) bounded for 0 < ¢ < T, it holds that

[(F(w1), pr)r.| < e(T) w2 llerl 2 -

For ¢ = 0 we have eP==*Al f(z) = f(z) and it follows that

[(F(w1), p1)r.| = Kw, p1)r | < llwillzeollenllzz .-

Analogously we find that

(Gwi, w2), p2)r. | < AT)([[wrl 2.y + lwell2wo) 2]l 2.
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Lemma 9. The family of operators B (t) (defined in (9)) forms a regular family
of self-adjoint operators W. Furthermore, A.(t) and B.(t) are linear and B.(0) and
B.(t) are monotone and (A.(-)u)e € L*>°([0,T]) for u,p € V.

Proof. With B.(¢) being the identity Id on W, B.(t) is monotone and self-
adjoint for every 0 < ¢t < T. It also follows that (d/dt)(B:(t)u)e = 0 < ||¢||||u|| for
every u, € V and hence, B.(t) is regular. Because the Laplace operator A, the
operators F'(t), G(t) and the integral operator are linear, it follows that A.(¢) and
B.(t) are linear. To show (A.(-)w)yp € L*=([0,T]) for w,p € V, we consider

(A W)w)ep| = [(DuVwi, Vior)a, + (DyVws, Vez)a,
+ells(wr = F(t)(wn)), p1)r. + ™ {lu(wz — G(t) (w1, ws2)), p2)r.|
< DullVurlle. [Veilla. + Dol Vwslla, [IVezlla. + 'lsllwillr. [lo1]lr.
+ellse(T) [wi e, i v, + ™ lwllwa (e, @z
+ ™ lwe(T)([[wi[r. + llwallr.)llez]lr.

where we use Lemma 8. We continue by using Young’s and trace inequality

[(Ac()w)e| < lwi [, (coe' s + coc(T)e ™ s + coe™ M)

IV, (Do a1, +cneDE T, +erolT) )

+ w2l (coe™ M + coc(T)e™ M) + Vw2 |8, (Do + coe™  ly + coc(T)e™ 1)
+ @11, (coe s + coc(T)e'~"1s) + IV 1, (Du + coe'™ s + coc(T)e 1)
(

+ [lp2ll, (coe™ M + coc(T)e™ ') + | Vepalld, (Do + coe™ My + coc(T)e™ 1),

which is bounded for every € > 0 and T' bounded, since w, ¢ € V. O

Lemma 10. The operators A. and B, defined in (8) and (9), respectively, satisfy
2( A (H)w)w + A\(Be(t)w)w + (BL({t)w)w > k|w|?

for every w € V and 0 < t < T for constants A\, x > 0.

Proof. With B. constant it follow that BL(t) = 0. We consider

2(A: () w)w + A(B: (H)w)w = 2(D,Vwy, Vwr ),
+ 2(DyVwy, Vws)q, + 2641 (wy — F(t)(w1)), w:)r.
+ 2™l (we — G(t) (w1, w2)), w2)r, + Mw,w1)a, + Mwsz, wa)a,
2D, |V [, + 2D, Va3, + 261, |2, — 2641 F(£) (1), wr)r.

+ 26"y w2 |E, — 2™ (LG (t) (wr, w2), wa)r, + Awi g, + Mlwa[?,, -
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By Lemma 8 we deduce

2(Ac(t)w)w + A(Be()w)w
> 2D, |[Vwn g, + 2Dy |[Vws|[f, + 26" [lwi[[f, — 2¢(T)e' L[ lwI?,
+ 26"l |wlf, = e(T)elollwi[f, — c(T)e™ L lwelF,

= 2¢(T)e™ Ly |[wz v, + Mwi[l, + Mwall?, -
Dropping some positive terms and applying the trace inequality yields

2(A:(tyw)w + AB=(t)w)w > 2Dy [V [[§, + 2Dy || Vws |3,
—(2 coc(T)el_lls + coc(T)Em_llw)leH%E

(T)e' T, + coc(T)e™ 1) ||V 1.

— (coc(T)e™ 1y + 2coc(T)6m_1lw)||w2||?2E

= (2c0e(T)e™ My + coc(T)e™ ) [Vws o, + Alwil[f, + M|ws [,
= wi [l (A = 2coc(T)e' ™ s — coe(T)e™ L)

+ | Vw1 |3, (2D — 2coc(T)e M, — coe(T)e™ )

+ w2 llf. (A = coc(T)e™ M — 2¢oe(T)e™ M)

+ Vw2 I3, 2Dy — 2¢0c(T)e™ = coc(T)e™ ).

— (2¢oc

Because [, m > 0, the factors at the norm of gradients of wq, wy are positive for ¢
small enough. If I, m < 1 one chooses A\ big enough such that the factors at the norm
of w1, wy are positive even for small € > 0. Then we merge the factors to a constant
% and conclude that

2(Ac(w)w + ABe(Hw)w > rl|wll7,

which completes the proof. ([

Now we are ready to prove the existence of a solution.

Theorem 11. The partial differential equation (4) has at least one solution
(ue,ve) in Vo (Q:) x Un(Q:).

Proof. Using Theorem 7 we find a solution (#@.,v.) of the problem (7) in
Veo(Qe) X Vn(€e) with initial condition (@.(0),v:(0)) = (ur — up,vr), because the
linear operators A.(t) and B.(t), defined in (8) and (9), satisfy the sufficient con-
ditions (proven in Lemma 9 and Lemma 10). Furthermore, the right-hand side in
(7) is in L%([0,7],V’) and the initial conditions (u; — up,vs) are an element of W.
Setting u. = . + up, we find a solution (ue,v:) € Vo (2:) X Vn(£2:). O
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Using (2) and (3), we find directly:

Corollary 12. There exist solutions for s. and we.

6. IDENTIFICATION OF THE TWO-SCALE LIMIT

In this section we derive the limit equations for the system of equations (1). At
first, we consider the limit of the binding terms for different values for [ and m.
Then, we find the limit of the whole system.

Limit of the binding terms. To find the limit equations for u., v., s. and
we we need to distinguish different cases for [ and m in the binding terms. The
limit derivation for v. and w. is analogous to the limit derivation for u. and s,
respectively. Hence, we only consider u. and s here.

In every case we use that ef|uc||f_ and ¢||sc[|2_ are bounded, see Corollary 3 and
Lemma 2. Thus, by Theorem 1.2 of [16] we find uo and so such that u. two-scale
converges to ug and s. two-scale converges to sg.

Further, we know that &'[|uc — s.||Z_ is bounded, see Lemma 2, and we also use
Theorem 1.2 of [16]. Therefore, we consider the following cases:

> For [ > 1 and by Lemma 2 we obtain for ¢ tending to zero that

_ 0
(10) e ue — se||p. =L eljue — sc||p. = 0.

—0 bounded

> [ =1 is the standard case and we find using the definition of two-scale conver-
gence that

e—0

(11) E<(’U,5 - SE)a 506>Fa do, — <(U0($,y,t) - so(x,y,t)),goo(x,y)}gzm.

> For 0 <! < 1 and by Lemma 2 we get for £ — 0 that

(12) 5lHu6_56H%5 :5l_15|‘u6_56”%5~
—_—— ~
bounded oo

Since the right-hand side remains bounded, it must hold that Elggo elluc—sc||p, =

luo — sol|l3w = 0. Hence, ug = s¢ almost everywhere on  x I'.
Now, knowing the limits of the binding terms, we continue with the limit derivation
of the whole equations. The domain 2. should not depend on ¢, so we define the
characteristic function x: 2 — R by x(z/¢) = 1 for z € Q. and 0 otherwise. We
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obtain the limit equations for u., ve, s. and w. by using theorems from articles [1],
[16]. In Lemma 2 we checked that the conditions are fulfilled. As test functions ¢. €
C*>(Q,CF(Y)) we choose functions of the form y.(z,z/¢) = @o(z) + ep1(z,2/¢)
with (o, 1) € C(Q) x C(Q,CF(Y)).

The casel > 1, m > 1. We start with the equation u. and test with the admissible
test function ¢,

(x(@/e)Ouc(,t), pe(z,/€))0 + (Dux(z/e)Vue(z, 1), Ve (2, /€))0
+ <5l18(us(377t) — s:(x,1)), pe(x,2/))r. = 0.

For ¢ — 0 we obtain the limit equation

(13)  (Qruo(z,t), po(z))axy~
+ (Du[vl’uo(xat) + Vyul(xvyat)]a [VISOO(x) + Vy@l(xvy)])QXY* =0

for all admissible test functions (@, 1) € Voo(2) x V(Q,Y), where ug € Ve (Q) is
independent of y and u; € V(Q,Y) = L*([0,T] x , Hy(Y)).
Analogously we obtain for ¢ — 0

(Orvo(z,t), o (T))axy -
+ (Dy[Vavo(z,t) + Vyvi(z,y,1)], [Vapo(®) + Vypr (@, y)])axy- =0

for all admissible test functions (g, 1) € Va(2) x V(,Y), where vg € Vn() is
independent of y and v; € V(Q,Y).
Now we determine the limit equations for s. and we,

€<at85(£l,’, t)a Pe (:L’, x/€)>ra + €<DSEVFSE(£B7 t)a EVFSDE ((E, $/€)>FE
+ €<f86($, t)v 906(1'7 x/€)>ra - €l<lS(u€(xv t) - SE(xa t))v 906(55; $/€)>FE =0.

We find the limit function sg € V(Q2,T") satisfying for ¢ — 0

<8t80(xa yvt)a SOO(J:; y)>Q><l" + <DSVFSO($, y,t), Vr‘(po(l‘, y)>er‘
+ <f80(x7yat)7900(x7y)>9><F =0

for all g € V(Q,T"). We analogously find the limit function wy € V(£2,T") satisfying

<8tw0(x7ya t)7 4,00(377y)>§2><1“ + <DwVF’U10($, y,t), VFQO()(J), y)>er‘
- <f80($,y,t), 800(5U,y)>ﬂxr =0

for all o € V(Q,T).
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As described in [25], the cell problem for limit equations like (13) is given by

(14) Vy - Dylej +Vyu;) =0 in Y™,
Dy(ej +Vypu;)-n=0 onT,

n
where 1; must be Y-periodic for all j = 1,...,n. Then, ui(z,y,t) = > 0z,uo(z,1)
j=1

w;(y) and the elements of the diffusion tensor P* are given by

(15) Py = [ Dulss+ 0,14

Analogously, we find that the cell problem for the equation for v is also given by
(14) but with D, replaced by D,. Then vi(z,y,t) = Z Oz;vo(z,t)pi(y) and we

define the diffusion tensor PY by P, fY* v[0i5 + Oy, uj] dy

We summarize our results with the weak macroscopic system of equations and use
that ug and vy are independent of y. Let (ug, vo, S0, wo) € Vo () x Vn(Q) x V(Q,T)?
such that

(16) [Y*|(Oruo, 1) + (P*Vug, Ve1)a = 0,
[Y*|(Orvo, v2)a + (P*Vug, Via)a = 0,
(0:50,V)axr + (DsVrso, Vrv)axr + (fs0, ¥)axr = 0,
(Oywo, V)axT + (DwVTwo, Vr)axr — (fs0,¥)axr =0

for all (¢1,@2,%) € Voo(2) x W (2) x V(Q,T).

We see that for [ > 1 or m > 1 no BP molecules bind or unbind to the membrane of
the ER, or no DE molecules bind or unbind to the membrane of the ER, respectively.
Hence, no metabolism from BP to DE molecules takes place. Because we know from
biological examinations that there are metabolisms in real life, we conclude that this
model is not a good approximation to the reality for [ > 1 or m > 1.

The case | = 1, m = 1. Here, we distinguish two cases. First, we consider the
limit derivation of the system of equations (1). Secondly, we derive the limit equation
for the abbreviated system of equations (4). Since it is unclear how to derive the
limits g1_r>r(1) F(u.) and 611_13(1) G(ue, ve), as defined in (2) and (3), in the sense of two-scale
convergence, we determine the limits for F(u.) and G(ue,v.) indirectly: With the
systems (4) and (1) being equivalent, also the corresponding limit equations must be
equivalent. In the limit we are going to identify these two limit equations with each
other and are able to determine lim F'(u.) and lim G(ue,ve).

e—0 e—0
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For the limit derivations we may adopt the two-scale limit terms from the case
I,m > 1 for the time-derivatives, the diffusion terms and the linear terms. The limit
equations only differ in the binding terms, calculated in (11).

Identification of the two-scale limit of the model (1). We start with the
equation for u. and obtain for e — 0

(Oruo(,t), po())axy
+ (Du[szO(xvt) + Vyul(xvyat)]a [VzSOO(x) + Vyapl(x,y)])gxy*
+ (ls(uo(z,t) — s0(z,9,1)), po(x))axr =0

for all admissible test functions (g, 1) € Veo(Q) x V(,Y), where ug € L?([0, 7],
H'(9)) and uy € L*([0,T] x ©, H, (Y)). For the equation with v. we find

(Orvo(z, ), po(T))axy
+ (Dv [vao(x, t) + vyvl ({E, Y, t)]v [vxSDO(x) + Vysal ({E, y)])QXY*
+ <lw(’l)0($,t) - wo(x,y,t)), ¢O(x)>QXF =0

for all (¢o, p1) € VN (Q) xV(Q,Y), where vy € L2([0,T], H}(Q)) and v; € L2([0, T] x
Q, HL(Y)).
We find the limit function so € L*([0, T] x Q, H,(Y')) satisfying the limit equation

<at80(xa yvt)a QO()((E, y)>Q><F + <D5VFSO(CL’,y,t), VFSDO(xa y)>Q><F
+ <f80($,y,t),(p0($,y)>g><1" - <l5(U0(£L',y,t) - SO(xayvt))a SOO(xvy»QXF =0

for all admissible test functions ¢y € V(,T'). From the limit derivation above we
see that ug is independent of y. Thus, we can simplify the terms fr lsuo(z,t) doy to
IT|lsuo(x, t), where |T'| means the Lebesgue measure of T'.

Analogously we obtain for the equation for w. € L*([0,T] x Q, Hy(Y)) and £ — 0

<atw0(xa yvt)a QO()((E, y)>Q><F + <Dwpr0(x,y,t), VFSDO(xvy»QXF
- <f50($,y,t),<p0($,y)>ﬂ><r - (lw(vo(x,y,t) - UJ()(J),y,f,)), QOO(J),?J)>Q><1" =0

for all admissible test functions o € V(Q,T').

We find the same cell problem (14) as in the case {,m > 1, and the derivation of
the diffusion tensors P* and P? is equivalent to (15).

We summarize our results with the macroscopic weak formulation. Let (ug, vg, So,

wo) € V() x Wn(Q) x V(Q,1)? with (uo(z,0),v(x,0), so(z,0),w(x,0)) =
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(ur,vr, sr,wr) such that

(17)  (IY*|0ruo, p1)a + (P*Vug, Vi )a + Is|T|(uo, p1)a — Is(s0, ¢1)axr =0,
Y™ |0rvo, p2)a + (P"Vvo, Vz)a + Lw|L|(vo, p2)a — lw(wo, p2)axr =0,
0:50,Y)axr + (DsVrso, Vry)axr + (f 4 1s)(s0, ¥)axr = Ls|T|(uo, ¥)a,
drwo, V)axr + (DwVrwo, Vry)axr — f(50,¥)axr + lw(wo, ¥)axr

= lw|F|(v0a w)ﬂ

~ o~ o~ o~

for all (o1, p2,%) € Voo(R2) x Wn(2) x V(Q,T).

Here again there is an analytical solution for sy and wg on the manifold I', because
sp and wq are solutions of the well-known inhomogeneous heat equations. As in
section 4, we obtain functions Fy(ug) = so and Go(uo,vo) = wo with

(18)  Fy(up) = eP=Ar=I=l)ls ()
t
+ ef(be')t/ ePeArt=9)] 410 (s, 2)e s ds = s,
0
(19) Go(ug,v) = ePwir=tlty (1)

t
+ e_l“’t/ ePult=9)Ar (1 vo(s,z) + fFo(uo)(s, z))e* ds = wy.
0
The abbreviated limit equation of (17) is

(20) (V" |0suo, 1)
+ (P"Vug, Voi)a + L|T|(uo, 1)a — Ls(Fo(uo), ¢1)axr =0,
(1Y*[0rvo, 2)0
+ (P*Vug, Va)a + LT |(ve, 92)a — Lw(Go(ug, v0), p2)axr =0

for all (¢1,¢2) € Voo (2) x Wn(£2).

Identification of the two-scale limit of the abbreviated model (4). We may
adopt the limit terms from the case [,m > 1 for the time-derivative, the diffusion
term and the linear term. The equation

(X($/€)atu6, SOE)Q + (X(LL'/E)VUE, VSOE)Q + €<l5(u6 - F(“E))a 50€>Fa =0
yields for ¢ tending to zero
(119410, 90)e2 + (P Vo, Vipo)a + [T (Tstuo, o) — Ly limm £(F(uc), o), = 0
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for all admissible test functions (g, 1) € Veo(Q) x V(,Y), where ug € L2([0,T],
H'(9)) and uy € L*([0,T] x 2, H,(Y)). As mentioned before, it is unclear initially
how to find the limit Ehi% € fFE F(ue)pe do,, directly. By comparing this limit model
with model (20) we find that

lim e(F(ue ), pe)r. = (Fo(uo), po)axr

e—0
with Fj as in (18). We analogously find Eh_r% e(G(ue, ve), we)r. = (Go(uo, vo), Po)axr
with Go as in (19).

The case | = m = 1 seems the most relevant one from the biological point of view.
The binding process of the molecules to the membrane of the ER has regular speed
and hence we obtain four coupled limit equations for wug, vg, Sg, wo. In this context
we were also able to find a two-scale limit for the e-dependent operators F' and G,
(2) and (3).

The case [ < 1, m < 1. We are going to use the binding limit term (12) and recall
that ug = sg on I' in the limit for ¢ tending to zero. This means that in the limit,
the solution ug will have to satisfy the limit equations for ug and for sg. To be able
to relate these limit equations for ug and for sg, we add the equations for u. and s,
before the limit derivation and test with .:

(X(z/€)Opuc (2, 1), pc (@, /€))a + £(Orse (2, 1), e (@, /€))r.
+ Du(x(z/e)Vue(z,t), Ve (2, /2))o + €(DseVrse (z, 1), eVree (x, 2/€))r.
+ E<f85(£l,', t)a 506(1'7 x/€)>ra =0.

For ¢ tending to zero we find

(8{1,“)(.2?, t)a @O(x))QXY* + <at50(x7 Y, t)7 (,00(37)>Q><1"
+ (Du[va()(J?, t) + vyul(x7 Y, t)]a [VJC()OO(J:) + V’!!(pl (l‘, y)])QXY*
+ (DsVrso(z,y,t), Vreo(z))axr + (fso(z,y, 1), po(z))axr =0
for all (¢o,1) € Voo(2) x V(Q,Y), where uy € L*([0,T] x Q, Hj,(Y)) and ug €

L2([0,T], H()) and so € L*([0,T] x Q,H#(Y))
Since ug = sg on I', we obtain

(Y| 4 [T]) (Qruo(x, t), o (x))a

+ Du([va,Q(QT, t) + Vyul (J), Y, t)]v [VxQOO(x) + V11901 (.23, y)])QXY*

+ (D5 Vruo(z,t), Vrpo(@))axr + (fuo(z,t), po(x))oxr =0
=0

where Vruy = 0 because ug is independent of y, and analogously for vy and wy.
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Again we refer to the cell problem (14) to see how the diffusion tensors P* and P?
can be derived. Hence, we arrive at the macroscopic system of equations. The weak
formulation of the macroscopic system of equations is given by (ug,vg) € V() x
W (£2) such that

(21) (|Y*| + |F|)(8tu07 4101)9 + (Puvu07 VSOI)Q + |F|f(u07 4101)9 = 0)
(|Y*| + |F|)(8tv()a 302)9 + (PUVUO7 VSOQ)Q - |F|f(u05 302)9 =0

for all (o1, ¢2) € Voo () x Vn(92).

The third case with [,m < 1 is also interesting. We see that BP molecules directly
transform into DE molecules. Hence, the metabolism takes place very quickly. In
the next section we also will show uniqueness of the solution of system (21).

Combinations of these scalings, e.g. [ < 1, m > 1, can be handled analogously.

7. UNIQUENESS OF THE LIMIT MODEL

In this section we are going to show that the solutions of systems (16) (case [ > 1,
m > 1), (17) (case [ = m = 1) and the solution of system (21) (case I < 1, m < 1)
are unique.

Theorem 13 (Uniqueness for [ > 1, m > 1). There exists at most one solution
of the problem (16).

Proof. To show uniqueness of the solution sy we assume the existence of two
solutions s; and s3. We test the difference of these two solutions with ¢ = s — s9,
integrate from 0 to ¢, and find for the third equation of system (16) that

sllst = s2llGer + Dal Ve (st = s2) G e + fllst = s2]lGr, = 0.

Hence, s; = so almost everywhere on 2 x I'. The tensors P* and P are unique,
see [25]. Then the differential equation for the functions ug, vp and wy are standard
heat equations with homogeneous or inhomogeneous right-hand sides, respectively,
for which uniqueness can be obtained in a standard way, see [9]. O

Theorem 14 (Uniqueness for [ = m = 1). There is at most one solution of the
problem (17).

Proof. First we note that the tensors P* and P? are unique, see [25] for details.
We assume there are two solutions (u1, v1, s1,w1) and (uz, ve, S2,ws) and prove that
these solutions must be equal.
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We subtract the equations for uy from the equation for u; and test it with ¢ =
u1 — ug. After integration from 0 to ¢, using the binomial theorem and considering
that u; and us have the same initial conditions we obtain

1 2 2 2
llur —uallg + VPV (ur —ug)llg; + Ls|TlJur — uzllg,,

Slsgllst = sollfer e + Lsgllur — uallf,-
We find similar estimates for the other equations and add them up to deduce
[ur = wallfy + [lvr = v2l|§ + [[s1 = s2l|Eur + w1 — walfr
<allur —uzlde + o —vallde + lls1 = sollfere + [lwr —w2l[Eyr.,)
for a ¢; > 0 depending on [, [, f and |T'|. By Gronwall’s lemma it follows that
lur = ua[|§ + [[or = vall§ + [ls1 = s2l|Bxr + [lwi — w2 Gur =0

for almost every ¢t € [0,T] and hence (u1,v1, $1,w1) = (ug, v2, S2,w2) almost every-
where. 0

Theorem 15 (Uniqueness for 0 <! < 1,0 <m < 1). There is at most one solu-
tion of the problem (21).

Proof. We already know that the diffusion tensors P* and PV are unique from
[25]. It remains to show that there is at most one solution uy and vy solving (21).
We assume two solutions (u1,v1) and (u2,vs) and are going to show that they must
be equal. Therefore we subtract the equation for (ui,v1) and for (ug,v2) and test it
with ¢ = u; — ug and ¢ = v; — vg, respectively, and integrate from 0 to ¢:

(1Y) + D)3l = uall, + [IVPV (ur = u2)l[f, + [D1flur — uallfy,, = 0.

Hence, we find that u; = ug almost everywhere in 2 and for almost every ¢ € [0, T.
Similarly, we find that

(Y| + TN 5 llor = w2l + VPV (w1 = v2) G = ITI S llus — 2|y, + [DIf[lvr = val[?, -

By Gronwall’s lemma we deduce
(Y[ + T 3llor = vallgy + VPV (v1 = v2) ][, <O

and obtain that v; = ve almost everywhere in 2 and for almost every ¢ € [0, T]. This
completes the proof. O
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