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Motivation

Compressible Euler system

Oro + divy(ou) =0
O¢(ou) + divy(ou @ u) + Vip(0) =0
Energy (entropy) inequality
o0 (ol + P(@) ) + divs | (GauP + (&) Ju+ o] <0

P(9)=9/19p§§) dz

Result of Chiodaroli, DelLellis, Kreml [2013]

There exist Lipschitz initial data such that the compressible Euler
system admits infinitely many admissible (entropy) weak solutions.



Riemann problem

Riemann initial data

oL ile SO

0(0,x1,...,xn) =
or if x1 >0
ui if x1 <0

ur(0,x1,. .., xn) =
u,l? if xq >0

u (0, x1,...,xn) =0, k=2,...,N
Wild solutions

The wild solutions emanate from the 1D Riemann data but the
velocity admits non-zero second component



Shock free solutions

Geometry, pressure
Q= (—a,a) x T* (periodic in x,)

p(0) =0, p'(r) >0 for r > 0, p convex

Theorem EF, O.Kreml [2014]

Let § = 3(x1/t), G = [i*(x1/t), 0] be the self-similar solution to the
Riemann problem consisting of rarefaction waves (locally Lipschitz
for t > 0) and such that

essinf(g ¢)xr0 > 0.
Let [o,u] be a bounded admissible weak solution such that
0>0aa. in(0,T)x Q.

Then
0=3d, u=iin(0,T)x Q.



Method of relative energy

Relative energy

S(Q,u

Relative energy inequality

ru) = /Q (%mu ~UP+P(o) - P(r)(e—r) — P(r)) dx

¢ (enlea)]
<

_/OT/Q [Q|u1 _ lj1|2 —i—p(g) — p’(@)(g_ é) —P(é)]&xlﬁl dx dt

+ “other terms”
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Full Euler system

Mass conservation
Oro + divy(ou) =0

Momentum balance

Ot(ou) + divy(ou @ u) + Vo9 =0
Energy balance

1 1
O, [§Q|"|2 + cvgﬁ] + divy KEQIUI2 + ol + 9@9) ] =0
Entropy inequality

Ot(0s) + divy(osu) > 0, s = s(p,9) = log (

«4Or «F)>» «=)>»

o>



Riemann problem
Geometry

Q=R T, where T! =0, 1]{0,1} is the “flat” sphere
Initial data

R, for x; <0
0(0,x1, %) = Ro(x1), Ro =

Rr for x; >0

O, for x; <0
(0, x1, %) = Op(x1), O =

@R for x; >0
U, for x; <0,
ut(0,x1, x2) = Up(x1), Up =

Ugr for x; >0

u?(0,x1, %) = 0.
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Shock free Riemann solutions

Solution class

0<0<2 0<9<Y, [s(0,9)] <5, |u<T

Isentropic solutions

e the entropy S is constant in [0, T] x Q

°O=R& exp (CLS)

e R=R(t,x1) and U = U(t, x1) represent a rarefaction wave

solution of the 1-D isentropic system

cv+1l

1
81—R+ aXI(RU) = 07 R [atU+ U0X1 U] + exp <C5> 8X1R v

=0



Uniqueness

Theorem, EF, O.Kreml, A.Vasseur [2014]

Let [0, 9, u] be a weak solution of the Euler system in (0, T) x Q
originating from the Riemann data. Suppose in addition that the
Riemann data give rise to the shock-free solution [R, ©, U] of the
1-D Riemann problem.

Then

0=R, 9=0, u=[U,0]a.a. in(0,T)xQ



Relative energy
Relative energy (entropy) functional

¢ (0.9,u |5,9,4)
1 12
= | |gelu—u"+ Hy(e,9) —
Q

Ballistic free energy

Hj(0,9) = o (cw? — Js(o, 19)) :

0 — Hj(o, ) convex

decreasing for ¥ <
¢ Hg(g, 19)

increasing for ¢ > ¥
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Relative energy inequality, dissipative solutions

Relative energy inequality

{5 (g,ﬂ,u @,5,&)T:T < /OTR(g,ﬂ,u,g,ﬁ,ﬁ) dt

t=0

Test functions

) G=R,0=0,, i'=U,, iP=0if x1 < —A,
@ZRRﬂ?:@R, LN11:UR, l72:0ifX1>A



Remainder

Remainder in the relative energy inequality

R <g,19, u, 3,9, ﬁ)

= / {Q(ﬁ —u) - B 4 o(ii —u) @ u: Vit + (30 — gﬂ)divxﬁ} dx
Q

—/Q [9(5(9, 9) — (3, 15))&5‘ + Q(s(g, 9) — (&, 5))u : vxqﬂ dx

+/Q Kl - g) 0:(89) + (a - g) u- vx(gﬁ)] dx



Robustness of 1D viscosity solutions

Navier-Stokes system

Oro + divy(ou) =0
Ot(ou) + divye(ou ® u) + V,p(o) = div,S(V,u),

Pressure, viscous stress

p(e) =a0”, a>0, v>1,

2
S(Vxu) = i (qu +Viu— NdivXuH> + ndiveul, p >0, n > 0.



1D problem

1D Navier-Stokes system

9:R + 8,(RV) = 0,

0RYV) + 0,(RV?) + 0,0(R) = |2

1 2
1-— N) +77:| 6y,yV.
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Stability of 1D solutions - hypotheses

Theorem EF, Y.Sun [2015]

N 1 1
> =, g>max{2,7'}, =+ ==1ifN=2
2 27 v

q>max{3,5fy6j6} if N =3

Let [R, V] be a (strong) solution of the one-dimensional problem,
with the initial data belonging to the class

Ry € WY9(0,1), Ry >0, Vo € W;9(0,1)

Let [0, u] be a finite energy weak solution to the Navier-Stokes
system in
(0, T) xQ, Q=(0,1) x TN,

with the initial data

00 € L(Q), 00 >0, ug € L3(Q; R3).



Stability of 1D solutions - conclusion

Conclusion
Then

[ [3el= v+ P - PR~ R) - PRI () ax

< e(T) [ | ool = Vil + Plen) ~ P/(Re)an ~ Ro) - P(Ro)| ax

fora.a. 7€ (0, 7),




Full Navier-Stokes-Fourier system

Navier-Stokes-Fourier system
0rp + divy(ou) = 0,
Ot(ou) + divy(ou @ u) + Vyp(p, 9) = div,S

(0, Vu) —
Or(0s(0,1)) + divy(os(0, 9)u) + divy (

)7

1 T VX
o:(S(ﬁ.,VXu):VXu—q Zﬂ),

Sy -}

)

Slip boundary conditions

u-nlpa =0, [S(Y,Viu) -n] xnjgg =0

q(?, Vi) - njpg =0



Constitutive relations - scaling
Pressure

Viscous stress

p(Q, 19) = pM(Qa 19)+PR(Q7 19)’ PM = 195/2P (ﬁ) y pR(Qa ’0) = ?19

S(9, Viu) = [u(z?) <qu +Viu— zdivxu]I) + n(z?)divxu]l]
Heat flux
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Target system

Full Euler system

Oro + divy(ou) =0
Or(ou) + divi(ou ® u) + Vepu(o,9) =0

1
Or (§Q|U|2 + oem(o, 19))

1
v | (o0 + geu(e.0) ) u+ pulo. o)) =0

Slip boundary conditions
u- n|aQ =0
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Dissipative solutions

Relative energy
¢ (0.9,u/r,0,0)

:/QBg|u—U2+He(Qﬂ9)—al_lea(;e)(g_r)_""@(r’e)] dx

Relative energy inequality
£ (evufnou)]
X : ><ﬂl9
/ / < (9, Vyu) : vxqu’vg)v> dx dt

+>\/ /|u|2 dx dtg/ R(0,9,u,r,0,U)dt
0 Q 0

I‘,e>07 U-n|aQ:0

t=71



Dissipative solutions - remainder

Remainder
R(o,9,u,r,0,U) = / o(u—U) - V,U-(U-u)dx
Q

+/ {S(ﬁ,vxu) y,u - 90 VI)
Ja )

«VX@Jr)\u-U} dx
+ s(0,9) —s(r,©))(U—u)-V,0 dx
| o(ste0) = s(r.0)) (U -u)
+/Q(8tU+U~VXU> -(U=-u) dx—/p(g,ﬁ)divxu dx
Q Q

~ [ (e(ste.0) ~ (. ©) 216+ o(s(2.9) - s(r.©))u - 7.0)

(62 om0 2 vr0)



Vanishing dissipation limit

Theorem EF [2015]

Let [og, Ve, ug] be the classical solution of the Euler system in a
time interval (0, T), with the initial data [o g, Jo £, uo,g]. Let
[0,9,u] be a weak (dissipative) solution of the Navier-Stokes-Fourier
system, with the initial data [og, Yo, uo].

Then

£ (g,ﬁ,U‘QEﬁE#E) (7)

S Cl( Ta data)g (Q07 190a uO‘QO,Ea 190,57 uO,E)

1/3
v ow a
+c(T,data) max q a,v,w, \, —, — < >
P(Tdata) { Ve a \Via }
fora.a. 7€ (0, T).
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