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ABSTRACT. We pursue the study of fatigue accumulation in an oscillating
elastoplastic beam under the additional hypothesis that the material can par-
tially recover by the effect of melting. The full system consists of the momen-
tum and energy balance equations, an evolution equation for the fatigue rate,
and a differential inclusion for the phase dynamics. The main result consists
in proving the existence and uniqueness of a strong solution.

Introduction. It was shown in [16] that the Kirchhoff-Love method of reducing
the 3D problem of transversal oscillations of a solid elastoplastic beam with the
single yield von Mises plasticity law leads to the beam equation with a multiyield
hysteresis Prandtl-Ishlinskii constitutive operator. The present authors have used in
[7] (see also [5, 11]) the Prandtl-Ishlinskii formalism to propose a model for the cyclic
fatigue accumulation in a transversally oscillating beam and to study its properties;
results have been obtained correspondingly also for the plate, see [6, 8, 1]. Here, we
extend the model by taking into account the possibility of partial fatigue recovery
by the effect of melting when a solid-liquid phase transition takes place.

The fatigue accumulation law is still based on the observation that there exists
a proportionality between accumulated fatigue and dissipated energy, see [2, 9].
Unlike [7] and similarly to [9], we assume that out of all dissipative components in
the energy balance, only the purely plastic dissipation produces damage. This makes
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the mathematical problem easier: the system of equations then does not develop
singularities in finite time and a unique regular solution is proved to exist on every
bounded time interval. On the other hand we consider here an additional difficulty
- we assume that the weight function ¢ in the definition of the Prandtl-Ishlinskii
operator depends also on the fatigue parameter m; this has been considered also in
[8] and [1].

The unknowns of the problem are the transversal displacement w € R of the
beam, the absolute temperature 6 > 0, the fatigue variable m > 0, and the phase
variable y € [0,1]. The full system of equations consists of the momentum balance
equation (the simply supported beam equation with a fatigue dependent hysteresis
operator), the energy balance equation with the no-flux boundary conditions, the
fatigue accumulation equation and the phase transition equation. The model is
derived in detail in Section 1.

The problem is rigorously stated in Section 2, where we also check the thermody-
namic consistency of the system and collect some preliminary material in Section 3.
In Section 4 we carry out formally the a priori estimates that allow us to construct
the solution of the full system. In Section 5, we apply these ideas to a spatially
discrete scheme and derive estimates that are sufficient for proving that the space
discrete approximations converge to a solution of the original problem in appropri-
ate function spaces. The main existence and uniqueness Theorem 2.2 is proved in
Section 6.

1. The model.

1.1. Governing equations. We consider a transversally inhomogeneous beam of
length 1, and denote by = € [0, 1] the longitudinal variable, by ¢ € [0,7] the time
variable, by w(z, t) the transversal displacement of the point z at time ¢, by e(x,t) =
Wy (2, t) the linearized curvature, and by o(z,t) the bending moment. We assume
a thermo-visco-elasto-plastic scalar constitutive law in the form

o= Be+ Plm,e] +vey — B(0 — bret) (1.1)

where B > 0 is a constant hardening modulus, m > 0 is a scalar time and space
dependent parameter describing the accumulation of fatigue, where m = 0 corre-
sponds to zero fatigue, P[m, ] is a fatigue dependent Prandtl-Ishlinskii constitutive
operator of elastoplasticity defined below in Subsection 1.2, v is the viscosity coeffi-
cient, 3 is the thermal bending coefficient related to a layered structure of the beam,
6 > 0 is the absolute temperature, and 6,¢f is a fixed referential temperature (more
specifically, the melting temperature). Following [16], Newton’s law of motion is
formally written as

PWit — AWzt + Oz = F (1), (1.2)
where o = pl?/12 and | > 0 is the thickness of the beam, p the mass density and F

is the external load.
With the constitutive law (1.1), we associate the free energy operator

(0 = Orer)Xx + L1011 (X)),

(1.3)
where V[m,e] is the fatigue dependent Prandtl-Ishlinskii potential (1.19), ¢ (the
specific heat capacity) and L (the latent heat) are given constants, and Ijg 1 is the
indicator function of the interval [0, 1]. The entropy operator S and internal energy

F(e,0,x) = ch(1 —1og(0/bret)) + gsz +Vm,e] — B(0 — Orer)e — eL

ref
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operator U then read

OF L
8(87 97 X) = —"7Qy — CIOg(e/eref) + B‘€+_X7 (14)
89 orcf
B
U, 0,x) = F(e,0) + 0S(c,0) = ch + 552 + VIm, €] + Bbrere + Lx + Io,17(X) -
(1.5)

We consider the first and the second principles of thermodynamics in the form

u(fvon)t + qx :Et0+g, (16)
S(Eu 97 X)t + (g) Z g ) (17)
0/ 0
where ¢ = —k#f, is the heat flux with a constant heat conductivity x > 0, and g is

the heat source density. Note that (1.6) is the energy conservation law, (1.7) is the
Clausius-Duhem inequality.
The evolution of the phase variable  is governed by the inclusion —yx: € 0).F,
that is,
L

eref

where v > 0 is a characteristic time of phase transition, and 91} 1j is the subdif-
ferential of the indicator function I}y ;). Indeed, we necessarily have x € [0, 1], and
we interpret x = 0 as the solid phase, x = 1 as liquid, and the intermediate values
correspond to the relative liquid content in a mixture of the two.

Let D[m,e] be the dissipation operator defined in (1.20) associated with the
Prandtl-Ishlinskii operator P[m,e]. The analysis of the so-called rainflow method
of cyclic fatigue accumulation in elastoplastic materials carried out in [2] has shown
a close relation between accumulated fatigue and dissipated energy, similarly as in
[9]. Here, we assume in addition that partial recovery of the damaged material is
possible under strong local melting. Mathematically, this is expressed in terms of
the evolution equation for the fatigue variable m

—xt € o 1)(X) — 57— (0 — Orer), (1.8)

1
ma(,1) € —Oig o0y (m) — hxa(t)) + / Az —y)Dim el )y, (L9)

where h is a nonnegative nondecreasing function vanishing for negative arguments,
see Hypothesis 2.1 (vi), A is a nonnegative smooth function with (small) compact
support and D[m, €] is the fatigue dependent dissipation operator, see (1.20). The
subdifferential 01|y ) of the indicator function Ijg ) ensures that the fatigue pa-
rameter remains nonnegative.

The meaning of (1.9) is simple. If no phase transition takes place or if the
material solidifies, that is, x; < 0, then fatigue at a point x increases proportionally
to the energy dissipated in a neighborhood of the point z. On the other hand, under
strong melting if x grows faster than the plastic dissipation rate, the fatigue may
decrease until it possibly reaches the unperturbed state m = 0.

1.2. Hysteresis operators. Let us first recall the definition of the stop.

Definition 1.1. Let u € WH1(0,7) and a closed connected set Z C R be given.
The variational inequality
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u(t) = z(t) + £(t) vt € [0, 7],
z(t)e Z Vit € (0,77,
(1.10)
E)(z(t) —y) >0 ae. VyeZ,
2(0)=2"€ Z,
defines the stop and play operators sz and pz by the formula
2(t) = s57[2%u)(t), £@1) = pz[2°u)(t). (1.11)
For a canonical choice of Z = [—r, r| with some r > 0 and for the initial condition

2(0) = Q,(u(0)), where @, is the projection of R onto the interval [—r, r|, we simply
write

2(t) = spful(t),  &(t) = pr[u](?). (1.12)

A simple proof of the following easy properties of the play and stop can be found
e.g. in [13, Proposition I1.1.1].

Proposition 1.2. Let uy,us € WHY(0,T), a closed connected set Z C R, and data

2928 € Z be given, z; = s7[20, ], & = wi — 2z, i = 1,2. Then z;,& € WH(0,T),
and
() (21(t) = 22(t) (01 (t) — 0a(t)) > %%(21( t)—2(t)?  ae;
(i) [ (t) — &) + = d g0 2@ < i) -w®)]  ee;
(ili) |21() — 22(t)] < |21 — 25| +2 Jnax, |u1(T) us(7)| YVt e[0,T7];
(iv) &it)ii(t) = &(t)?

The variational inequality (1.10) can be equivalently written as the inclusion
Z(t) + 0Iz(=(t)) > u(t). This enables us to rewrite the differential inclusions (1.8)
and (1.9) for the phase variable x and fatigue variable m with a choice x°(z) € [0, 1],
mP(x) > 0 of initial conditions in the form

x(@,t) = spqX°(x), Az, )](), (1.13)
m(xvt) = 5[0,00)[m0(x)as(xa')](t)v (114)

where
Az, t) = /0 %(eifw—@mf)> (x,7) dr, (1.15)

St 1) Fl[(wum»+43@—med<>@><>dmum

The advantage of this representation is that now, y and m are defined by equations
involving, by virtue of Proposition 1.2, only operators that are Lipschitz continuous
in C[0,7T] and in WH(0, 7).

The variational inequality (1.10) is also used to model single-yield elastoplasticity.
In this case, the constraint Z = [—r,r] is the admissible stress domain, the input
u = ¢ is the strain, and the output z = o, := s,[¢] is the stress. We can rewrite
(1.10) equivalently in “energetic” form

200, (1) = 5 (3020 ) + 0 (117)
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Indeed, £(t)o,(t) is the power supplied to the system, part of it is used for the
increase of the potential £02(¢), and the rest r€(t)] is dissipated.

The Prandtl-Ishlinskii model is constructed as a linear combination of stops with
all possible yield points » > 0. Here, given a measurable function ¢ : [0,00) x
(0,00) = [0, 00) satisfying Hypothesis 2.1 (i) below, we define the fatigue dependent
Prandtl-Ishlinskii operator P : (W11(0,T))? — W11(0,T) by the integral

Plm,e](t) = /Ooo o(m(t),r) s.[e](t)dr. (1.18)

Eq. (1.17) enables us to establish the energy balance for the Prandtl-Ishlinskii op-
erator (1.18). Indeed, if we define the Prandtl-Ishlinskii potential
1 o0
Vim.el) = 5 [~ ctmnsil @ ar, (1.19)

and the dissipation operator

Dim.<](t) = / " ro(m, 7)ol ()] dr (1.20)

we can write the Prandtl-Ishlinskii energy balance in the form

E(t)Plm, 2] (1) = %V[m,a] (£) + Dlm, 2] () — %mt /0 " om(m sl dr  ae.

(1.21)
As a consequence of Proposition 1.2 (iv), we have
Dim,e](t) < |(t |/ (1.22)
2 Statement of the problem. For any 7' > 0, we denote Qp := (0,1) x (0,7,
fo x,7)dr, f(z,t) f F(z,7)dr 4 pwi(x,0) — awgee(x,0). We rewrite
the equat1ons (1 1), (1.2), (1 6) (1.8), (1 9) as the system
Uy = B’U}wm =+ P[m, www] + VWygpt — ﬁ(e - 9r€f)7 (21)
PWt — QWggt = —Ugg + f(xu t)7
1 (oo}
Ay — Kbze = D[m,we,] +vw2,, — BOWsp: — §mt/ Om (M, )52 (W] dr
0
L
—vxt € Olp(x) — Oot (0 — Oret), (2.4)

1
my € —3I[o,oo>(m)—h(><t)+/0 Az = y)D[m, waz|(y, ) dy,  (2.5)

for unknown functions w, w, 8, m, x with initial and boundary conditions

w(z,0) =u(z,0)=0,

m(z,0) =m’(z) =0,
0(2,0) =6°(x), (2.6)
X(I’O) = Xo(x)a

w(0,t) = u(0,t) =w(1,t) =u(l,t) =0,

0.(0,t) =6,(1,t)=0. } (2.7)

The zero initial conditions for w and m are motivated by the fact that it is difficult to
determine the initial degree of fatigue for a material with unknown loading history,
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and the most transparent hypothesis consists in assuming that no deformation (and
therefore no fatigue) has taken place prior to the time ¢ = 0.
The data are required to fulfill the following hypotheses:

Hypothesis 2.1. (i) P is a Prandtl-Ishlinskii operator (1.18) with a measurable

distribution function ¢ : [0,00) x (0, 00) — [0,00), locally Lipschitz continuous

in the first variable, and there exist ¢, ¢* € L'(0,00) such that p(m, T) < o(r),

0< gpm(mr)<<p()|g0mm(mr)|§cp()ae with M = [° ré(r) dr <
foo 2p*(r) dr < oc.

(ii) B v, ﬂ, refs Py Oy Cy K L,’y are given positive constants.

(iii) A : R — [0,00) is a C' function with compact support, A := max{\(x) +
[N (x)], = €R}.

(iv) f € L?(Qr) is a given function for some fized T > 0, such that f., fir, fut €
L2(Q7).

(v) 0% € L>(0,1) and x° € WH2(Q) are such that 6° > 0. > 0, 62 € L*(0,1),
X°(z) € [0,1] for all z € [0,1].

(vi) h : R — [0,00) is a nondecreasing Lipschitz continuous function such that
h(z) < bz, 0 < h'(2) < a ae. for z € R, and a,b are positive constants such
that bM < v, where M is as in (i) and v is the relazation coefficient from
(2.4).

(vii) g :[0,00)xQ7 — R is a Carathéodory function such that go(z,t) := ¢g(0,z,t) >
0, go € L*(Qr), and |go(0,x,t)| < g1 a.e. with g1 a constant.

The assumption that ¢(m,r) decreases with increasing fatigue m corresponds to
the observation that the stiffness of the material decreases with increasing fatigue.
Also the assumption that go(z,t) > 0 makes sense. Note that g is the heat source
density, so that at zero temperature, we cannot remove heat from the system.

We now check that regular solutions of (2.1)—(2.7) satisfy (1.6)—(1.7) with ¢ =
Wy and o given by (1.1), which implies the thermodynamic consistency of the
system. Indeed, we have by (2.3) and (1.21)

Z/{(E, 97 X)t + Qe — €10 =¢9
and by (1.4), (2.3), and (2.4)

K02  wve? 1 1 o0
= T Tt g (Dlm ) - gme [ pmlm, st dr 4
29 g 2" |,
By Hypothesis 2.1 (i) and (2.5),

Dlm,el(t) = g [ om(m. el ®)dr 1 2 1 = k)

hence, by Hypothesis 2.1 (vi)

q KO3 | veY | XY
SE0.00+ (), 2 G+ 5+ 55 20
provided we check that the absolute temperature 6 stays positive. In Subsection
5.1, we will find a positive lower bound for the discrete approximations of the
temperature, which is independent of the discretization parameter, and therefore is
preserved in the limit and implies the positivity of the temperature.
The main result of this paper reads as follows.
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Theorem 2.2. Let Hypothesis 2.1 hold. Then there exists a unique solution to the
system (2.1)=(2.7) in Qr such that 0(xz,t) > 0 for all (x,t) € Qp, and with the
regqularity

® Wyxat, Wrwtt, etu em;ﬂa Uity Ut € L2 (QT)7

o 9,mt,xt S LOO(QT)

3. Function spaces, interpolation. Let p,q,s € [1, 0] be such that ¢ > s, and
let |- |, denote the norm in LP(0,1), || - ||, the norm in L? (7).

The Gagliardo-Nirenberg inequality states that there exists a constant C' > 0
such that for every v € W1P(0,1) we have

[vlg < C (lols + I720'18)), o= —"7 (3.1)

In fact, (3.1) is straightforward: If we introduce an auxiliary parameter r = 1 4+

s(1 — 1) and use the chain rule - |v(z)[" < r|v(z)|" v/ (2)| a.e., we obtain from
P x

Hoélder’s inequality the estimate

[V]oe < [0l + Clo|s= A/ 27,

g(s/h)|v|§/h for h =¢q

Combined with the obvious interpolation inequality |v|, < |v]
(and for h =7, if r > s), this yields (3.1).
Let now v = (vg,v1,...,v,) be a vector, and let Dv := (n(vy — vg),...,n(v, —

vn—1)) be the associated vector of difference quotients of v. We denote

1 n 1/p n 1/p
[v]p == <ﬁ ; |vk|p> . DV, = <np1 l; o — vk1|p> . (3.2)

The discrete counterpart of (3.1) reads

1
s

-

vlg < C(Ivls + [v[;¢DV[Z) o= , (3.3)

14+ -2

and can be easily derived from (3.1) by defining v as e.g. equidistant piecewise linear
interpolations of wvy.

4. Formal estimates. In order to explain the estimation technique, we first pro-
ceed formally, assuming that the positivity of temperature is already established.
Rigorous proofs based on a space semi-discrete scheme will be carried out in Section
5. For the sake of simplicity we set from now on

K[m, weq](x,t) = —% /OOO O (M, 7)82 [Wep] (z, 1) dr (4.1)
Dim, wy](x,t) = /0 MMz — y)D[m, wez](y,t) dy. (4.2)

Due to the fact that by Definition 1.1 we have |s,[w,.]|(t)| < r and from Hypothesis

2.1 (i) we deduce
1 [ M
0. Klm,wer] < 3 / Pt ) dr = 5 (4.3)
0

Finally, due to Hypothesis 2.1 (i) and (iii) and (1.22), we have
0 < D[m, wey|(x,t) < AM |wep ()1 (4.4)
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We will denote in the sequel by C' any constant possibly depending only on the
constants in Hypothesis 2.1 and on the initial data of the problem.
4.1. The energy estimate. We multiply (2.1) by w,4:, obtaining
— Ut Wapt + BWes Weat + Plm, Wea|Want + vl — B0 — Oref)waar = 05 (4.5)
we differentiate (2.2) in time and multiply by wy, getting
PWe Wy — OWgzpy Wi + Uggrwy — frwy = 0, (4.6)

and finally we sum up (4.5), (4.6) and (2.3), all integrated in space. The first term
in (4.5) simplifies with the third term in (4.6) due to integration by parts and our
choice of boundary conditions; moreover the viscosity terms and the term £6 cancel
out. Concerning the term with hysteresis, using (1.21) we deduce

d
EV[m, Wea] + DMy, wey| + my Klm, w,y] (4.7)

and thus in the sum of (4.5), (4.6) and (2.3) what remains is just the term containing
V. More precisely we have the energy balance

P[ma wxm]wzzt -

d (/1 1 1
It _ngm + V[mu wmm] + ﬁerefwmm + —pwf + —awit + c + LX dx
dt J, \2 2 2
1
= [t +g)as, (48)
0

and Gronwall’s argument together with Hypothesis 2.1 (iv) and (vii) gives the esti-
mate

VE € [0,T]: |wea(t)l2 + [we(t)]2 + [wa ()2 + [0(H) 1 < C. (4.9)

4.2. The Dafermos estimate. We test the equation for the temperature (2.3) by
6~1/3 and obtain, using notations (4.1) and (4.2), that

1 1 1
0 = / —09t9_1/3dx+/ mﬁmﬁ_l/?’dx—i—/ mth[m,wm]G‘_l/?’d:v
0 0 0

1 1 1
—|—/ D[m, wm]Gfl/3 dz + / ngmﬁfl/g do — / ﬂwthQ/g dx
0 0 0

1 1
—/ the_l/sd.%'-‘r/ g0~ /3 dx
0 0

= T1+T2+T3+T4+T5+T6+T7+Tg. (410)
We keep the terms T5 = Vfol w203 dx, Ts = -3 fol Wa2t0%/3 dz, and

1 1 9 1 9
Tg:/ /@9119_1/3dxzf/ [9—2/394 dx:?m/ {(91/3)4 de,  (4.11)
0 3 0 0

where we have integrated by parts and used the boundary conditions (2.7). All the
other terms will be estimated from below. First,

1 1
3c d
= _ “1/3 4y — — 2/3
T c/o 0,071/3 dz 5 dt/o (6*/3) da.

The quantity
1
Ts ::/ my Km, w043 da (4.12)
0
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is non-negative whenever m; > 0. On the other hand, if m; < 0, then by (2.5),
(4.2), (4.4), and Hypothesis 2.1 (vi) we have

my = —h(xt) + DIm, wez] > —ax;:. (4.13)

Now the assumption m; < 0 implies that x; > 0. However, by (2.4), we then have
that

L
Xt = (9 Orer) < 0 a.e. (4.14)
ere eref
Combining the above inequalities with (4.3), we obtain for m; < 0 that
MLa (!
Ty > — 0°/3 da. 4.15
S Nl / ! (4.15)

We obviously have
Ty = /1 D[m,wm]ﬂfl/3 dz > 0.
The term ’ )
T7 = _L/o 073 dz

can be treated in a similar way as the term T35 and using (4.14) for x; # 0 we get

2t
T, > — / 6%/3 dz.
76‘ref

Finally, we find a lower bound for Tg by Hypothesis 2.1 (vii) as follows:

1 1 1
Ty = / g(0,x,1) =13 dx > / (9(0,x,t) — g(0,,t)) =13 dx > -1 / 0%/3 dz.
0 0 0

Coming back to (4.10), integrating it in time, we deduce

3 1
3,1// 91/31 dxd7’+y/ / w2073 dzdr < 2/92/3dx
0 0
t 1
—I—Cl/ / 0%/3 dx dT—I—B// [Wewt|02/3 Az d, (4.16)
0 JO 0 JO

where we put
L M
Ch = ar +L|+ag.
Weref 2

The first two terms on the right hand side of (4.16) are bounded due to (4.9).
The last term we estimate by Holder inequality as follows

t 1 t 1
5// |Waat 0?2 da: deﬁ/ / 07607/ %|wypy| dz dr
0 JO 0 JO
t 1 1/2 1 1/2
B/ l(/ 95/3d:v> (/ w2, 0" 1/3dx) ‘|d7'
0
ﬂ2 t 1
< // w?,,0 1/3dxd7'+—//95/3d:1:d7',
2v 0 0

and (4.16) yields that

t t 1
// 91/31 dxdT—i—/ / w2073 dz dr < c(1+/ / 95/3dxd7>.
0 0 JO

(4.17)

IN
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Now we apply (3.1) with v = 0'/3, s =3, ¢ =5, p=2, p = 4/25 and notice that

1 1/3
|6.1/3|3 _ (/ (6.1/3)3 dx) <C
0

due to (4.9). We therefore have

1 1/5
</ (91/3)5d$)
0
so that
t el t 1 9 2/5
[ [ rasar<c (e ['[[ o] a] o).
0o Jo o LJo

Combining this last estimate with (4.17), we deduce

// [(91/3)1 dxdT+//wmo 3 dzdr < C. (4.18)
0 0

Applying again the Gagliardo-Nirenberg inequality with the choices v = §'/3, s = 3,
qg=38,p=2, p=1/4, we obtain that

1 1/4\ 8
/0 08/3 o — |91/3|§ <C (|91/3|3+ |91/3|§/4 ‘(91/3)1‘2 )

4/25
_ |91/3|5 <C <|91/3|3 + |91/3|§1/25 ’(91/3)96’2 )

and this, after time integration, together with (4.9) and (4.18) brings the estimate

T 1
161s/3 :/ / 6%/3 dz dt < C. (4.19)
0 0

To derive a further estimate, we sum again (4.5) and (4.6), and obtain

d ('/B !
o | (2wm+69refwm+2wt+ 2w )dx—i—/ Vwimtd:v

1
= / (Bewmmt - P[m, wmm] Wyt + ftwt) dx.
0

We estimate the first term on the right hand side using the inequality S0w,.; <

g@z + Yw?,, and the previous estimate (4.19). In the second term, P[m,w,,]
is bounded by Hypothesis 2.1 (i), and the third term is handled using Hypothesis
2.1 (iv). This finally gives the additional estimate

[waatll2 < C. (4.20)

4.3. Higher order estimates. We differentiate (2.1) in space, obtaining
Ugpt = BWygs + P[m, ww;ﬂ]w + VWypat — 691 (421)

We integrate by parts in space, recalling that since u(0,t) = u(1,t) = 0 by (2.7),
then u.(0,t) = ut(1,t) = 0. We deduce by (2.1) and (2.2)

1
/ (me;uﬂ + P[m, ww;ﬂ]w + VWggat — 691)2 d(E
0
1 1
¢2y / u?, dr = / Ut (—Ugqt) da (4.22)
0 0

1
:/ (pwtt — OWggtt — ft) (mem + P[mv wzi] + VWaat — ﬂ(o - erCf)) da.
0
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The implication (a +b)? = X = a?/2 < X + 3b? for all a,b, X € R brings

1 1 1 1
5 / (VwLIJLIJLEt + waww)z dx + VP/ Wyt Wett dx + Va/ Wyt Wertt dx
0 0 0

1
3 [ (Pl + 02 do
0

IN

1
_/ ft(Bw;E;E + P[mawmw] + VWaqt — ﬁ(e - Gref)) dz
0
1
i ),
1
_/ (pwt - awzzt) (szzt + P[mvwzz]t - ﬂet) d.I
0

First of all, using Hypothesis 2.1 (i) and (iv), (4.9), (4.19) and (4.20) we estimate
T 1
/ / | fel|Bwge + Plm, wey] + vwger — B(0 — brer)| dzdt < C. (4.24)
o Jo

Furthermore, by (4.9) and Hypothesis 2.1 (i) we have

(pwt - awmmt) (waw + P[m, wmm] - ﬁ(e - eref)) dx

(4.23)

1
/ (pwi — awyyt) (Bwyey + Pm,wye] — B(0 — Orer)) dz < C(1 4 |waat|2) (1 + |0]2).
’ (4.25)

Note that by (4.19) we have
t 1 t 1/2
1012 — |0°2 = / / 00, dzdr < C (/ |€t|§d7> , (4.26)
0 0 0

and (4.25) yields that
1
/ (pwt - awzzt) (mem + P[m7 wzz] - ﬂ(e - orcf)) dx
0

t 1/4
C(1 4+ |weet|2) (1 +/ |9t|§d7)
0

<
t 1/2
v 5 5
< P+ (1 + |9t|2d7> (1.27)
0
Finally, still by (4.9) and (4.20),
t 1
/ / (pw — QWyyt) (Bwgyt + Plm, wyee — £0;) dedr
0 Jo
(4.28)

t 1/2
< C<1—|—/ |P[m,wm]t|§—|—|9t|§d7) .
0

Note that we have for a.e. (z,t) € Qp that

|Plm, wes](x, )] < ‘mt/ Om(m, r)s, Wy dr
0
By (1.10) we have |s,[wg]| < 7, and Proposition 1.2 (iv), together with (2.4), (2.5),

(1.22), and Hypothesis 2.1 (i), (iii), (vi) yield
|57 [Waalt| < [waatl, [me] < | = h(xe) + Dlm, wayl|

< Cllxe] + [weatlr), Ixel < C(1+0) ae.

+ /000 o(my r) (s, [wee)): drl .

(4.29)
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From Hypothesis 2.1 (i) we thus obtain the pointwise bound
|P[m, waze] < C(1+ 60+ |weat]) ae., (4.30)
and from (4.28), using (4.19) and (4.20) we conclude that

+ 1/2
<C <1+/ |0t|§d7> .
0

(4.31)
We now integrate (4.23) in time from 0 to ¢ for ¢ € (0,7") and combine the result
with (4.24), (4.27), and (4.31) to obtain

1 t 1
0 0 JO

t ol t 1/2
< c<1+/ / (p[m,wm]i+9§)dxd7+(/ |9t|§d7> ) (4.32)
0 0 0

Here we had to estimate the initial values

1
/O (wit + wfﬁzt + wizz)(xv 0) d.’,E,

which can be done as follows: We have by (2.6) wy..(2,0) = 0. Eq. (2.2) for t =0
reads

¢ pl
/ / (pwy — QWazt) (Bwaat + Plm, wae]t — B0;) dzdr
o Jo

pwi(x,0) — qwgqe(2,0) = f(z,0),
and testing this identity by w,.¢(z,0) we see, using Hypothesis 2.1 (iv) that

1
| et et @0 < (4.3
0
Finally, we deal with the term
Plm, wyy].(x, 1) (4.34)

= /00 (Pm(m, 1) my §p (W) (z,8) dr + /00 (p(m, )8, [Wez]s) (2, 1) dr.
0 0

For all z, h, and ¢, we have by Proposition 1.2 (iii)

|87 [Wez] (T + by t) — 5, [wee](2,1)] < 2 m[ao)i] [Wea (2 + D, T) — Wae(, T)],
7¢€|0,

which implies

|5 [Wee)e(z, )] < 2 max Wy (z, 7)] a.e.
T€[0,t]

By (1.13), (1.15) and Proposition 1.2 (ii), we have

d
Ixe(a +h,t) = xe(e, )]+ Ix(@ + 7, 1) = x(@, )] < 2] Ae(z + b, 1) — Ae(z, t)] ace,
(4.35)
hence

t
/ el + b 1) — xela, )| dr
0

< O<|X(x+h,0)—x(x,0)|+/0 |9(x+h,7)—9(x,r)|dr>,

which entails for a.e. z € (0,1) that

/Ot Xzt (2, 7)[dT < C (|Xg(w)| —i—/ot |9m($,7)|d7> 7
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and in a similar way we obtain from (1.14), (1.16), Hypothesis 2.1 (i), (vi), (1.22),
Proposition 1.2 (ii), and (4.20) that

/Ot Mgt (2, 7)|dr < C (/Ot Xt (2, 7)| AT + /Ot w1 (7) dT)
¢ (1 +/Ot |th(33,7')|d7') ,

where we also used that m(z,0) = 0. Therefore, from (4.35), using Hypothesis
2.1 (i),(iil) and (2.6), we get for a.e. (z,t) € Qr that

[ma(,t)|

IN

IN

t
|Plm, wyz]e (2, t)| < C (1 + XY ()] —|—/ |0 (2, 7)] dT + max |wwm(x,7')|>
0

T€[0,t]
t t
< 0(1 )] +/ 10, (2, 7)| dr +/ et (2, 7)| dT) . (4.36)
0 0
Combining (4.32) and (4.36) and applying Gronwall’s lemma we deduce
|Waat ()3 + [Wawa ()3 + [[W5amills < C (14110213 +116:]12) . (4.37)

where we also used Hypothesis 2.1 (v) to estimate |x2(z)|.

It remains to estimate the W' 2-norm of @ both in space and time. In the first
step, we test (2.3) by 0 and obtain, using (4.29), (1.22), and Hypothesis 2.1 (i), (vii),
that

d ! 2 ! 2
— A d fzd
a ; a:—l—/o > dx
1
< c / ([weeld + Bluwgse * + 6|twsae] + mel6 + [xe16 + 6lg]) da
0
1
< c(1+/ (0% + w2, + 0w2,, + 0% wearl) dx). (4.38)
0

By Holder’s inequality and (4.19), we have
1/4

t 1
//92|wmt|dxdt<||9||8/3<// mtdajdt) §C<//wiztdxdt) ,

0 JO

t pl 1/2
//9wmdxdt<||9||2(// mdxdt) gC(//wiztdwdt) :

Exploiting once more (4.19) and (4.20), we finally obtain integrating (4.38) with
respect to t that

1/4

B + 118112 < € (1+ [wearl 2) (4.39)
On the other hand, testing (2.3) by 6; we deduce

1 1 1 1 1
d
[ ooy [ @ar<o(in [mtratnd s [Cubavs [ o, 0)
0 0 0 0 0

and by a similar argument as above we obtain
19115 + S 162(0)]5 < C (1 + llweaels + 110]12) - (4.40)
€10,

We have by (4.19) that

l614 < 6122101155 < Clo]| . (4.41)
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We now apply the Gagliardo-Nirenberg inequality (3.1) with ¢ =00, s =1, p = 2,
and v = 2/3, to deduce

01 < € (101 + 101*16.137%)

Using (4.9) we obtain

16]]cc < C (1 + sup |9m|§/3> . (4.42)
t€[0,T
It follows from (4.40), (4.41), (4.42) that
16413+ sup [0:(8)[3 < C (1 + lwawell?) (4.43)
te[0,T]

which is what we were looking for. Coming back to (4.37), using (4.39) and (4.43)
we deduce in particular

sup |wmt(t)|§ + ||wm:ﬂt”§ <C(1+ ||wmt||421) (4.44)
te[0,T]

We estimate the right hand side of (4.44) using the Gagliardo-Nirenberg inequality
(3.1) with g =4, s =p =2, v =1/4, and obtain

et Ola < C (Jware @)l + [0are O [wram ()
and this implies, by Holder’s inequality and (4.20) that

||w:r:rmf||21L < C sup |wrrt(t)|§ (||wzzt||§+||wmmt||2||wrrrt||2)

)

< C sup |wmt(t)|§ (1 + lwezatll2) - (4.45)
t€[0,T]

Using this last estimate and coming back to (4.44) we get

st} <€ sup fuae(®le (1+ wnsatlls?) < (14 lwaadl )
te[0,7)

which enables us to conclude that
waatlls < C, (4.46)
and consequently by (4.42)—(4.43)
1013 +116:]13 + sup [6(£)I3 < C. (4.47)
t€[0,T]

Coming back to (4.29) and (4.37), we deduce the following additional estimate
[melloe + IXtlloot sup (Jweae ()2 + [waza (t)]2) + [[wezatllo < C. (4.48)
te[0,T]
Finally, we differentiate (2.1) in ¢ and test by wg., differentiate (2.2) twice in ¢

and test by wys, sum up the results, eliminating the terms in us; by integrating by
parts. We have to estimate the initial values

1
| @0l + o w0 as.
To do that, we proceed similarly as in (4.33). We have by (2.6) and (2.1)
ui(2,0) = v (2,0) — B(0°(2) — Orer),

hence
Uzt (2,0) = VWypt(z,0) — ﬁ@g (). (4.49)
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On the other hand, by (2.2),

pwat(x,0) — QWagat(2,0) = fo(x,0), (4.50)
and
pwit(2,0) — awgp (2, 0) = —ugqt(x,0) + fi(x,0). (4.51)

We estimate the initial value f,(z,0) in L?(0,1) using Hypothesis 2.1 (iv) and the
formula f;(z,0) = fo(z,t) — fg fat(z,7) dT square integrated in space and time,
and similarly for f;. We further test (4.50) by wygqee(2,0), use (4.33), and obtain

1
/ w2, (2,0)dr < C. (4.52)
0

Hence, by (4.49) and Hypothesis 2.1 (v)

1
/ u?,(x,0)dz < C. (4.53)
0

Testing (4.51) by we(x,0) and integrating by parts we finally obtain
1
| ol o001+ aluzue.0)) da (4.54)

< / (luat (2, 0)] [waee (2, 0)] + [ fe(2, 0)| [we (x, 0)]) da,
0

which implies the desired estimate

1
| (w0 + o .0 dz < €. (455)
0
This enables us to conclude that
sup (Jwee(t)|2 + [wote(t)]2) + w2 < C. (4.56)
te[0,7)

5. Approximation. Here, we make rigorous the estimates derived formally in the
previous section. From now on, the values of all physical constants are set to 1 for
simplicity.

We choose an integer n € N, and consider the space discrete approximations of
(2.1)-(24) for k=1,...n—1:

g = € + Plmy, eg] + €x — Ok + Orer (5.1)
Wy, — &, = —n2 (g1 — 2up +up_1) + fr, (5.2)
er = n*(Wpr1 — 2wy + wr_1), (5.3)
Or = n* (O 41 — 201 + Op—1)+ 17k K + Dy + €2 — 0161, — Xk + gr Ok, 1),
(5.4)
M = 510,000, 5k, Sk(t) = /O (ChG) + D) () dr, (5.5)

X = splxis Akl Aw(t) = /0 (O — Orer) (1) dr, (5.6)
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where
1 [ M
Ki(t) = —5/ Om(mp(t),7)s%[e1](t) dr € [0, 7] ,
0
Dy(t) = / p(mu(t),r) srler](t)(ex — srler])e(t) dr > 0,
0
1 n—1
KO — DAt >
Dk(t) n;)‘k ]Dj(t)—()’
Ai = A(i/n),
k/n
fk(t):n/ flz,t)de,
(k=1)/n
k/n
n/ g(0,z,t)dx for 6 >0
g (0,t) = (k—1)/n
9(0,1) for 6 < 0.
We prescribe initial conditions for k =1,...,n—1

wk(()) = uk(O) = 0,
0,(0) = 69 :=0°(k/n),
mi(0) =0, (5.7)

and “boundary conditions”

wO—wn—UO—un—Oa} (58)

90 - 01; On = 0n_1.

This is a system of ODEs for ug, wy, 0. We proceed as follows:
We claim that (5.1)—(5.6) admits a W1 solution in an interval [0,7},]. First,

denoting by w the vector (w1,...,w,_1), and € = (£1,...,&,—1), we have, by (5.3),
—e = Sw with a positive definite matrix S, which has the form
2 —-1 0 0o 0 ... 0 0 0 0 ]
-1 2 -1 0 0 ... 0 0 0 0
o -1 2 -1 0 ... 0 0 0 0
S =n?

Hence, the left hand side of (5.2) reads (I + S)w. By (5.2), € is itself a Lips-
chitz continuous mapping of u = (u1,...,u,—1). Using Proposition 1.2 (ii) we see
that (5.1)—(5.4) can be considered as an ODE system in wug, wy, 05, with a locally
Lipschitz continuous and locally bounded right hand side and the existence and

uniqueness of a local solution in an interval [0, T},] follows from the standard theory
of ODEs, and the solution belongs to W1°°(0,T,,).
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In the sequel, we will systematically use the “summation by parts formula”
n—1 n

> Gt =20+ me1) + Y (= &) 0k — k1) = & Ot = Nn—1) — &0 (m — 10)
1

k=1 =
(5.9)
for all vectors (£o,...,&n)s (M0, -+« M0 )-

5.1. Positivity of the temperature. In this subsection, we prove that 6, remain
positive in the whole range of existence. As a first step, we test (5.4) by —0,, where
6, is the negative part of 0.

We have .
Ixe=:,. 1 dy~,, .
—5k2_1"k" :TJZW-

On the other hand, by (5.9) we also have

n—1 n
“n Y (kg1 — 20k +0k1)0, = n > (O — 0k1) (0, — 0;_y)
k=1 k=1

IN

—n ) (0 =8 1)* <0,
n=1
Moreover, Dy(t) > 0 and gi(0,t) > 0 for § < 0 by Hypothesis 2.1 (vii), hence
= (Dk(®) + £4(8) + g (05, 1)) 0 < 0.
Now we deal with the phase term. We have that

(D07 (8) = 0 i (t) = 0,
;é:(t)o:— (£) = (B() — Brer)0 (£) < 0 othorwise. } (5.10)

Finally, if my(t) # 0, then
=1 (k)0 (8) = (h(xk () = i (1)) 0, (DK, (1) < h(xx(£))8) ()LCx(E) <0

by virtue of (5.10) and Hypothesis 2.1 (vi). Summarizing the above computations,
we get

n—1 n—1 n—1
d 1 _ 1 _ K. _
Ton Z(ek )? < - (6;)%x < ; Z(Gk )%,
k=1 k=1 k=1

where we put
K., =max{|léx(t)] : k=1,....,n—1, t€[0,T,]}
and Gronwall’s argument yields 6, (t) = 0 for all k£ and t € [0,T,].

We now prove that in fact, 0;(t) are bounded away from 0 for all & and all
t € 0,T,,]. First of all we notice that if x5 # 0 then

—Xk = =0k + Orer > —0k.

We moreover have
my > —h(xx) > —axr > —aby,
from which we deduce
Ma
ek > —Tek
Using the estimates above together with

1
EZ — 0réR > —16%
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we obtain from (5.4) that
O —n2(O1 — 20 + Op—1) > —(0%),
where we set
1 M
P(z) = 122 +a (1 + 7) z
Let p be the solution of the differential equation
with 0, > 0 from Hypothesis 2.1 (v). It is easy to check that

b e Ht . 1 M
t) = th  6=- —a1+2).
=gy ™ o rEett

Then

(5= 01) = n*((p = Ors1) = 2(p = 0x) + (p— Ok—1)) +9(p) = (6x) 0. (5.11)
Testing (5.11) by (p — 0x)™ and using (5.9), we obtain

d — n
%g S (-0 P 3 (500 — (1) P 60) — 900 5—00) <0,
= = (5.12)
hence, as v is nondecreasing for positive arguments,
n—1 n—1
D=0 <D ((p—0)")*0) =0,
k=1 k=1

so that 6x(t) > p(t) > 0 for all k and all ¢ € [0,T,,], which is the desired result.
5.2. Discrete energy estimate. We test (5.1) by &, differentiate (5.2) in ¢ and

test it by wy, and sum up over k = 1,...n — 1. From (5.3), with a repeated use of
(5.8) and (5.9), we obtain

d (1 & 5 e,
T (2— Zwi + 5 Z(wk —wk_1)2> (5.13)
k=1
n—1

1 1
P -0 Orer)
+— Zak ek + [mk,ak]+ak E+ t ankwk

We add (5.14) to (5.4), which yields, by virtue of (1.21),

n—1

d (1 1

E (g E ( Ek + V[mk,gk] +9ref€k + 2wk +9k+X/€)
k=1

+g Z(’d)k - wk1)2> = % Z(f'kwk + gk).- (5.14)

k=1 k=1

We estimate the right hand side of (5.14) using the discrete Holder inequality

1 n 1 n 1/1) 1 n 1/17/
~ > & < (E > |sk|P> (E > Il ) (5.15)
k=1 k=1 k=1
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for all vectors (&1,...,&n), (M1,...,mn), and for 1/p+ 1/p" = 1. We have
1 n—1 1
2 2
— t) < t)d
LY < [ e,
k=1
hence, by (5.15), Hypothesis 2.1 (vii), and Gronwall’s lemma,
n—1 n
1 -2 2 . . 2
=D (wk+ak+9k)(t)+n2(wk—w,H) () <C, (5.16)
k=1 k=1
We conclude in particular that the approximate solutions exist globally and 7;, = T.
5.3. The discrete Dafermos estimate. We test (5.4) by 9;1/3 and we proceed
similarly as in Subsection 4.2. The integration by parts is replaced by the elementary
inequality

—(.’IJ _ y)(xfl/B _ y71/3) > 3(,@1/3 _ y1/3)27

with the choice z = 0,y = 0;_1. We obtain for all ¢ € [0,7] after summing up
from k =1,...,n — 1 and integrating in time the following counterpart of (4.16):

t n 2 1 n—1 B
/O (?mz (9;/3 - 9,1/,31) =Y b 1/3> ar (5.17)
k=1

k=1
tlnfl y 377,71/ tlnfl/
< - 1023 ar + 22N 03 c/— 0>/3 dr.
< [ apttar g S toe o3t

The last two terms on the right hand side are bounded by virtue of (5.16). By
(5.15),

t1 n—1 tq n—1 1/2 tq n—1 1/2
1 - 1023 dr < / 1S~ g3 4 / 1§~ p-18:24
hence,
1 1/3 “ s 1780\ 2 R, 5/3
.2 p—
/ =S a0, sy (00 -0) | ar<c 1+/—Zek dar | .
o \"i= k=1 o "

(5.18)
We now apply the inequality (3.3) as in the formal case, which implies that

+ 1 n—1 B n 2
/0 <529,€ Pegand (00 -0) | ar<c. (5.19)
k=1 k=1

Using (3.3) again we obtain

+ n—1
1
/ =36 (rydr <, (5.20)
0 n
k=1
and, as a consequence of (5.14),
t 1 n—1
/ =Y d(ndr<cC. (5.21)
0 n

k=1
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5.4. Higher order discrete estimates. We define ¢g,¢,, for £k = 0,k = n, as
solutions to the differential equations

o+ P[mo,ao] +ég—0g+ 0t =0, } (5.22)

5n+P[mn75n]+én_9n+9ref =0,

with initial conditions £0(0) = &,(0) = 0. The values of mg,m,, are chosen as in

(5.5), where we choose for x the natural “boundary” conditions compatible with
(5.8), that is,

xo(t) = x1(t),  Xn(t) = xn-1(t).
Then (5.1) holds for all K =0,...,n, and we have
Up — Up—1 = € — €k—1 + Plmg,ex] — Plmg—1,ek-1] + €k — -1 — O + 0r—1 (5.23)

for all k =1,...n. By (5.9) we have

n n—1
HZ(Uk —d—1)? = —n Z U (U1 — 2k + Ug—1),
-1 k=1

k
hence, by (5.1)—(5.2) and (5.23),

HZ(Ek —ek—1+ P[mg,e] — Plmy—1,65-1] + &k — -1 — O + O—1)?

1 .. .. ; .
= E (wk — €k —fk)(Ek—i-P[mk,Ek] + € —9k+9ref). (5.24)

Yy ((ek —en1)? + En —e1)?)

IN

O”zn: ((Plmk,ek] = Plmi—1,€x-1))> + (0 — 6x—1)?)
1

k=1
1=, ,
+ - |fk||5]g+P[mk,€]g]+5k—9k+9ref|
n k=1
d 1 n—1
+ 3 (E k71(wk —éx)(ex + Plmy,ex] — Ok + 9rcf)>
1 n—1 )
+ - |’lbk _ék”ék'i‘P[mk,Ek]t —9k|. (5.25)
k=1

As in (4.30), we have |Plmy,ei]i| < C(1+ 0y + %Zz;ll l€j1), and this enables us
to estimate the terms on the right hand side of (5.25) as follows:

tlnfl . . . . t1"*1 " 1/2
/0 EZ|wk—€k||€k+P[mk,Ek]t—9k|d7’§O 1—|—(/0520de) ,
k=1

k=1
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t 1 .
/ - > 1l lex + Plmi, ] + &k — 0k + Orer| dT < C, (5.26)
0 " k=1

1
(W, — €x)(ek + Plmg, er] — Ok + Orer)
1

17171 1/2 1 n—1 1/2
— 2 1 ~-S 0

1 n—1 tn—1 1/2
.2 2 : 2

k=1

S
|

3=
i

IN
Q

where we have used (5.16), (5.20), (5.21) and Hypothesis 2.1 (i), similarly to (4.31)
and (4.24). Moreover, we have by Proposition 1.2 and Hypothesis 2.1 (i)

|Plmg, ex](t) — Plmi—1,ex-1](t)]

/0 " (plm,r)sslen] — o(min, P)slen_a]) dr

/Ooo (p(mp,7) — @(mr_1,7)) 5, [ex] dr

T / " (pmir, ) (srfex] — srlen))) dr
C (|mk — My 1| + m[%)i] |5k( ) — Ek_l(T)|> , (5.28)

where we have by (5.5), Proposition 1.2 (ii), Hypothesis 2.1 (i), (iii), (vi), (1.22),
(5.6), (5.15), and (5.21) that

t n
. . 1
lmy —mp—1| < C/ X = X1+ > ke = Mool Dy(r) | dr
0 —
Jj=1

t 1 n
< C Xk — Xk— — =i Ak—i — Ak—jm d
N LT S SR )

t 1 t n

= |>.Ck_>.6k71|d7'+—/ |&;] dr

/0 n* Jo ; !

! 1
< C<|X2—X2—1|+/ |9k—9k1|d7'—|-ﬁ>. (5.29)
0

We estimate the initial conditions as in (4.33), and integrating (5.25) in time we
conclude from the above considerations that

_ng Z €k — Ek—1) +/nz €k —Ek—1) T)dT
k=1

k=1 0



2486 MICHELA ELEUTERI, JANA KOPFOVA AND PAVEL KREJCI
1 n—1 tq n-1 1/2 t n
< c<1 +=> 6+ </ — > 63(r) dT> +/ nY (O — O—1)*(r) dr
"= oMo 0 k=1
t T n
+/ / nZ(ék —ép1) () dr’ dr ).
0 JO k—1

Gronwall’s argument and (5.20) then yields the following counterpart to (4.37)

% 2 )+ nZ(sk —ee) () + / nZ(Ek —ég—1)?(r)dr
k=1 k=1 (O——

_ 1/2
t 1 n—1 . t n
<C 1+</ —Z@idT —I—/ nZ(@k—Hk,l)Q(T)dT . (5.30)
o "3 0 k=1
We now test (5.4) by ) and obtain
n—1 n
d (1 1
— =) ¢ Op —0p1)* <C | —
dt(n%k +nz(k k-1)" S <n

where, by (5.20)

t 1 n—1
[ 5> @nar
o N
k=1

AN
VR
o\ﬁ
S|
3
|
—
(L)
ESES
o,
ﬂ
~—
-
~
(V]
7N
S—
2
S|
Ed 3
HMI
= -
>
>
o
\]
~
—
~
[\v]

AN
VR
O\H
S|~
3
|
—
Q)]
ESES
o,
ﬂ
~—
—_
~
i~
VR
O\H
S|
El 3
i1
>
> 00
S~
)
o
~
w
~
Ny

t 1 n—1
/ LY elo ar
0 7 k=1

t n—1 1/4
1 .4
S C </ — €L dT) 5
0 n
k=1
hence, by analogy to (4.39),
1 n—1 + n t 1 n—1 1/2
- Ze,z(t)+/0 n> (6012 (r)dr <C |1+ (/O - > e dT> . (5.31)
k=1 k=1 k=1
Finally, we test (5.4) by 0, and obtain from Holder’s inequality that

t n—1 n
/0 % D OR(r)dr +ny (0k — Ok-1)*(2) (5.32)
k=1

k=1

t1n71 tlnfl
< C 1+/— é4d7+/— ordr | .
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Using (5.20) we have

1= 43 1R s
[azaar < (ayme0to) [P
0 =1 0 k=1

< C max max 94/3( )

T€(0,t]i=1,...,n

and from (3.3) with ¢ =00, s =1, p =2, o = 2/3 it follows
N 1/3
_max O;(r)<C |1+ (n Z(ﬁk - Gk_1)2(7)> . (5.33)
We thus infer from (5.32) that
/ 292 dT+nZ (O — Op_1) <c<1+/ Zade) (5.34)

Combining (5.30) with (5.31) and (5.34) yields

1 n—1 t n t 1 n—1 1/2

— é2t+/n Er—ér—1)’(r)dr < C 1+/— éndr . (5.35

20+ [ 03 -ano) e (5.3)

Using the vector notation (3.2), we have by (5.22) and (5.20) that

n—1

n—1
Zak 30 +a) < %Zéﬁm%(HZez(t))
k=1 k=1
< C+%nléi<t),
k=1

and we rewrite (5.35) as (compare with (4.44))

1/2
maox]|e %+ /|De |2dT<C(1+</ l&(T |4d7’> ) (5.36)
T€[0,t

We estimate the right hand side of (5.36) using (3.3) as follows:
. . N34y 1/4
[£()ls < CEM + &I Pe(n)]3).
We have fot |&(7)|3 dr < C by virtue of (5.21), hence

[ ewitar
< e [ e ([ o) ([ eozr) )

< C max |e(r )|2< /O IDe(r )|2d7) . (5.37)

T€[0,t]

/2

Combining (5.36) with (5.37) yields

()3 +/0 |Dé(7)|2dr < C. (5.38)
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Therefore there exist a constant C' > 0 such that

n—1 n
1
EZ /nZak—Ekl d7'+/ Zsk+ak)()d7'<0 (5.39)
k=1 k=1
/ Z 0} + (P dr + 13 (0 — 6o )2() <O (5.40)
k=1
for t € [0, T]. From (5.40) and (5.33) it follows that max;c[o, ) maxi=1,... » 0i(t) < C,
hence max;c(o, ) max;=1,....» |Xi(t)| < C and, also by virtue of (5.38),
0; it ni(t)]) < C. 5.41
tgf%i:rglﬁf( () + [Xi ()] + [ (t)]) (5.41)
By comparison of the terms in (5.4), we also have
n—1
/ 5 (Ok1 — 20k + 0 1)* (1) dT < C, (5.42)
k=1

and similarly for uy by (5.2). Finally, we differentiate (5.1) once in ¢ and test by &,
(5.2) twice in ¢ and test by Wy, and sum the two equations up. Using (5.39)—(5.40)
and treating the initial conditions as in (4.49)—(4.55), we get the estimate

n—1 _
1 . 1
ngg@mz(wk 1) /0 5; fdr<C. (5.43)

6. Proof of Theorem 2.2.

6.1. Existence. For a generic sequence {¢x : £k = 0,1,...,n} we put Ayp =
n(pr — pr—1), and A2p = n?(pr+1 — 29k + Yr—1), and define piecewise constant,
piecewise linear, and piecewise quadratic interpolations

Ok for = e |* ,n) k=1,....n—1,
7" (z) = = (6.1)
Yn—1 for z € [T,l},
¢7(")(:1:): cpk_l—i—(x—k—;l)Akcp for z € [%,%), k=1,....,n, (6.2)
Lok + o)+ (v - EL)Arp + Lo — 2)°A2p
~(n) for xe[kgl,%), k=1,....n—1,
¢ (z) = (6.3)

for z € ["T_l, ] .
We also define

k-1 k -1
XD (@ y) =Ny for (z,y) € [— —) x {J— i) RNy
For functions &), 8™ () ) a) é("), @™ @™ we have derived esti-
mates (5.39)—(5.43) that we rewrite in the form

o+ [

e (r }2d7+/0 (@l + D @))ar < e, (65)
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/t (167 (r)|2 + |é<n>(7)\j) dr + [0 )2 < ¢, (6.6)
0

/ t 1602 (r)|2dr < C, (6.7)

@ (]2 + @l (1)]2 + / e (m)|2dr < ¢, (6.8)

and by (5.2)—(5.3),

t
[ G + ol ar < c 69)

System (5.1)—(5.6) has the form

a{™ =& 4 pm™ g™ 4 &M — () — g,.), (6.10)
ﬁ}gn) _ &:gn) _ _~(") + f("), (6.11)
g = g0, (6.12)

9( n) _ e(n) 4 (n)K(n) + DM + ( (n)) _ é(n)ggn) + g(n) (é(n)) o )_(1(5”) 7
(6.13)

im ‘1L g
A (z,t) = - (0 — bret) | (z,7) dr, (6.16)
o 7 orcf

t 1
S (1) = /0 (—h(xgn)(xﬁ)) + A (2, ) D™ (y, 1) dy) (z,7) dr, (6.17)
D™ (x,t) = /00 cp(m(”),r) 5T[§(”)](§(") — 5, [é(")])t(:t,t) dr, (6.18)
0
R0 (2,) = —% / " (™, )2 dr, (6.19)
0

with (™ (0) chosen in agreement with (5.7). We further have

to m -
2 2 .0 2 -2
T)yszS/O E;Ek(T)dTS/ (EZ &.( (1) +&a(r ))) dr.
By (5.22), (5.41), we have for k =0 and k =n
E(r) < C(L+63(7)),

hence, using the “boundary condition” (5.8),

t n—1
En(r)|5dr < 0(1 +/0 % > (E ) () dT) <C. (6.20)
k=1

From (6.5), (6.20), and from Sobolev embedding theorems it follows that there
exists € € WH2(Qq) such that e, € L*(Qr), and a subsequence of {£(™}, still
indexed by n, such that

( )

£ — ¢ strongly in C(Qr), — & strongly in LP(Qr)
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for all p > 1. Furthermore,
e — &M, 1) < Jén — éna [P(2)

for z € [(k — 1)/n, k/n], hence

¢ L (n) (71)2 tl O
g —é€ z,7)dzdr < —E Ek — Ek— dr < —,
/0/0|t t|( ) _/0 kl(k kl) ) n2

so that

égn) — &; strongly in L*(Qr). (6.21)
Similarly,
|gm) — g(m))2 (xt)< max ey — e 2t z": (ex — k1) )<9
=1,..., o’
k=1
hence
g™ ¢ strongly in L>®(Qr). (6.22)

Using also (6.11)—(6.13), we check in the same way that there exist u,w, € C(Qr)
such that, selecting again a subsequence if necessary,

S;)t — & = Wegpt i s gy strongly in L?(Qr),
égn) = 0;, 05 — 0., weakly in L?(Qr), 6™ — @ strongly in L>®(Qr).
(6.23)
Finally, for all n,l € N we have by Proposition 1.2 (ii)
t
X = x@|(z, 1) S/ 0 =@,y dr (6.24)
0

< C’/ |9 l)| (z T)dT—|—|x(" (l)|(x,0).

Both sequences #(™ and x(™)(-,0) are uniformly convergent by (6.23) and Hypoth-

esis 2.1 (v). It follows that (™) and ;zﬁ") are Cauchy sequences in L>°(Qp) and
in L>°(0,1; L'(0,T)), respectively. Moreover we have for all x € © by Proposition
1.2 (ii) and by (6.15)—(6.18) that

t t
[ = m @ ryar <o [ x0 - x0lwr) dr
0 0

+/ot/ol /OOO‘A(H)@’”‘PW) 8™ (y,t,7) (6.25)

2Dz, y)p(m®, )6 (y, t,r)| dr dy dr,

where we denote

8" =6 (y,t,r) = s, [F)E™ — 5, [y, )= rlpr [Ty, 1)].
By Proposition 1.2 (ii) we have (note that |[a| — [b|| < |a — b] for a,b € R)

/|5<" - l>|yf>dr<r/ £ — ey, 7) dr
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hence, by Hypothesis 2.1 (i), (iii),

/// A (2, ) (m™ 1) [60) — 60| dr dy dr (6.26)
< C// |£tn) §l y,7)dydr.

Similarly, by Hypothesis 2.1 (i),

t 1 ')
/ / / SOA (2, )] ) — p(m® )] dr dy dr
0 0 0

t 1
<o [ ([ 160 ay) maxlm® ) - O rlar. 21)
0 0 x

Finally, we have the pointwise bound

4A
(n) Y0 <= 9
Ny y) = A (2, y)] < Y ! (6.28)
Combining (6.24)—(6.28) gives the inequality

max |m™ —m®|(z, t)
€N

< max/ ‘m —mt ‘ x,7)dT
€N
< qu+ C/ (/ |§§l) (y,7)| dy) maé<|m(n) —mO|(z,7)dr, (6.29)
0 0 e
with
g =C o + X, 0) = xD(,0)]1 + 1107 — 0D + Hf_(n) _ 5(0”1 _
min{n, [} ’ ’ ¢ t

Inequality (6.29) can be interpreted as an inequality of the form
t
alt) < gu + / sO(r)q(r)dr,
0

with ¢(t) = max,ecq |m™ — m®|(z,t), s Cfo |5 (y,t)|dy, with s uni-
formly bounded in L'(0,T"). We obtain usmg Gronwall s lemma that

q(t) < quels * O < g

The convergences (6.23) imply that g,; is small if n,1 are large. Hence, m(™ is a
Cauchy sequence, so that
m™ — m strongly in L=(Qr),
and, by (6.29),
m{™ = my strongly in L>(0,1; L}(0,T)).

Furthermore, by virtue of (5.41), m{™ and x\" are uniformly bounded in L>(Q),
hence mﬁ”’ — My, )‘(En) — Xt in L*°(Qr) weakly star. Using the convergences (6.21),
(6.22), and Proposition 1.2, we conclude that D™ (z,-), K" (z,-) converge for all

€ [0,1] to Dim,e](x,), K[m,€](z,-), respectively, strongly in L?(0,7). By the
Lebesgue Dominated Convergence Theorem, we can pass in L?*(Qr) to the limit in
(6.10)—(6.19) and conclude that (u,w, 8, m, x) is a strong solution to (2.1)—(2.4) with
the regularity indicated in Theorem 2.2 and satisfying the initial conditions (2.6).
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It remains to check that the boundary conditions (2.7) hold. We have w,(t) = 0,

hence
[ (1, )] = }an(t) - gwnfl(t) + %wnz(t)}

_ \wna) w1 () — (a8 wn_z<t>>]

- /
<2( X ) <

and similarly for w(0,t),u(1,t),u(0,t). To complete the existence proof, we only
have to verify the homogeneous Neumann boundary condition for 6. In other words,
we have to check that for every ¢ € C1(Qr) we have

T 1
/ / (Buth + O0uth) (. ) dz dt = 0. (6.30)
0 0

A straightforward computation yields

T 1 B N B N T ~
/ /(9;">¢x+9;’;>¢)(x,t)dxdt:_/ (1, ) (01 — Op_2)(t)dt. (6.31)
0 0 0
We have

T T
/ n%(Op_1 — On_2)*(t)dt = / n2(0n — 20,1 + 0, —2)*(t) dt
0 0

T n—1
< / 2N (Ops1 — 20k + 0p—1)*(t) dt <
0 1

S1Q

)

el
Il

where we used (5.42). Hence,

T 1
lim / / (009, 4 00 1p) (,t) dzdt = 0
0 0

n—oo

and (6.30) follows.

6.2. Uniqueness. Let (u,w, 8, x,m), (@, @, 0,x, m) be two solutions of (2.1)—(2.7),
with the regularity as in Theorem 2.2, and with the same initial conditions and the
same right hand sides. We integrate the difference of (2.3) for # and 6 in time, and
estimate the terms on the right hand side as follows:

S C </ (|m - 77~L| |wxxt| + |wmmt - @zztD(I;T) dT) ’

0

where we have used Hypothesis 2.1 (i), (iv) and Proposition 1.2 (ii). Furthermore,

t
/ |9w1)13t - éd}mm” dr (633)
0

s t t 1/2 t ~
< ol | |wm—wm|d7+( / Iwmt|2d7> ( / |9—9|2d7)
0 0 0

1/2
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We have by (4.48) that

t
e [ o P(07) A7 < (il + 0zt ) < ©

z€(0,1] Jo
hence
¢
/ [Owyat — OWye|(z, ) dT (6.34)
0
t t ~ 1/2
< C (/ [Wewt — Weae|(z, 7) dT + (/ 10— 0%(x,7) dr> ) )
0 0
Similarly,
t t 1/2
/ |w?,, — @2, |(z,7)dr < C </ |Wewt — Waet| (2, T) dT) ) (6.35)
0 0

The fatigue term is estimated as
t
/ K[, wag] — 1K, ]| dr
0
t
< C [ (e = ]+ (1 = 8]+ 0000 = Tl
0
where |mq(z,t)| < C by Theorem 2.2, and
/ |y — myl(x, 7)dr (6.36)
: 1
< [ (10=0G)+ [ (=l ol + s T :7) )
0 0
by Proposition 1.2 (ii), together with (1.14), (1.16), and (6.32). We have

t
|m—ﬁ1|(aj,t)§/ |y — my|(x, 7) dr
0

for almost every z, and
1/2

t 1 t 1
/ / |m — M| |wee| dy dr < C'/ (/ |m—ﬁz|2dy) dr
0o Jo 0 0

by (4.48). Hence,

t
im — 2z, £) < c(/ 10— 02z, 7) dr
0

t 1
+/ / (|m — M| + | Wewr — Wewe|?) (y, 7) dy dT>.
0 0

Integrating in space and using Gronwall’s argument, we obtain from (6.36) that

¢ ¢
/|mt—fnt|(x,7')d7'§C</ |0 — 6|(x, 7)dr
0 0
t 1 ~ 1/2
(] 008 4 e = Py )
o Jo

(6.37)
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Finally,

IN

|X(.¢L‘,t)—)2(f£,t)| CA |9—6‘~|($,T)d7', ‘/0 |g(6‘,$,7’)—g(9~,$,7')|d7'

IN

t
C'/ 0 — 0| (x, ) dr.
0

We now test the inequality obtained by integrating in time from 0 to ¢ the difference
of (2.3) for 6 and 6 by 0(x,t) — 6(z,t), and integrate in z. Taking into account the
above estimates, we finally obtain

1 1, gt
~ 1d ~ 2
— 2 —_—— —
/0 |0 — 0| (x,t) da + >t ), (/0 (0, GI)(x,T)dT) dz

t 1
< C/ / (|wmt — Waat|® + |9—9|2)(x,7') dzdr. (6.38)
o Jo

In the next step, we test the difference of the time derivatives of (2.2) for w and w
by wy — ¢, the difference of (2.1) for w and @ by Wyt — Wyyt, and sum up. Arguing
as above, we obtain, using Proposition 1.2 and Hypothesis 2.1 (i) to estimate the
difference P[m, wy,] — P[m, Wy,], that

1d [ ~ N2 ~ N2
YT ((wt — W)+ (Wet — Wat)
0
1
+ (Wey — u?m)Q) (x,t)dx + / [Went — Weat|? (2, ) do
0

1 t ol
SC(/O |9—9|2(:zr,t)dfr+/0 /0 |wzzt—ﬁ)mt|2(x,7)dxd7'). (6.39)

We now multiply (6.38) by 2C and add the result to (6.39) to obtain
1

! ~ 2 =12 1d t ~ 2
/O (st = i+ Cl = IP) 0 )0+ 5 (20(/0 (0, 0,)(ar.7) dr)

+ (wt — d/t)2 + (wmt - d/wt)Q + (w;un - @11)2) (l’,t) dz
t rl
<(C+ 202)/ / (|wmt — Waat|® + 10 — 9|2)(:17,7') dzdr.
0 Jo

Gronwall’s argument now yields that w = w, 6 = 9~, and the proof of Theorem 2.2
is complete.
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