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L2-solutions of the transmission problem, the Robin-transmission problem and
the Dirichlet-transmission problem for the Brinkman system are studied by the
integral equation method. Necessary and sufficient conditions for the solvability
are given. The uniqueness of a solution is also studied.
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1. Introduction

The integral equation method is one of traditional methods in hydrodynamics.[1-6] This
method is especially fruitful for transmission problems.[4,7—12] In this paper, we study the
following transmission problem: let 2 = Q4 C R™, m > 2, be a bounded open set with
Lipschitz boundary. Denote 2_ = R™ \ Q. , where Q. is the closure of . Let A, A_
and c4 be non-negative constants and a4, a_, b4 and b_ positive constants. We study the
transmission problem for the Brinkman system

—Auyr +Arruyr +Vpr =0, V.upr =0 in Qy,

ayuy —a_u_=g, byT(uy,pinye —b_Tu_,p_)ny +ciur = f ondQ.

Here, g € WI’Z(BQ, R™), f € L2(8§2, R™). Welook for an L2-solution of the problem, i.e.
the non-tangential maximal functions of u4, Vuy and p4 are in L2(3Q) and the boundary
conditions are fulfilled in the sense of the non-tangential limit. This problem was studied
in [4] forcx =0, A+ =0, and in [9] for ax = b4+ = 1, c; = 0. We study the transmission
problem for arbitrary A+, a+, by and c.

In all preceding papers, the transmission problem is studied under additional condition
concerning behaviour of u_ and p_ at infinity. To remove this additional condition, we
study behaviour of a solution of the Brinkman system at infinity and we prove the theorem
of Liouville’s type. From this, we deduce that if the non-tangential maximal function
corresponding to #_ and p_ is in L2(8§2), then there exist uso € R", pso € R! such
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that u_(X) = Ueo, p—(X) = Ppoo as |x| = 00, and |u_(x) — us(x)| = O(lx|>™™),
IVu_| + [p—(x) = poc| = O(|x|'™™).

At the end, we study the Robin-transmission and the Dirichlet-transmission problems.
Let G C R™ be a bounded domain with connected Lipschitz boundary, 2 = Q. be a
bounded open set with Lipschitz boundary such that @ C G. Denote Q_ = G \ €, and by
n+ the outward unit normal of 4. Let A+ and c4+ be non-negative constants, and a+ and
b+ be positive constants. We study by the integral equation method the Robin-transmission
problem for the Brinkman system

—Aug +Ariuy +Vpr =0, V.upr =0 in Qy,

ajuy —a_u_=g, biT(uy,pp)ny —b_Tu_,p_)ny+ciuy =f ono<2,
Tu—_,p-)yn_+c_u_=h onaG.
Here, g € Wh2(3Q2, R™), f € L2392, R™), h € L*(3G). We look for an L?-solution of
the problem, i.e. the non-tangential maximal functions of #4., Vu4 and py are in L2(3 Q)
and the boundary conditions are fulfilled in the sense of the non-tangential limit. (The
integral representation of a solution gives that u+ € H>*(Q, R™), p+ € H'/?(Q).) This
problem was studied in [8] for c+ = 0,a+ = by =1, A4 =0.
Then, the regular Dirichlet-transmission problem is studied by the integral equation
method:
—Auy +Ariuy +Vpyr =0, V-.upr =0 in Qg,
ajuy —a_u_=g, biT(uy,pp)ny —b_Tu_,p_)ny+ciuy =f ono<2,
u_=h onaG.

Here, g € W'"2@Q,R™), f € L*(Q,R™) and h € W"2(3G). We look for an
L2-solution of the problem, i.e. the non-tangential maximal functions of u4, Vuy and
p+ are in L2(9Q_) and the boundary conditions are fulfilled in the sense of the non-
tangential limit. (The integral representation of a solution gives that uy € H>2(Q2, R™),
p+ € H'/2(Q).) This problem was studied in [11] foray = by =1, ¢ = 0.

2. Formulation of the transmission problem

Let Q = Q4 C R™, m > 2, be a bounded open set with Lipschitz boundary. Denote
Q_ = R™\ Q,, where Q. is the closure of . Denote by n = n, = n® the outward
unit normal of Q. Let A4, A_, cy be non-negative constants and a4, a_, b, b_ positive
constants. We shall study the transmission problem for the Brinkman system

—Auyr+Aiiur +Vpr =0, V-ur=0 in Q, (D

ajuy —a-u_=g, byT(uy,png —b-T(u_,p)ny +ciup=f ondQ. (2)
Ifu = (uy,...,uy)is avelocity field, p is a pressure, denote
T(u, p) =2Vu — pl
the corresponding stress tensor. Here, I denotes the identity matrix and

A

Vu = % [Vu + (Vu)T]
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is the strain tensor, with (Vu)T as the matrix transposed to Vu = (3ur), (k, j =1,..., m).
Denote V - u = djuy + - - - + 9, up, the divergence of u.

Now, we define an L>-solution of the transmission problem. Let G be an open set with
Lipschitz boundary. If x € G, a > 0 denote the non-tangential approach region of opening
a at the point x by

F%@) :={y € G; |x — y| < (1 +a)dist(y, dG)}.

If now v is a vector function defined in G, we denote the non-tangential maximal function
of v on dG by

V() = sup { vl y e TE )]
Ifx € 3G, T'(x) = T'Y(x), then

v(x) = lim  v(y)
y — X
yel(x)

is the non-tangential limit of v with respect to G at x.

Let g € Wh2(0Q, R™), f € L*(dQ, R™). We say that u, p+ defined on Q. is an
L2-solution of the transmission problem (1) and (2) if u+, p+ satisfy (1); ul, pi, (Vu)i
are from L*(dS2, RY); for almost all x € 9K there exist the non-tangential limits of u-,
Vuy, p+ at x and the condition (2) is fulfilled in the sense of the nontangential limit a.e.
on 9%2.

3. The surface potentials

We shall look for a solution of the transmission problem by the integral equation method.
The aim of this section is to assemble some basic facts on surface potentials for the Brinkman
system.

For i > 0 denote by E*(x) = (E}(0)}ij=1,...ms Q*(¥) = {Q;(0)}j=1,..m the
fundamental matrix for the Brinkman system

—Au+ru+Vp=0, V.-u=0 3)

such that E*(x) — 0, Qk(x) — Oas |x| — oo.If jisfixed,u = (Eyj,..., Epj),p= 0
then u, p is a solution of the Brinkman system (3) in R” \ {0}. If A = 0 then the fundamental
matrix for the Stokes system is given by

B |x|27m

EO _ 1 s x,~x1~ 0 _ x./
7 s I T M A

where w,, denotes the surface of the unit sphere in R™. (See [6] or [4].) The fundamental
matrix for A > 0 is studies in Chapter 2 of [6]:

0*(x) = 0°x),

1 81" XiXj
Eh(x) = — | 2 A(ﬁ >+—’A (ﬁ )
i (%) wm|:|x|m2 1 |x] e A2 |x|
M2 VK (1) 22K, (2 1
AL = m/2 1()+ mp) 1

2m/2=10(m/2) = 2m/2-10(m/2) 2
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m "2 K 041 (1)
2 21T (m)2)

where K, is the modified Bessel function of order v. If A > 0 then

Ar(t) =

IE* (x)| = 0 (IxI™), IVE*(x)|=0 (|x|‘*’”) as |x| — oo.

Since E* € C®(R™\{0}; R"™*™), Q* € C®(R™ \ {0}; R™), we can define for
W e L2(3Q, R™) the single-layer potential with density ¥ by

(E5¥) @) = [ £ = y)w(y) dHoer () @
a2

and the corresponding pressure by

(04 VY) (x) = / 0" (x — Y)W () dHpm—1(p). (5)
a2

Then, E,W € C® (R™\dQ, R™), QLW € C® (R™\3Q, R'), VOLW — AELW +
AESW =0,V -E W =0in R™ \ 9Q.

E é\ll can be defined for almost all x € 92 and E S)-‘Z\Il(x) is the non-tangential limit of
E¢W. The non-tangential maximal function of E4W, VESW and Q% W with respect to 2
and ©_ is in L2(32) (see [13], Lemma 2.1.4). Moreover, Eé is a bounded linear operator
from L2(9Q2, R™) to W2(3Q2, R™). (For A = 0 see [4], for A > 0 see for example [8].)

Denote

Kg(y.x)=-To (E*(x —y), 0" (x—y)n®).
For ¥ € L? (32, R™) define

Ko, W) = lim f K (3, 0) ¥ (y) dHo 1 (),
IQ\B(x;€)

where B (x; €) = {y; [x—y| < €}.Then, Kél,)\ is abounded linear operator on L2392, R™).
IfW € L? (9Q, R™), then there exist the non-tangential limits [ VES W (x) ], [ 05 ¥) (x) ]
of VE?Z\I’, Q?Z\Il with respect to 24 at almost all x € 92, and

1
[T (Eqw, 06¥)] 0" =S¥ — Kg, ¥, (6)

1
[T (E&W, 0p%)]_n" = — F¥ — Ko,V )

(For & = 0 see [4], for A > 0 see for example [8]. See also [14].)
Now, we define a double layer potential. For ¥ € L?(dQ, R™) define in R™ \ 4R

(D5Y) (x) = / K& (x, y) W (y) dHp1(p), ®)
Q2

and the corresponding pressure by

(MG¥) (x) = f % (x, y) W(y) dHpm1 (), )
0
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where

2m (y —x)-n%(y)  2n%(y) lx —y>™ o
— A ey .
ly — x|m+2 ly —x|™ m—2

A _ o,
Hsz(x,y)—w (y—x)

m
Then, DLW € C®°(R™ \ 92, R™), TIH¥ € C°(R™ \ 32, R') and VITLW — ADEW +
ADEW =0,V - DEW = 0in R™ \ 9Q.
Define

Ko, ¥(x) = lim / K50, ¥ (dHu_1(y),  x € 9Q.
IQ\B(x;€)
Then, Kq  is a bounded linear operator on L2(3S2%; R™) (adjoint to K gz ,)- There exists the

non-tangential limit [ D& W], (x) of D& W with respect to Q4 and the non-tangential limit
[DLW]_(x) of D&Y with respect to Q2 for almost all x € 32 and

1 1
[DG¥], () = S¥(@) + Ko, W), [Dg¥]_ () == J¥(@) + Ko, ¥(@). (10)

If¥ € Wh2(9Q2, R™) then [|D§Z\It|]’;zi+[|VDg\I:|]’;2i € L%(92) and at almost all points
of 02 there exist the non-tangential limits of VDQ\II with respect to 24 and with respect
to 2_. Moreover, [T (D?Z\Il Hg\ll)] n = [T (Dg‘z\ll H%Z\Il)]_ n. (For A = 0 see [4],
for > 0 see for example [8].)

+

4. Behaviour at infinity

ProrosiTioN 4.1 Let A > 0, uy, ..., ux and p be tempered distributions in Rk k> 2,
u= Wy,...,up). If —Au+iu+Vp =0,V -u =0 in the sense of distributions in Rk,
then uy, ..., uy and p are polynomials.

Proof Denote by F f the Fourier transformation of f. Since —Au + Au + Vp = 0,
V - u = 0, the Fourier transformation gives

x> Fu(x) + A\Fu(x) + xFpx) =0, (11)

x - Fu(x)=0. (12)
Using (11) and (12)

0=x- [<|x|2 4 A) Fu+ xfp(x)] — 1x|2Fp(x).
Thus, Fp = 0 on R\ {0}. If x € R\ {0} then
0= [x>Fu (x) + AFu (x) + xFp (x) = (|x|2 + )\) Fu.

Therefore, Fu; = 0 in RK\ {0}. According to [15], Chapter II, Section 10, there exist
n € Ng and constants a, such that

}-uj = Z aaaaﬁo.

lo|<n
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Set
Pi(x) = Y an(—ix)".
lee]<n
Then
FPi= Y aF[(=in)*1]= Y asd"8 = Fu;.
lee|<n |x|<n

Since the Fourier transform is an isomorphism on the space of tempered distributions, we
infer that u ; = P;. Similarly for p. O

ProrosiTioN 4.2 Letu, p be a bounded solution of the Brinkman system —Au + Au +
Vp =0, V-u=0inR"\ F, where F is a compact subset of R", m > 2, . > 0.
Then, there exist poo € R', oo € R™ such that p(x) — poo, u(x) — Use as |x| — oo.
Moreover, | p(x) — pool = O(Ix|'™™"), [u(x) —uco| = O (Ix*™"), [Vu(x)| = O (1x|'™")
as |x| = oco. If L > Othenuy, = 0.

Proof Fix ¢ € C®(R™) such that ¢ = 0 on a neighbourhood of F and ¢ = 1 on
R™\ B(0; r) for some r > 0. Defineu = ou, p = ¢pon R\ F;u =0, p =on F.
Denote (fi, ..., fu)' = —Aa+ 1 +Vp, fup1 =V i, f = (fi..... fus1)". Define

: : X Ao pr P _ A _ i
the (m + 1)~>< (m + 1) matrix function E* by El.j = El.j, Em+1,j = Ej’mJrl = Qj for
i,j < m, Emstme1(x) = 8(x) + Ax[>~"/ [(m — 2wy ]. Denote (vi. ..., vm.q)! =
E* % fov=(v,..., vm)T, where * means the convolution. Then, —Av 4+ Av + Vg =

(f1, ...,fm)T, V.-v = f,41 by [6], Section 2.1. According to a behaviour of E* at
infinity we see that [v(x)| = O (|x[*™™), [Vv(x)| + lgx)| = O (]x|'™™) as [x| — oc.
Since the functions u; — v;, p — g are bounded, they are tempered distributions (see [16],
Example 14.22). Since —A (@ —v) + A (@ —v)+V(p—q)=0,V-(u —v) =0in R",
Proposition 4.1 gives that iz ; — v, p — ¢ are polynomials. Since it ; — v, p — g are bounded
there exist poo € R, oo € R™ such that p — g = poo, it — v = Uso. If A > 0 then
0=—A@@ —v)+Ar@—v)+ V(P —q) = Moo and thus us, = 0. O

5. Solution of the transmission problem

Puthy = bijas,é4 =cy/ap Wie = arus, p+ = ar p+ then s, p+ is an L2-solution
of the transmission problem (1) and (2) if and only if @+, p+ is an L2-solution of the
transmission problem

Aliy +Aiiie +Vpe =0, V-ipx =0 inQq, (13)
iy —i_=g, byT(iy p)n—b_T@_, p)n+ériiy=f ondQ. (14

Let® € Wh2 (32, R™), W € L? (32, R™). Put
iy =Dy ®+ESVY, pr=T5®+ 05V inQu, (15)

(@, W) =@ + Kq @ — Ko, ®+ES Y —EL W,

bt @ W) = by [W = K, | = b [-¥ - Keu |+ 6 EGY

+ by [T (Dgw,n?;@)L n? b1 (Dg @15 )| n®
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b b & A A A_,by by . .
The operator tH+4-0+b-C+ = [Tl AR *] is a bounded linear operator on

W12 (3K, R™) x L* (32, R™). The functions @+, p+ given by (15) are an L?-solution of
the transmission problem (13) and (14) such#_(x) — 0, p_(x) — O as |x| — oo if and
only if ¢+ *=b+b-c (@ W) = [g, f].

Lemma 5.1 Denote Ry, = {v(x) = Ax +b;b € R", A = (a;;) an antisymmetric
matrix, i.e. ajj = —aj;} the space of rigid motions. Letu € Ry, M = {x; u(x) = 0}. If
Hy—1(M) > 0 thenu = 0.

Proof Thereexistsamatrix A = (a;;) witha;; = —aj; andb € R™ suchthatu(x) = Ax+
b.Supposefirsta;; # Oforsomeindicesi, j.Denote L; = {x; aj1x1+ - -+ajmXpu+b; = 0},
Lj={x;aj1x1+---+ajuxu +b; =0}.Since a;; =a;; =0,a;, = —a;j; # 0 we have
‘Hm—1(L; N Lj) = 0. This contradicts to M C L; N L;. Hence, A = 0 and u is constant.
M # () forces u = 0. O

ProPOSITION 5.2 Letu+, p+ be an L*-solution for the transmission problem (1) and (2).
Iff=0,g=0andu_(x) —> 0, p_(x) > OQas |x| > cothenur =0, pL =0.

Proof |p(x)] = O(x|'™™), [u(x)| = O(x ™). [Vu(x)| = O(lx|'™") as |x| — oo
(see Proposition 4.2). Using Green’s formula

0= / Uy [biT sy, pp)n—b-Tw—, p-)n+ciuy] dHpy—y

Q
=by / uy T (uy, py)n™ dHp, 1 + / cyluy|? dHp
Q. Q-
+ lim b_a—_ / u_-T (u_, p_)nQ‘
F—>0Q a
A(Q_NB(O;r))
= b+/ (2194 P 4 s
Q4
+ / ol P dMyoy + / 21904 2w 2] dH.
A * Q.
Denote u = u4 on Q4. Then, Vu = 0in R"™\ 0. Denoteby wy, w1, ..., w all components

of R™ \ 02, where wy is the unbounded component. According to [17], Lemma 3.1, there
exist antisymmetric matrices A/ and vectors B/ such that u(x) = A/x + B/ inw ;. Since
u(x) — 0as |x| — oo, we deduce that u = 0 in wp. If dwy N dw; # ¥, then the
condition ayu = a_u_ gives that A’x + B/ = 0 on dwp N dw;. Lemma 5.1 gives that
A’x 4+ B’ = 0. We can continue by this way and prove that u = 0. ]

Ao A by,

ProrosiTioN 5.3 The operator t b—-¢+ is an isomorphism on the space W12

(32, R™) x L2(3S2, R™).
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Proof The operator t%9%%+:2-.0 i a Fredholm operator with index 0 on W!2(32, R™) x
L*(9R, R™) by [4]. If & = 0 then Ko 1 — Kq o is compact on W23, R™), K, ,
Ks/a,o is compact on Lz(BQ, R™), Eéz — E?Z is a compact operator from LZ(E)Q, R™) to
WwL2(3$2, R™) (see [8], Theorem 3.4). Since E is a bounded operator from L2(0Q, R™)
to Wh 2(852 R™), it is a compact linear operator on L?(3$2, R™). Thus t*+*~ byboiy

70.0:5+,6-.0 i3 compact operator on W'-2(3$2, R™) x L2(3S2, R™). Hence, T+~ byboer
is a Fredholm operator with index 0. Therefore, it is enough to prove that t7+*- b b s
is injective. o

Let (@, W) € Wh2 (92, R™) x L? (32, R™), Th+*—b+:b—C+ (@ W) = 0. Let i, ps

be given by (15). Then, &1, p4 is an L2-solution of the problem (13) and (14) with g = 0,
f =0suchthatu_(x) — 0, p_(x) — 0as |x| — oo. Proposition 5.2 gives that u, = 0,
p+ = 0. Thus @i+, py is an L2-solution of the problem (13),

uy —u_=0, T(uy,pp)n—T@w_,p-)n=0 ona.
Denote Lr =h_, A= Ay,
v =Dy ®+ESWY, qr=T5®+05¥, inQ,
vV=-D5®—-E5V, g =-IIg®—-05¥, inQ_.
Using boundary behaviour of potentials, we obtain on 92

v+=<I>+ft_=<I>,

V_ :—[—¢+ﬁ+] = <I’
[T 0], =4 [T pon] =
[T (v_.q)n®]_ =—[-W+[T @y py)n"], =W

Therefore, v, g+ is a solution of the transmission problem
—AV: 4+ Apv1 +Vge =0, V-vy=0 inQy,
vy —v_=0, Ty, gy)n—Tw-,qg-)n =0 onaQ,
v_(x) >0, ¢g-(x)—>0 aslx| — oc.
Proposition 5.2 gives that v+ = 0, g+ = 0. We have on 92
®=v, =0,

v = [T (v+, C]+) l’lQ]+ =0.
U

THEOREM 54 Let g € WY2(Q,R™), f € L%, R™). Then, there exists an
L2-solution of the transmission problem (1) and (2). If u+, p+ is an L*-solution of the
problem then there exist poo € R' usy € R™ such that U_(x) = U, p—(x) = poo as
|x| = 00. If A_ > 0 then uso = 0. Fix pso € R, s € R™. If A_ > 0 suppose that
Uoo = 0. Then, there exists a unique L*-solution u+., p+ of the transmission problem (1)
and (2) such that u_(x) — U0, p—(X) = peo as |x| — oo.
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Proof 1If us, p+ is an L%-solution of the problem then there exist poo € R', oo € R™
such that u_(x) — us, p—(X) = pso as |x| — oo. If A_ > 0 then us, = 0. (See
Proposition 4.2).

Fix poo € RY uso € R™". If A_ > 0 suppose that 4o, = 0. Put u_ = v_ + ueo,
Uy = v+, p_ = qg_ + poo, P+ = q+. Then, uy, p4 is a solution of the problem (1) and
(2), u_(x) = Uoo, p—(X) = po if and only if v, g+ is a solution of the transmission
problem (1),

ayvy —a-v_ =g+a-Uoeo, by T(v4, g )n—b_-T(v_,q-)n+cyvy = f —b_peon,

v_(x) - 0,g—(x) — 0. According to Proposition 5.3 there exist ® € wl2Q, R™),
W e L2(32, R™) such that

ve=ai' [Df e+ EFw], gi=ai' [N e+ 0hw] o

is a solution of the problem. The uniqueness of a solution follows from Proposition 5.2. [J

6. Robin-transmission problem

Let G C R™ be a bounded domain with connected Lipschitz boundary, 2 = Q. be a
bounded open set with Lipschitz boundary such that @ C G. Denote Q_ = G \ €, and by
n4 the outward unit normal of 21. Let A+ and c+ be non-negative constants and a4 and
b4 be positive constants. We shall study the Robin-transmission problem for the Brinkman
system (1) and (2) accompanied with the condition

Twu—_,p_)n_+c_u_=h ondG. (16)

Let g € WL2(0Q, R™), f € L>(32, R™), h € L*(3G, R™). We say that u+, p+
defined on Qi+ is an L*-solution of the Robin-transmission problem (1), (2) and (16) if
u+, p+ satisfy (1); ul, pi, (Vu)i are from L2(8Q+, RY); for almost all x € 9Q+ there
exist the non-tangential limits of ut, Vuy and p+ at x and the conditions (2) and (16) are
fulfilled in the sense of the non-tangential limit a.e. on 92_.

Put Ei = bi/ay and E+ =cy/at. Ifuy =asuy, pr = arpy thenuy, py isan
L2-solution of the Robin-transmission problem (1), (2) and (16) if and only if &1, p+ is an
L2-solution of the Robin-transmission problem (13) and (14),

T(@w_,p_)n_+c_u_=a_-h ondG. (17)

Let ® € Wh2(3Q2, R™), W € L?(3Q2, R™), ® € L*(3G, R™). Let @i, p be given
by (15),

i =Dy ®+ESV+EL®, jp=T50+05¥+05;0 inQ .. (18)

Then @+, p+ is an L?-solution of the Robin-transmission problem (13), (14) and (17) if
and only if

Ri+H=brbCec— (@ W @) = (g, f,a_h],
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where

R}\.+,)\._,E+,l;_,6+,c_ (q)’ \I’, @)
_ H**L (®, %) — EL @, )05 @, w) —b_T (ng@, 0L 9) n.,
lo_ k. @+T(E-w+Dt e 0w
59— K6, OF QY+ Do @ 05V¥)n
A A .

te (Ego+E v+ Dy @)l
LemMa 6.1 The operator RM+r—brb—Eric— s o Fredholm operator with index 0 on
W2, R™) x L?(32, R™) x L*(3G, R™).
Proof R : (®,%,0) — [r}"" (@, W), o}t ""% @ w) 1o - k0] is a
Fredholm operator with index 0 on W2(3Q2, R™) x L?>(32, R™) x L*(dG, R™) by [4]
and Proposition 5.3. If A > 0 then K’G’A — Ké;_o is compact on L?(3G, R™), Eé — E?; isa
compact operator from L?*(3G, R™)to Wh2(dG, R™) (see [8], Theorem 3.4). Since E% is
a bounded operator from L2_(8G, R™) to W1*2(8G, R™), it is a compact linear operator on

L2(8G, R™).Thus, RA+A=bib-brcm _Rigq compact operator. Hence, RAA—sbg b Cp e
is a Fredholm operator with index O. O

LEmMMA 6.2 Letu.y, py be given by (15), andu_, p— by (18). Ifu+ =0, p+ = 0in Q4
then ® =0, ¥ =0, ® = 0.

Proof Define
Ao A A A A Y . ma =
V=Dg ®+EGVY+E;0, g=I5®+05¥+00 inw=R"\G.

Continuity of a single-layer potential gives that v = u_ = 0 on dG. Since v(x) =
O(x|>™™), |[Vu(x)| + |g(x)| = O(|x|*~™) as |x| — oo then Green’s formula gives

O:/v-T(v,q)n‘“ dHp—1 =/[|2%|2+x_|v|2] dH,y,.
Jw w

Since Vv = 0 we have v ¢ R, by [17], Lemma 3.1. Behaviour of potentials at infinity
gives that v(x) — 0 as |x| — oo. This forces that v = 0. Since Vg = Av — A_v = 0 we
deduce that g is constant. Behaviour of potentials at infinity gives that g = 0.

By virtue of (6) and (7)

O=T@w_,p_)n_—Tw,qg)n_ =0.

Denote w; = Q4, wo— = R™ \ wy. If us, py is given by (15) in w4 then &y, py is an
L2-solution of the transmission problem

—Auyr+Xriur +Vpr =0, V-ur=0 inowg,
a+ —u_ =0, E+T(il+, ﬁ+)n+ — I;_T(ﬁ_, ﬁ_)n+ + E+ﬁ+ =0 on 36!)+.

In particular, ré*’)\”bJr’b”E* (®, ¥) = 0. Proposition 5.3 gives that ® = 0, ¥ = 0. U
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ProPOSITION 6.3 Let u~, p+ be an L?-solution of the Robin-transmission problem (1),
(2) and (16) with g =0, f =0, h = 0.

Ifar +A_+cy+c->0thenuyr =0, pr =0.
If Ay + - + c4+ + c— = 0 then p+ = 0 and there exists a rigid motion v € R,
suchthatuy = v/ay.

Proof Using Green’s formula

0=>b"" / u_ [byT(uy, piongy —b_T@_, p_Iny +cyuy] dHy_;

02
+/u_-[T(u_,p_)n_—l—c_u_]de_l = / [2|@u_|2+x_|u_|2] dHp
G Q_
atb A crar|uy|?
+a+b+ / [2|Vu+|2+x+|u+|2} de+/c_|u_|2 de—1+/%l+|de_1-
o, 9G FYo) -

Thus @ui =0, tusr =0in Qy,cyuy =00n 0, c_u_ =00ndG. Define v =aruy
on Q4. Denote by wy, ..., w all components of G \ 9€2. According to [17], Lemma 3.1
there exist antisymmetric matrices A7 and vectors B/ such that v(x) = A’x 4+ B/ in wj.
If dw; N dw; # 0, ®; C 4, w; C Q_ then ajuy —a_u_ = 0 gives (A/x + B/) —
(Aix + B') = 0on dw; N dw;. Lemma 5.1 gives that (A’x + B/) — (Alx + B') = 0in
R™. Thus,v € R;,. If Ay +A_ + ¢4 4+ c— > 0 then Lemma 5.1 gives that v = 0.

Since Vptr = Auy — Arux = 0, there exist constant dy, ..., d such that p = d;
on wj, where p = p1 on Qi. If dw; Ndw; # ¥, w; C Q4, w; C Q_ then 0 =
byT(uy,p)ngy —b_Tu_,p)ny + cyuy = (bid; — bydj)n,. Therefore, there is a
constant d such that p+ = d/by.On dG we have 0 = T(u_, p_)n_ = —dn_/b_. This
gives d = 0. Il

THEOREM 6.4 LetAy+A_—+cp+c_ > 0. Then, R*+*—b+b—Cr-c isan isomorphism on
W2(8Q, R™) x L?>(dQ, R™) x L>(3G, R™). Let g € Wh2(3Q2, R™), f € L*(3Q2, R™),
h e LZ(BG, R™). Then, there exists a unique L2-solutionu ., P+ of the Robin-transmission
problem (1), (2) and (16). Moreover, ux € H3/?(Q+, R™), p+ € H'2(Q4) and

il g3y + -l + 1P+l giegy) + Ilp=ITgieg)

< Cllglwizpa.rm + 1f2@a.zm) + 1R 2006, kM) |
where C does not depend on g, f and h.

Proof R'+*—b+b-Crc— is 3 Fredholm operator with index 0 by Lemma 6.1.
Let R* = b+b-.Crc— (@ W @) = 0. Let it, py be given by (15), and @_, p_ by (18).
Then uy+ = 0, p,. = 0 by Proposition 6.3. Lemma 6.2 gives ® = 0, ¥ = 0, ® = 0. Since
R*+sh=bibo.Cic— iq 4 Fredholm operator with index 0, we infer that RM2= b b G e g
an isomorphism.

Let g € W2(8Q, R™), f € L*(0Q, R™), h € L>(3G, R™) be fixed. Put

(@, W, @) = (RM =bebteey g £ q )
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Define it 1, py by (15), and @a_, p_ by (18). Then, @+, p+ is an L>-solution of the Robin-
transmission problem (13), (14) and (17). Denoting u+ = u4/ay, p+r = p+/atr we
obtain an L? solution of the problem (1), (2) and (16). The uniqueness follows from
Proposition 6.3. The rest is a consequence of the fact that E?i : L*(3Q, R™) —

HY2(Q1. R™), Dgt « W'2(0Qx, R™) — HY2(Qs, R™), Q¢+ L9, R") —
H'2(Q4, R™), Héi : Wh2(09Q4, R™) — H'?(Q4, R™) are bounded linear operators
(see [8] and [4]). O

THEOREM 6.5 Letiy =A_ =cy =c_ =0, g € WH2(0Q, R™), f € L*(d2, R™),
h e L2(8G, R™). Then, there exists an L2-solution uy, p+ of the Robin-transmission
problem (1), (2) and (16) if and only if

fv-dem_l +/b_v-hde_1 =0 VYveRy. (19)
Q2 G

The general from of an L*-solution of the problem (1), (2) and (16) is
utr +v/as, pt, veER,. (20)

Proof Letuy, p+ bean L2-solution of the Robin-transmission problem (1), (2) and (16),
v € R;,. Then,

/ v-T(uy, p)n™ dHy— =0
0Q+

(see [4]). Thus

0=b+/v-T(u+,p+)n++b_/v-T(u_,p_)n_=fv-f+/b_v-h.

I I a0 G

Denote by X%~ the space of [g, f.h] € X = le(BSZ R™) x LZ(BSZ R™) x
L%(3G, R™) satisfying (19). We have proved that RO-0:b+.5-.0, 0x) c xb-. Therefore,
codim RO.0-b+.b- 0.0(X) > codim Xb* =dimR,,.

Let [®, ¥, ®] € Ker RO-05+.6-.0.0 [ o Uy, py be given by (15), and u_, p_ by
(18). According to Proposition 6.3, there exists v € R,, such that #+ = v, p+ = 0.
Ifv =0then ® =0, ¥ = 0, ® = 0 by Lemma 6.2. Thus, dim Ker R®%-0+:6--0.0 <
dimR,,. Since RO'O’“*[’*’?*O is a Fredholm operator with index 0 by Lemma 6.1, we
deduce that dim Ker RO,O,b+ 500" — codim R®0-0+b-00(x) = dimR,,. Therefore,
R0:0 ,by,b_0, O(X) Xh,

Let now [g, f,h] € X. We have proved that there exist [®, ¥, ®] such that
RO0b+.6-0.01p W @] = [g, f,a_h]. Letii,, p; be given by (15), and &i_, p_ by (18),
ur = uy/ay, p+r = p+/as. Then, uy, py is an L?%-solution of the Robin-transmission
problem (1), (2) and (16). Easy calculation yields that (20) gives another solution of the
problem. Proposition 6.3 gives that each solution of the problem is of the form (20). [
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7. Regular Dirichlet-transmission problem

Let G C R™ be a bounded domain with connected Lipschitz boundary, 2 = €24 be a non-
empty bounded open set with Lipschitz boundary such that @ C G. Denote Q_ = G \ 2,
and by n4 the outward unit normal of Q4. Let A+ and c4 be non-negative constants and
a4+ and by be positive constants. We shall study the regular Dirichlet-transmission problem
for the Brinkman system (1) and (2) accompanied with the condition

u_=h onoG. 2n

Letg € Wh2(0Q, R™), f € L>(3Q, R™)andh € W'2(3G, R™). We say that u., p+
defined on Q1 is an L*-solution of the regular Dirichlet-transmission problem (1), (2) and
(1) ifus, p+ satisfy (1); wh, pk, (Vu)i are from L* (3Q4, RY); for almost all x € 9Q
there exist the non-tangential limits of uy, VuL, p+ at x and the conditions (2) and (21)
are fulfilled in the sense of the non-tangential limit a.e. on 92 _.

Put I;i = bi/as, ¢+ = cq/ar. f UL = asuy, p+ = arps then uy, py is an
L?-solution of the regular Dirichlet-transmission problem (1), (2) and (21) if and only if
Uy, ptisan L2-solution of the regular Dirichlet-transmission problem (13) and (14):

u_=a_h onaG. (22)

Let ® € W'2(0Q, R™), W € L%, R™) and ® € L*(dG, R™). Let @i, p be
given by (15), and &i_, p_ be given by (18). Then, i@, p is an L2-solution of the regular
Dirichlet-transmission problem (13), (14) and (22) if and only if

Ryl (@, w,0) = [g, f,a_h],

where
Ry 000 @, w,0) = [« (@, %) — B0 P @, w)

~ A A A A A
—b-T(E ©, 0 @y, Diy @+ EG ¥ + E; ©).
ProposiTioN 7.1 Let u, p+ be an L*-solution of the regular Dirichlet-transmission
problem (1), (2) and 21) with g = 0, f = 0, h = 0. Then, there exists a constant ¢ such
that uy = 0, P+ = C/b:t.

Proof Using Green’s formula

0=p"! /u_ by TGy poong —b-T (. pyny + cyus] dHpy

0Q
+/u_ ~T(u—, p_)n_ dH,;—
G
_ f [2|%u_|2+x_|u_|2] dH,
Q_
ayby . 2 craylugl?
+2 /[2|Vu+| 4yl ] de+/a—de,].

Qy a0
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Thus @ui = 0. According to [17], Lemma 3.1, there exist an antisymmetric matrix A and a
vector B suchthatu_(x) = Ax + B. Sinceu_ = 0 on 0G, Lemma 5.1 gives thatu_ = 0.
Since Vp_ = Au_ — A_u_ = 0, there exists a constant ¢ such that p_ = ¢/b_. Let w
be a component of 2. According to [17], Lemma 3.1 there exist an antisymmetric matrix
A and a vector B such that u; (x) = Ax + B in w. Since uy = a_u_/ay = 0 on dw,
Lemma5.1 gives thatuy = Oinw. Since Vpy = Auy —iyu = 0, there exists a constant
C such that p = Cinw. Wehave 0 = b, T(uy, py)ny —b_Tu_, p_)ny +cru, =
—byCny +b_(c/b_)ny on dw. Hence, py = C = ¢/by.. U

TueoreM 7.2 Let g € Wh2(Q2, R™), f € L?(3Q, R™), h € W'2(3G, R™). There
exists an L*-solution u~, p+ of the regular Dirichlet-transmission problem (1), (2) and
(21) if and only if

/n+ cgdHy,—1 +a— /n_ -hdH,,—1 =0. (23)
Q2 G

The general form of a solution of the problem is uy, p+ + c/b, where c is a constant.

Proof Supposethatu ., p+ bean L2-solution u, p+ of the regular Dirichlet-transmission
problem (1), (2) and (21). Then,

O=a+/n+-u++a,/n,-u,=/n+'gde71+a7/‘n7-hde,1.
aQ 3G IQ 3G

R:(®,¥,0)r [1]"" (@, W), 1)"" bebE g g, EY@] is a Fredholm opera-
tor with index 0 from X = W23, Rm) x L2(3S2, R™) x L2(aG R™) to the space ¥ =
W29, R™) x L2392, R™) x W12(3G, R™) by [4] and Proposition 5.3. If 1 > 0, then
E)‘ — E0 isa compact operator from L%(3G, R™) to WL-2(3G, R™) (see [8], Theorem 3.4).
Thus, RM Aobrbote g a compact operator. Hence, RA+ Aobeboh i o Fredholm op-
erator from X to Y withindex 0. Denote by Z (a—) the set of all g, f, h] € Y satisfying (23).
We have proved that R'\Jr b by (X) C Z(1). Thus, codim R)”+ N at (X) > 1.

Let now R)ur Al b Cr (®,W¥,0) =0.Letéty, py be given by (15), and &a_, p_ be
given by (18). Then, i+, p+ is an L2-solution of the regular Dirichlet-transmission problem
(13), (14) and (22) with g = 0, f =0, h = 0. Proposition 7.1 gives that there exists a con-
stant ¢ such thatuy = 0, p+ = ¢/b+. If c =0then ® =0, ¥ = 0, ® = 0 by Lemma 6.2.
Therefore, dim Ker R)\Jr S at < 1. Hence 1 < codim RM by bty (X)) =
dim Ker R}y beb-C | This forces Ry bl vy = 71,

Suppose now that (23) is fulfilled. We have proved that there exists [®, ¥, ®] € X
such that R);*~ bebf (@ W @) = [g, f.a_h]. Letiis, py be given by (15), and &_,
p— be given by (18). Then, @, p+ is an L2-solution of the regular Dirichlet-transmission
problem (13), (14) and (22). Sou+ = u+/ax, p+ = p+/ax is an L2-solution of (1), (2)
and (21). If ¢ is a constant, then easy calculation gives that u, p+ + c¢/b is a solution of
the problem, too. Proposition 7.1 gives that each solution of the problem has this form. []
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