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Summary: We consider a "non-relativistic” limit in a model of radiedi flow where matter is
described by a viscous heat-conducting system coupleditati@n through the radiative transfer
equation. We prove the convergence of this coupled systesmrtba compressible Navier-Stokes-
Fourier system coupled to a stationary radiative transfeagon.

1 Introduction

We revisit a model of radiation hydrodynamics introduce{Blwhere various singular
regimes were studied (low Mach number limit, equilibriundaron-equilibrium diffu-
sion). In the present paper we consider the “non-relati/ibinit for the radiation where
the velocity of lightc goes formally to infinity. The motion of the matter is desedtby
compressible fluid mechanics giving the evolution of the srdensityo = o(t, z), the
velocity field« = (¢, ), and the temperature= ¥(¢, z) as functions of the timeand
the spatial coordinate € Q ¢ R3. The effect of radiation is incorporated in a unique
function: the radiative intensity = I(t,x,a,v), depending on the directiab € S2,
whereS? ¢ R® denotes the unit sphere, and the frequemcy 0. The evolution ofl

is described by the radiative transfer equation: a lineargport equation with a (non
linear) source term and the fluid-radiation interactionesgyp through radiative sources
in the momentum and energy equations.The system under itady as follows:

B0+ diva (i) =0 in (0,T) x €, (1.1)
9, (0) + div, (0 ® @) + Vap(o,9) = div,S — Sp  in (0,T) x Q, (1.2)

o, (%QW + oelo, 19)> + div, <(%g|ﬁ|2 + 0e(o,9) —|—p> ati- Sa) — S,
in (0,7) x 9, (1.3)
%atua-m:s in (0,7) x Q x (0,00) x S2. (1.4)

AMS 1991 subject classification: Primary: 76N10; SecondabQ30
Key words and phrases: Radiation hydrodynamics, NaviekeStFourier system, weak solution, diffusion
limits
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The symbolp = p(p,¥) denotes the thermodynamic pressure ang e(p, 9) is the
specific internal energy, related through Maxwell's ecquati

0 1 0
1 CCURE 1.5

In (1.2)Sis the viscous stress tensor givertby: 11 (Vi + Vi — 2div, i) +n dived],
where the viscosity coefficienis = p(¢) > 0 andn = n(¥) > 0 are effective func-
tions of the temperature. Similarly in (1.3)is the heat flux given by Fourier’s law
7 = —k Vv, with the heat conductivity coefficiert= x(¢) > 0.

We suppose thaf is given by

S =0, [B(u, 5,4,9) — I(t,z,v, w)]
1 (1.6)
+ 0 (—/ I(t,z,v,d") dd’ — I(t,z, U,J})) =: Sge+Ss.
47 S2
In the right-hand side the first term is the emission-absammontribution wherer, > 0
is the absorption coefficient arfglis a perturbation of the equilibrium Planck’s function
introduced in [8] and given by

(1.7)

whereh is the Planck’s constant, is the Boltzmann’s constant afid< «(¢) < lisa
smooth function pecised below.

The second term ity is the scattering contribution wheese > 0 is the scattering
coefficient and in the right-hand sides of (1.2) and (1.3)espphe coupling sources.

§F(t,x)=%/0 [sz&Sdeu, SE(t,x):/O S2dedy.

We first suppose that the transport coefficients are smoathifins satisfying, (9, @) =
x(|4])Gq(¥) > 0 andos(¥) > 0 and that both depend neither on angular variable (1.1 -
1.4) (isotropy of radiation), nor on frequency (the so ahligrey” hypothesis), and the
functiony appearing in the emission-absorption coefficients°a cut-off satisfying

(s) = 1if s<eg,
XEI=V00f s>c+ 3,
for an arbitrarys > 0, taking into account the singularity d@@. More restrictions on

properties of these constitutive quantities will be impbseSection 2.1 below.
Finally system (1.1 - 1.4) is supplemented with the boundanditions:

ilo =0, ¢ 7iaq = 0, (1.8)
I(t,z,v,d) =0forz € 90, & -1 <0, (2.9)
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whereri denotes the outer normal vectord€, and initial conditions

(o(t, ), d(t,z), I(t,z), I(t,z,w,v))|,_o = (°(z), @(z), ¥°(x), I°(z,d,v)),
(1.10)
foranyzr € Q, & € 8%, v € R,.

The fully relativistic version of system (1.1 - 1.9) has beéetnoduced by Pomran-
ing [14] and Mihalas and Weibel-Mihalas [13] and investeghby Lowrie, Morel and
Hittinger [12] and Buet and Despres [3]. A global existenesult was also proved in
[4] under some cut-off hypotheses on transport coefficiantie time-dependent case
and in [11] in the stationary case and various singular $imit this system have been
investigated in [8]. In the following, we are interested lire imit ¢ — oo leading to a
compressible limit. As emphasized in [8] compressible glaglimits can be dealt with
by using relative entropy inequalities. Let us mention thatshown in [6] and [7], this
difficulty disappears in simplified cases (see the model tédga, Seaid, Gasser, Klar
and Struckmeier [15]), where the radiative momentum soisraesent in the right hand
side of (1.9).

The paper is organized as follows. In Section 2.1, we listpitiecipal hypotheses
imposed on constitutive relations and state the existegsdtrfor our model. In Section
3 we study the “non-relativistic” limit.

2 Hypotheses and existence result

We suppose that the pressure satisfies

_ 95/2 9 @ 94
ple.9) = 972P (=25 ) + 20%, a >0, (2.1)
whereP : [0,00) — [0, 00) is a given function with the following properties:
P e C'0,00), P(0)=0, P'(Z) >0, forall Z >0, (2.2)
Sp(Z)-P(2)Z
0< 2 ( )Z (2) < cforall Z >0, (2.3)
. P(2)
After Maxwell’'s equation (1.5), the specific internal engeegs
3 (952 0 0
elo,9) =3 <7> P (W) tam, (2.5)
and the specific fluid entropy reads
_ 0 dav® . 33P(Z)-P(2)Z
s(0,0) = M (W) + 5 with M'(2) = -3 — <0. (26)

Coefficientsy, n, andx are continuously differentiable functions of temperatsueh
that

0 <er(l+9) < pu@), W (09) <ez, 0< (V) < c(l+9), (2.7)
0<ci(14+9%) < k() <ca(l +9%) (2.8)
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for anyd > 0. We also assume that, ando, are smooth functions such that
0 < 04(%, 1), os(¥) < c1, 0a(9, %) B(v,d,4,9) < ca, (2.9)
0a(9,@)B(v,d,i,9) < h(v), h € L*(0,00), (2.10)

wherec; o 3 are positive constants.
In the weak formulation of the Navier-Stokes-Fourier systhe equation of conti-
nuity (1.1) is replaced by its renormalized version
T
[ [ e+ benae + o+ o) Vo + (ble) - ¥(@)e)div,ip) da e
0 Q
(2.12)
—~ [ (00 + ben))o(0.) d
Q

satisfied forany € C°([0,7)xQ), and any € C*>[0,c0), b’ € C°[0, cc). Similarly,
the momentum equation (1.2) is replaced by

T
/ / (0 - P+ 0U @ U : V@ + pdiv,P) da dt
0o Ja

T T
:/ /g;vmdxdt—/ /§F¢dxdt—/<gﬁ>o-<ﬁ(o,-)dx,
0 Q 0 Q Q

forany@ € C°([0,T) x ©;R®). As usual we require that € L2(0, T; W, *(Q; R?))
which contains the no-slip boundary condition (1.8). Asal$8] we replace (1.3) by the
internal energy equation

(2.12)

9 (0e) + divy(oeid) 4+ dive@ =S : Vil — pdivyi — Sg + Sp - @, (2.13)
and dividing (2.13) by} we rewrite (2.13) as an entropy equation

: (A V(o o @V Sp Sped
0t (0s) + divy (pst) + div, (19) =3 (S : Vol 3 ) 3 + I
(2.14)
where the first term of the right hand sidg := & (§ : Vil — @'Zmﬂ) is the (positive)

matter entropy production. In order to identify the secagrdtin the right hand side of
(2.14), let us recall [1] the formula for the entropy of a phrogas

2k [
sft = -= / / v% nlogn — (n+ 1) log(n + 1)] dddv, (2.15)
C 0 52
wheren = n(I) = %‘i—{,ﬁ, is the occupation number. Defining the radiative entropy flux
2k [
qt = - / / v% [nlogn — (n+ 1)log(n + 1)] & d&dv, (2.16)
C 0 S2

and using the radiative transfer equation, we get the equati

ko1
Bs™ + div,q”t = ——/ / “log —2 S dady =: ¢E. (2.17)
hiJo Jszv n+1
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Checking the identityog — 3)11 = w (1 — %l ) whereB is the Planck’s function,

using the definition of and taking into accountthétv = (o4+0s) fO f52 wl diI dv,
the right-hand side of (2.17) rewrites

o L e

oy D)

(0} (o) =
B +1 a1

1 . S
+—/ / (1—aw—u)5’ dddy — a9 F u.
v Jo 52 c O +os U

Choosing now

+

os(I — I)} dddv

a= M7 (2.18)
Oq + 20,

we get

R_—%/Ow/‘szé [1ogn(7}§l_’)_1 —logn(%()Bj_l] 0q(B —I) d&dv

(2.19)
From (2.14), (2.17) and (2.19) we obtain finally
Oy (QS + SR) + div, (Qsﬁ—l- JR) + div, <%)

1 o - T VaO\ k[ 1 o n(I) 1o n(B) ” B Sy
_5<§'Vz“ 9 > h/o /Szu{lgn(l)—i-l log Ty 1| alB — 1) dd
ko[> 1 o n(I) 1o n(I)
h/o /szvllgn(l)ﬂ Ry

and equation (2.14) is replaced in the weak formulation leyitlequality

os(I — 1) ddy,

(2.20)

T o
/ / ([98 + ™0 + osii - Voo + [% + % - Vz(p) dx dt
Q

< - /(Qs+s da:—/ /Q <§ Vi q'Zzﬁ>sﬂdxdt
——/ / / /521/[ 4)_1 1og%}aa(B—I)dﬁdydx
+/O°° /s% [bg n(ﬁgi)rl ~log n(irfglll

os(I — 1) dadv | pda dt

(2.21)
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foranyyp € C([0,T) x Q), ¢ > 0, where the sign of all the terms in the right hand
side may be controlled.

Following [9] (2.11), (2.12), (2.21) is supplemented witte total energy balance

1 T o0
/ (—g|ﬁ|2 + oe(p, ) + ER) (1,) dz + / / / &-il(t,z,d,v) dv dd dS, dt,
o \2 o JryJo
1 ﬂ
~ [ (Gl + o0k + Bra)

(2.22)
wherel'y = {(z,&) € 90 x 82 : & -1, > 0}.
Finally for later purposes, we define the radiative energy
ER(t,z) = l/ / I(t,z,d,v) dd dv, (2.23)
¢ Js2Jo
with Ero = [s. f0°° Iy(+, &, v) d& dv, the radiative momentum
FB(t,z) = / / GI(t,z,&,v) d& dv, (2.24)
s2Jo
and the radiative tensor
PE(t,z) = 1/ / SQ&I(t,x,d,v) dd dv. (2.25)
€ Jsz Jo

Definition 2.1 We say thap, i, ¥, I is a weak solution of problem (1.1 - 1.9) if
0>0,9>0foraa.(t,z) xQ, I >0aa.in(0,T) x Q x §? x (0, 00),
o€ L>®(0,T; L3(Q)), ¥ € L=(0,T; L*(2)),
@ e L*(0,T; Wy ? (S R?)), 9 € L2(0,T; WH2()),
TeL™®((0,T) x Qx8%x(0,00)), I €L>®0,T; L*(Q x 8% x (0,00)),

and if o, i, 9, I satisfy the integral identities (2.11), (2.12), (2.21).22), together with
the transport equation (1.4).

The existence result reads now (see [8] for a proof)

Theorem 2.2 LetQ ¢ R® be a bounded Lipschitz domain. Assume that the thermo-
dynamic function9, e, s satisfy hypotheses (2.1-2.6), thatsatisfies (1.7) and (2.18)
and that the transport coefficients A, x, o,, and o, comply with (2.7 - 2.10). Let
{0, Ue, Ve, I } o0 be a family of weak solutions to problem (1.1 - 1.9) in the seofs
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Definition 2.1.1 such that
0:(0,+) = 0:,0 — 00 in L7/3(Q), (2.26)

oy
[ Gediel + ouetee,92) + Ero)(0.) do
Q

1 .
= / (200 |(0)o.c|* + (0€)o,c + ER,O,E) dx < Ej, (2.27)
Q ,E

/ [0es(0e, Fe) + SR(IE)](O, Vdr = / (0s+ SR)Q5 dx > S,
Q

Q
and

0<I1.(0,") = Ip(-) < Io, [lo.(-,v)| < h(v) for acertainh € L'(0,00).

Then
0- — 01N Cluear ([0, T1; L*/3(92)),
. — i@ weakly inL(0, T; W, (Q; R?)),
9. — 9 weakly inL?(0, T; W'3(Q)),
and

I. — IT'weakly-(*) inL>=((0,T) x Q x 8% x (0, 0)),

at least for suitable subsequences, whigreii, ¥, I} is a weak solution of problem (1.1
-1.9).

3 The non-relativistic limit
In order to get a non dimensional system we perform a scali@goting by
Lref7 Trefa Urefaprefy ﬁrefa Drefs €refs Href, Rref,

the reference hydrodynamical quantities (length, timdoaigy, density, temperature,
pressure, energy, viscosity, conductivity) andly;, vref, 0aref; 0s ref, the reference
radiative quantities. We also assume the compatibilityd@®nsp,. s = preferef, Vref =

kpUrer ) 2thcf . Lyey L Uprer L

=L Loy = and we denote bﬁr = v Ma = T Re :=

Uf”iff Pe := %, C := 7%, the Strouhal, Mach, Reynolds, Péclet

(dimensionless) and ‘infrarelativistic” numbers corres@ing to hydrodynamics, and
Os,re 2kp 05,

by £ := Lycsoarer, Ls : -~ Tef; P = W various dimensionless numbers

corresponding to radlatlon Using carets to symbolize neadized variables we get
S:c&a(B(ﬁaM) )—i—ﬁﬁos i/ &) do—1).
) ) 47'{' 82 )

We have also for the non dimensionral

8(1 + ‘CSa\S
= Ja T 550 3.1
= 5. ¥2L.0. (3.-1)
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Omitting the carets in the following, we get first the scalgdation for7, in the region
(0,T) x 2 x (0,00) x S?

1

&3tl+u7-VzI:s:ﬁcra(B—I)—i-Eﬁscrs —/ Ido -1, (3.2)

C 47T S2

where we used the same notatiBifior the dimensionless Planck functidtv, &, i, ¥) =
Y. We denote also byz? — [s2 o~ I dv d@, the renormalized radiative

eF(masgt)
energy, byﬁR = f52 0°° &I dv d@, the renormalized radiative momentum, Bff =
[s: J© @ ® &I dv d, the renormalized radiative tensor, by = [, [ s dv dd, the
renormalized radiative energy source,&3y= f52 fooo @I dv dds, the renormalized ra-
diative momentum source, B = — [ [5, v* [nlogn — (n+ 1)log(n + 1)] dddv,
the renormalized radiative entropy with = n(I) = —5, by ¢® = — [[¥ [
v?[nlogn — (n+ 1)log(n + 1)] & dddv, the renormalized radiative entropy flux.

In order to analyze the largeregime we suppose thét= O(¢~!) and that a small

amount of radiation is present $0 = ¢. Finally we putMa = 1, Sr = 1, Pe = 1,
Re =1, L = L, = 1inthe previous system.
_Taking the first moment of (3.2) with respect@iowe get first equations faE® and
Sk
e BT 4 div, FP = sg, (3.3)
£0,Fr + div,P = §p, (3.4)

then the scaled system reads

53tI+Q~VzI—aa(B—I)—|—aS<i/ Idﬁ—[), (3.5)
47T S2

Br0 + div. (0id) = 0, (3.6)
o, (gﬂ'—i— sﬁR) + div, (gm 7+ ]P’R) +Vop— diveS = 0. 3.7)

1 1 B,
6,5(5Q|ﬁ'|2 +oe+ EER) + div, ((§g|ﬁ|2 + e +p)ﬁ+ FR G- Sa) —0, (3.8)

7 1 7 V0
Ot (08 + esg) + divy (0is + qr) + divy <g) > — <§ 1Vt — 1 >

¢ ) — 0 9
L n(I) n(B) .
+/0 /g v [1°g w1 BB+ 1} 0a(I = B) désdy
- 1 n(I) n(I) -
+/0 /52 v [log n(l)+1 log n(I)+1 os(I —I) disdv. (3.9)

with

d oo
L (o€ +cER) du + / / 57 Idlydv =0, (3.10)
dt Jo o Jr,
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where€ = % |i#|>+e. In order to compute the limit system, we use the formal ezjzars
I=Iy+el + 0(522),
AR 8.1)
9 =Yg + ey + O(e?).

Introducing the renormalized unperturbed Planck’s fuoretB (v, dy) = e?%g_l and

computing in (2.18) the expansien= % =14 0(¢), we havein (1.7)

B(v,d,4,9) = B(v,9y) + (& - 4o + 1) O9B(v,9o)e + 0(62).
The related radiative quantities are

ER = EF 1 cEF + 0(£%),
FR = Ffl + eFF + O(£%), (3.12)
PR = P{ + ePf + O(e?).

Passing formally to the limit, we finally obtain the limit g in(0,T") x Q

1
QVIIO = 0q0 (BO_IO)+GSO <—/ IO dﬁ—]g) ) (313)
47T S2
Or00 + divz(0otlp) = 0, (3.14)
0¢(00to) + diva (0otlo ® 1o + Po) + Vapo = divaSo, (3.15)
1 . . 1 . . . .
at(§go|uo|2 + Qoeo) + div, ((§Qo|uo|2 + ooeo +po)uo +qo — Souo) =0,
(3.16)
7, 1 7 VU
Ot (0080) + divy (esotp) + divy kL — So : Vailg — 4 Y , (3.17)
190 190 190

wherepo = p(00,%0), €0 = €(00, Vo), s0 = 5(00,Y0), 0ag = 0a (Vo) andosy = o5 (Jo).
We also get boundary conditions

toloa = 0, Vo - 7iloq = 0, Iy(t,z,v,d) =0forxz € 9Q, & -7 <0, (3.18)
and initial conditions
(00(x,1), to(z,t), Yo(w,1))],—o = (" (2), @(2), ¥°(2)), (3.19)
for anyz € Q and with the compatibility conditions

ﬁ0|ag7t:0 =0, Vi - ﬁ|ag7t:0 =0, Io(t,l‘, v,d)=0forz € 00, t =0, J -7 <0,
(3.20)
As expected, this system corresponds to the compressibleMNstokes system cou-
pled to the stationary radiative transfer equation. Adwapthe time-dependent result of
[5] one shows the following existence result for this system
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Theorem 3.1 Suppose thato®|| gz + ||@°|| gz + [[9°]| mz < oo and thatinfg g9 > 0
andinfo 99 > 0. Then there exists a positive constdhtsuch that(o, @, ¢, I) is the
unique classical solution to the problem (3.14)-(3.16wdbundary conditions (3.18),
initial conditions (3.19) and with the compatibility cotidins (3.20) in(0,7") x Q for
anyT < T, such that

o€ HY0,T; H*()), igfg > 0,

@ e L0, T; H3(Q)) N HY(0,T; H(Q)),

9 € L*(0,T; H*(Q)) N HY(0,T; H'(Q)), infv >0,

Ie€L>®0,Tx02x8S*xRy), Ef € L*(0,T; H(Q)),

dro € L>=(0,T; HY(Q)).

3.1 Relative entropy inequality

We first rephrase the existence result of Theorem 2.2 in $ealed context

Proposition 3.2 Suppose that the conditions of Theorem 2.2 are satisfiech foiheny
e > 0 small enough there exists a weak solutien, u., 9., I.) to the radiative Navier-
Stokes systems (1.1-1.4) forz, &, v) € [0, T]x Q2 x S? xR, with boundary conditions
(1.8 - 1.9) and initial condition$oo , @Wo.c, Yo., lo.c). More precisely we have

/QQE(T,-M(T,-) dw—/ﬂgo,goé(O,-) dxz/o /an (8¢ + e - Vo) dx dt (3.21)

foranye € C*([0,T) x Q), and anyr € [0, T],

-

/ 0.iio(r,-) - B(r,-) da / 0o.Ti0.. - (0, ) da
Q

Q

- / / ( (Qeﬁg + sﬁf)-at& (Qaﬁa ® e + Pf) . Vodtpe dived—S. : vﬂ;) dz dt = 0,
Q
’ } (3.22)
forany¢ € C([0,T) x O;R?) , and anyr € (0,77, such thate - n|,, = 0, with
pe = p(0e,Ve) andS, = S(e, Je),

T 1 T
/ / (— 0c|tic)* + oeec + aEf) dz dt + / / @ -l (t, x,d,v) dl dv dt
0o Ja\2 o Jry

1 _,
= / (5 00, |tio.c|* + 00,c€0,c + EE&) dr =: &,
Q

(3.23)
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fora.a.t € [0 T] WIthF+ = {( J) € 0N x 8? ¢ &7, > 0} and withe. = e(oc, 9.)
andER(t,x) = [[° [s2 I ,v) d dv

/ / ((9585 + 685) 51590 + (Qassﬁs + (TER) : Vwcp) dr dt
0

/ / Vo dr dt + (I + & ¢>[M;C]([O7TX§) (3.24)
< /Q (QSO e T Esqy E) ©(0,-) dx + /Q (985 + Esf))(ﬂ (T, ) dz,
where
o= 19% <Ss : Ve — %%ﬁs) , (3.25)
and

<ERZ/ / 1 log (L) —log n(Bc) Oae(Be — 1) diddv
0o Jszv n( 1

)+ n(B:) +1 ( )
- 3.26
& 1 n(l;) n(l;)
+ ~ 1 —1 ~ s (L. — I.) ddy,
/0 oo v BTy +1 B () 1| el T o) didv

for o € C°([0,T) x Q) and anyr € [0,T], with¢™ € MT([0,T) x Q) ands? €
M*F([0,T) x Q), where M (X) is the set of signed Borel measures¥rand M*(X)
is the cone of non-negative elements\d(X).

Denoting B. = B(V,Q,ﬁs,ﬁs), G = k(0:)Vile, sc = s(o, Ve), sf =
sB(I.), @ =q(I.),andl, = L [, I.(t,z,v,&) di, we have finally

/ // / (0 + @ - Vb)) I dd dv dx dit
Q S2
/ // / aas B. )—i—oSa(fg—Ie)}wd&}ddedu
82
:// / elo (0, 2,8, v) dd dv d:z:—// / el p(r,z,d,v) dd dv dx
aJo Js2 aJo Js2
+/ / / & - ity It dT dv dt,
o JryJo

foranyy € C([0,T) x 2 x 8% x R} ) and anyr € [0, T].

(3.27)

Following now the lines of [8] we give just main lines of prdofintroduce a relative
entropy inequality satisfied by any weak solutitm @, J, I') of the radiative Navier-
Stokes system. Let us consider a §eto, U} of arbitrary smooth functions such that

and© are bounded below away from zero aﬁ#ﬂm = 0. We callballistic free energy
the thermodynamical potential given Bl (o, ) = oe(o,9) — Ops(p, ), andradiative



342 Ducomet — NeCasova

ballistic free energythe potentialHZ (1) = E%(I) — ©s®(I). Therelative entropyis
then defined by

E(p,I|r,0) := He(p,9) — 0,Ho(r,0)(0 — 1) — Ho(r, ©).

One observes that, after thermodynamical stabjityy He (p, ©) is strictly convex and
0 — Hg(p, 0) attains its global minimum d@ = ©.

Testing equation (3.21) with = % |17|2, equation (3.22) witkp = U, and equation
(3.24) by = © and combining the resulting identities, we get

1
/( Q5|u5—U| —i—ggea—i—sE (Qasg—i—ss )© ) dx—i—/ / I.(t,z,d,v) dU dv dt
Ly

// <Sszvmds_%.Tvawﬁe>dIdt
+// {/ /51/[ ll~10g$]aag(35—fa)d@dy
//%l {}Sil—log%

1
(5 00,e|%0,e — U( N2+ 00,:€0,c + EEO . — (00S0,e + 58&8)6(0, )) dx

_|_
[}

osc(I. — I.) di dz/} dz dt

IN
S~

+/ / QsatU—i-gsus V. U) (U—ﬁs)—ps divz(j+Ss:Vmﬁ—aﬁfﬁt(j—]}”szvxﬁ) dz dt

0o5. +e57) 0,0 + (ouseil. + ) - Vo O) da di — & v,0 dy dt.
(e : 19
Q Q Ve
(3.28)

Testing equation (3.21) withh = 0,He (r, ©), and using (3.5) we get now

e +@ Vol —I)=S. — 8,

whereS = o4, (B: — I.)+0s. (& [g: I d& — I.) andS = 04 (B — I)+0s (= [s. I dd — I).
Multiplying by I. — I and integrating by parts it follows

—5// / I. — D*(r,-) d& dv dx + = / / / 3 ite(I. — 1)*(t, 2, &, v) dT" dv dt

S2 ry

:—g// /(15—1)2(0,-)d&}d1/dx+/ // (S. — S — €0 ) (I. — I) d& dv dx dt,
2 QJo S2 0 QJo S2

(3.29)

wherel, := I(0, -) is the unique solution of the problem
&Vl = S(6(0,-),0(0,)),

Iolp =0.
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Using previous calculations together with (3.29) we get

| (5 el = OF + Hole-, ) - H(r,©) - 0, Ho(r. O)(z- - 1)
—a/ /52I_I di dv + eHE(I ))( \) dx
JF/OT/F+ Ty [I +=e(l - 1)2] (t,x,d,v) dl dv dt

g(S Vug—%ﬁ>d:vdt

I
@{/ /s’/[ ) J)rl—1ogn(%(5il]aas(BE—Is)dwdy

1 n(l:) n(I.) _ .
+/o /32 v llog L +1 )+ 1] Ose(le = Ie) did dz/} dz dt

(HO(O )(90 = Uo 8) H@(O_’.)(T‘(O, ')7 9(07 )) - 690151’[@(0_’.)(7‘(0, ')7 9(07 '))(QO,E - T(Ov ))
+eHE o (o) + / /S (Io.. — I(0,-))* d& dy> dz
(gsatU ¥ 0. - sz) - (U - ﬁs) — pe divyU +8. : Vo U — eFR . 9,0 — PE . vzﬁ) dz dt

/ (QES 0:0 + 0:8:1: -V @—i— 19 -V @) dx dt
Q e

(3.30)

Using the identityDd,He = —sDO — rd,sDO + 9, ,He Do + 92 yHe DY, valid
for D = 0, or D = V., and the thermodynamical relationﬁg_ﬂH@ = % 0,p(r, ©),

108 = —2 dyp, 92 yHo = 89(9(19 - @)&95) = W - @)819(98195(9,19)) =0,
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equation (3.30) rewrites after some algebraic rearrangenisee [10] for details)

1
/ = ol — U + & (0, 0:|r, ©) + e HE(I. —g/ / (I. - 1) dwdu)(T,-)d
Q 2 S2
T 1
+ e {Ia +5 e(I. — 1)2] (t,x,d,v) dl dv dt
+
<SE Vi — M) du dt
Ve

T

+

(%)
N
< |

3

J’_
%hﬁ%/‘\
S~ S— 55— T—

2| @

00/ . [logngffﬁl—log (( J)r ]oaa(Bg—Ia)dadydxdt
00/52% lo )

(L) log
:QO,E"JO,E - U( )|2+8(Q0 57190 alr( ) 9(07)) +5HR(IO,5)

+

USE(I; — I.) d& dv dz dt,

Be)
n(L:
e) +

S— —

Sl +1 B ud

IN
S~

+

(Io.e — 1(0,-))%d& du) dx

3

\Oi»g DO =

)

+
[}
o
B

~0)-V, (ﬁ—ﬁa) dz dt

3

D\@\@\g\g\g\@\

M%

\
N

+

U-
0c (se — s(r, ©)) ([7 - 1?5) - V.0 dx dt

T

+

hhh%%%c\ Nl =

(Qs (8tl7+ U- Vzﬁ) : (U—ﬁs)) dz dt
_ ’ (ps divxﬁ—SE:Vzﬁ) dx dt—/T/ (asf@t@—l—(jER.Vx@) dx dt
Q
[ [ (ete=strona@)ara— [ [ oo~ stro) 0 V0 ara
. Q
g_e v 9‘“‘”*/ / ((1=%)ow(r,0) - £ @.V.p(r,0)) do dt

eFR. 9,0 + PR :va) dz dt

+

/ (Se =S —e0d)(I. — I)dd dv dz dt
S2

[}

N

(3.31)

It will be the goal of the next Section to provide a bound far tight-hand side of (3.31).
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3.2 Uniform estimates
We choose positive numbe(s, 2, 9, J, E, E) such that

0<o< = min 7t z) <2 max _r(t,z) <,
2 (t,2)e0,T]x0 (t,2)€[0,T]x0
1 _
0<y <= min _ O(t,z) <2 max _ O(t,z) <9,
2 (t2)el0,T)x0 (t,2)€[0,T]x52
1 _
E<- min _ ER(t,z) <2 max _ ER(t,z) <E,
2 (t,2)e0,T]x0 (t,2)€[0,T]x0

and we split any measurable functibrash = hess + hyes, Wherehess (t, x) = h(t, z)
if (0,9, E®) € [0,0] x [0,9] x [E, E] andhe(t, 2) = 0 otherwise.
Then we see [9] that there exist positive constértor j = 1, - - -, 6 such that
C1 (Jo — > +[9- — ©*) < He(0-,9:) — (0- — r)deHo(r,©) — He(r, ©)
<G (|Qe - T|2 + |195 - ®|2) )
(3.32)
for all (¢c, V) € [0, 0] x [4,7],

He(0:,9:) — (0 —7)00He(r,0) — He(r,0) > C3 (1 + ge(o:,Ve) + 0ls(0:,Ye)|)
(3.33)

otherwise. In the same stroke we have
04/ |I.—B(v,3,U,0)|2ds dv < HR(I.) < 05/ \I.—B(v,3,U,©)|2da dv,
0 S2 0

52
(3.34)
forall EE € [E, E],

HR(1.) > Cs(1 + EF +|st)), (3.35)
otherwise.
We have now the crucial inequality (see the Appendix for afjro

Lemma 3.3 Let (r, U,e, I) be the solution of problem (3.14-3.19) satisfying the condi

tions of Theorem 3.1.
One has the following relative entropy inequality

1 . o0
/ [— 0.lit. — O + & (00, 0.r, ©) + HR (L) + / L. — 115 dv} (t,) dx
Q 0 S2

1 . -
<Hew+ [ [2905|u05—U(O,->|2+5(go,s,z90,s|r(o,-),@(o,-))+HR<IO,E>
/ / |Io.. — I(0,-)|*ds du}dw}e <

whereC and(’ are positive constants depending (01,1[7, O, I) andey is the same as in
Theorem 3.1.

(3.36)
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The following result is a straightforward consequence d§3and we omit its proof
Lemma 3.4 Assume ( “well prepared” data) thaty = O(¢)? and suppose that
l00,c = eollL2(0) < Cé, [[90,c = DollL2(0) < C¢, Voo, (doe = Dl 1o m3) < Ce-

Then the following estimates hold

(s +s8) [l0. 1) < 8] < ce, (3.37)
ess sup | My, (t)] < Ce, (3.38)
te(0,T)
ess sup [oe — 0less(t)]|2(0) < CVe, (3.39)
te(0,T)
ess sup ||[Je — ﬁ]BSS(t)HL?(Q) < Cye, (3.40)
te(0,T)
ess sup |ly/oz (i (t) — i(t)) | o . p?) < CVE, (3.41)
te(0,7) («
ess sup |[|[ES — ER(I)]eSS(t)HH(Q) < CVe, (3.42)
t€(0,T)
€ss  sup ||[Q5€(Qs,ﬁs)]res(t)HLl(Q) < C\/ga (343)
t€(0,T)
€ss sup ”[st(gsaﬁs)]TeS(t)HLl(Q) < O\/ga (344)
t€(0,T)
ess sup [|[EF(L)] es(t)] 11 () < CVE, (3.45)
t€(0,T)
ess sup ||[SR(IE)]TeS(t)HL1(Q) < Cy/e. (3.46)
t€(0,T)

Let us finally quote the following result which is a straigitfard application of
Proposition 5.2 of [9] (the proof is omitted)

Proposition 3.5 Let{o: }->0, {¥: }e>0{I: }e>0 three sequences of non-negative measur-
able functions such that

[ggl)Lss — g(l) weakly — (x) in L*°(0, T} LQ(Q)),

[1921)} — 9 weakly — (%) in L=(0,T; L*(Q)),

[I§1>LSS — I weakly — () in L°(0,T; L*()), a.e. in S* x Ry,

where 99 I
Qe — 0 — —
R e
Suppose that

ess sup |M:S (1) < Ce2. (3.47)
t€(0,T)
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LetG, G® € C*(O.ss) be given functions. Then

(G0, 9e)] s — G0, V) . 9G (0,7) Q(1) n 9G(0,9) FIE)
€ do oY ’

weakly — () in L>=(0,T; L*(Q)), and if we note

[GR(IE)]ess = [GR(L(, -, &,v))] ves = GR(I.) - Ipm=_, for a.a. (5,v) € 8% x Ry,
we have n n
[G (IE)} ess G (I) _ 8G(I) I(l)
€ oI ’

weakly — () in L>=(0,T; L*(Q)), a.e.in 8% x R,.
Moreover ifG, G € C?(O,s;) then

H (e Ue))ess = Clo.0)_ 9G0D) 1) 2GHe) ] <Ce,
c do ess oY ess || [eo (0,T;L1(Q)
and
(6], — G 0G(D) 1 <Ce
e aI ess o ’

Lo (0,T;L1(Q)

fora.a. (5,v) € S x R,.

3.3 Convergence toward the target system

We are now in position to prove that then relativistic target systeif8.14)-(3.16) is the
limit in a suitable sense, of the primitive system (3.5t(®.when: — 0.

Theorem 3.6 LetQ ¢ R® be a bounded domain of clag§*. Assume that the thermo-
dynamic functionsp, e, s satisfy hypotheses (2.1 - 2.6) and that the coefficients «,
04, 0s and B comply with (2.7) - (2.10).

Let (o, u., ¥c, I.) be a weak solution to the scaled radiative Navier-Stoketesys
(3.5-3.10) for(t, z, &, v) € [0,T] x 2 x §? x R, supplemented with boundary condi-
tions (1.8 - 1.9), the compatibility conditions (3.20) andial conditions( g ., @o., Jo.¢, Lo, )
such that

05(07 ) = 00 + \/EQE)TL ﬁs(oa ) = ﬁo,Ev 196(07 ) = 190 + \/5198127

where (9o, @,J0) € H?3(Q) are smooth functions such théty, o) belong to the set
OX  whereg > 0, J > 0, are two constants andi, 982 dr =0, [, 1982 dr = 0.

Suppose also that
Uo,e — Uy strongly in L2(%; R3),

95)2 — Qél) strongly in L*(),



348 Ducomet — NeCasova

1982 — 1981) strongly in L*(2).
Then up to subsequences
0: — 0 strongly in L>(0,T; Lg(Q))7
. — i strongly in L*(0, T; WH2(Q; R?)),
9. — 9 strongly in L>=(0,T; L*(2)),
I. — I strongly in L*((0,T) x Q x 82 x (0,00)),

where(p, i, 9, I) is the smooth solution of (3.14)-(3.16) fn 7] x Q, with initial data
(00, U0, Vo).

Proof: Let us observe that after Theorem 2.2, bounds (2.9) and)(2ridrelative en-
tropy inequality (3.36), the temperatufe is bounded in.?(0, T; W12(2)) then after
extraction of a subsequence

9. — 9 in L2([0,T] x Q). (3.48)

1. For the continuity equation, Lemma 3.4 impligfér: |Vaiie + V@i — 2 divxﬁJHL2(Q_RS dt <

C. Using this fact together with bounds in Lemma 3.4, we see that

)

T
) = GO e <

so, passing to the limit after possible extraction of a sgbeace, we have. —
weakly inL2(0, T; W2(€; R?)). Inthe same stroke. — o, weakly inL>(0, T; L5/3(2; R?)).
So we can pass to the limit in the weak continuity equatio2XBwhich rewrites as
(3.14), together with the boundary conditian n,|,, = 0, providedoS2 is regular.

2. For the radiative transfer equation we have shown in theipus sections, using
the result of Bardos, Golse, Perthame and Sentis [2]ithat I, weakly inL>°((0,T") x
2 x8? xR, ), and that). — o, weakly inL2(0, T; W12(€)). As the equation is linear
in I, we can pass to the limit in the weak formulation of radiatre@sfer equation which
gives

/T//OO/ {(f}Vz¢[+|:0'a(B—I)+O'S(f—])}w}dwdydxdt
0 QJ0 S2
:/T/ /Ooujﬁmjdldrdl/dt,
0 Iy Jo

for any test function) € C°((0,T) x Q x S x R, ) which is the weak formulation of
equation (3.5).

3. For the momentum equation, one knows after the analy$® ¢(gee [4]) that one
can pass to the limit in the convective term and obtain

T T
/ /géﬁé®ﬁezvz¢d:cdt—>/ /gﬁ@ﬁ:vméda:dt.
0o Ja 0o Ja
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Moreover after the hypotheses on pressuras boundedin.>°((0, T); L*(Q2))NL2(0, T; L°(Q2)),
which implies thaS. — u(9)(V,ii+ Vi), weakly inL?(0, T; L4(Q; R?)) foraq > 1.
Using (3.39) and (3.40)

ess sup ||pe _p]eSS(t)HL2(Q) < Cs,
te(0,T)

thenV,p. — V.pinD'.
Finally as we know thak. — I, weakly inL>((0,T)x QxS? xR, ) thenPf — P*

andsﬁER — 0, so we can pass to the limit in all the terms of the momentunatou
(3.22) and obtain (3.15).

4. For the entropy balance we rewrite equation (3.26) in dhe f

T = 1 T R
/ / ((gsss + sf)@gp + 0cSetic - Vi + K Vﬂp) dx dt + - / / & Ve dr dt
0o Ja Ve €Jo Ja Ve
{5 ) amcno ) {5 O agororxm — /Q (o5 +5%))(0,-)(0, -) dar
< / [(Qo,sSo.,s + 5(1)%,5) - (9080 + 5(})?')] ©(0,-) dx
Q
—/ {gs(ss—s)—i—(gs—Q)s—i—sf—sR)}@t(pd:cdt
o Ja
- / {Qs(ss - S)"Is + (Qsﬁs - Qﬁ)s} Ve dr dt
o Ja

T @ q m _ _m,
_/0 /9[19_5_5} Ve de dt+ (o = " Bhiaono,rxm) -

foranyy € C2°([0,T] x Q).
Using Proposition 3.5, one computes first

1" T [ FF
—/ /qi-vztpda:dtﬂ/ /—1~Vm<pd:cdt,
eJo Ja Ve 0o Ja ¥

ase — 0. In the same stroke, we find

T [ FR.v,0
R, 1 x
sz »¢>[M;C]([0,Txﬁ) - /0 /Q 92 ¥ dx dt.

ase — 0, by using once more Proposition 3.5.

After the conditions on the data and the estimates in Lemrhar3d using verbatim
the techniques of [9](Chap. 5) one concludes that all of thegrals in the right hand
side converge to zero as— 0, which proves that the limit entropy inequality (3.17) is
obtained O
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Appendix: Proof of Lemma 3.3

After estimates (3.32)-(3.35) all of the terms in the ledind side of (3.31) are positive.
Proceeding as in [8] we get

1
/< oc|iie — U? + & (0e,9c|r,©) + e HE (1. —a/ / (I. = I) dwdy)(,~)d
Q S2

+/ / Gl (t, z,d,v) dl dv dt
0
19 T 7 — —
+/ /(—S 0-,Vyite) : Vaide —S(r, U) : (Vi — V,U) — S(QE,VmuE);VwU) da di
o Jo\Y
*Qa, V.0 0 (o, V) - Vaie
+/ / Lol T ) da dt
0 Q( 195 Ve )
@ n(l:) n(B:) .
- ! -1 ae B, — I.) d& dv dx dt
+/0 /Q/o /52’/ {Ognua)ﬂ 8 B, +1) e ) dd dv da
/ // / ) —log Tﬁ(IE) 05 (I — I.) d dv dz dt,
s2 vV )+ 1 n(l.)+1
1 .
S/ 5 Q075|u0’8_U(07')|2+5(Q0757190,8|7‘(07')79(07'))+HR(.[0)8)
Q

_|_

_|_
O\ N =
3 0m
> Lﬁg
i

/ (Io.e — Ip)?ds du) da
82
2 . 1 .
+C(8;m, U,e)/ (5 ocld. — UJ? + & (02, 9e|r, @)) dx} dt + A,
Q

—_ ﬁa
W2 (Q;R3)

where

A= (p(r, 0) —p(gs,ﬁs))divz[j dzr + /

Q Q

((1 — 7) ((?tp(r O) + 4 - Vp(r, @))
/ o(0:5(r.©)(0- — 1) ~ dos(r,0) (4. — ©)) (2,0 + T - 7,0) da
/ /Q (esf0,0 + @ - V,0) da dt — / /QEFR U +P. : V,U) dz dt
+/0 /Q/O 52(SE—S—s&tl)(lg—l)dcﬁdudxdt::;.

(3.49)

In order to estimate the last terms in the right-hand sidepagn with the three last
integrals. We get first

(esf0,0) da dt‘ g/ /QEHER|8t10g9|d:c dt+/ /QaEﬂatlog@mx dt
0 0

< ||0:log ©|| L= () (/ / eHE dz dt+eeo> )
0o Ja

Q
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and also
Gt -v,0 dx dt‘ g/ / 058V, log ©| dz dt
0 Q
< IOl (ot [ [ 1 o).
0 Q
then
|Ay4] = ssR(i)t@—l—(fER-Vm@) dx dt' §C<eo+/ /Hf dz dt) ,
0 Q
(3.50)

where we took into account (3.34) and (3.35). In the same way

sﬁERatﬁdxdt‘_a/ // /ﬁ([e—B(u,@))ﬁﬁdﬁdudmdt‘
0 QJo S2

/ / / / G ([Ie — B(v,0)]ess + [Le — B(V,©)]res) - OU di dv dx dt}
0 QJo S2
<celodlo- ([ [ mfasar).

0o Jo

and in the second part

=&

B(v,0))-V,U d& dv dx dt‘

PE. VUd:cdt’ G (I —
Q QJ0 S2
+ &@ B(v,0) -V, ﬁdcﬁdudwdt’
G G([I. — B(v, ©)]ess
82
1]/ o
+[Ie—B(u,@)]ms)~Vx®du7dz/dgcdt'+§ / /®4diszd:cdt‘
0 Q
< C|VU| 1 </ HE dx dt—i—eo) .
0 Q
Then finally

|As| = eFR .U +P. : V,U) dx dt‘ < Cleo + / HE dg dt). (3.51)
0 Q

Q

Using a Taylor argument we have also

| 46| = (S. — S —edd) (I. — I) d dv dx dt‘

0 QJo S2
gc(/ £ (0c,9:|r,0) dxdt—i—/ // /(IE—I)Qdcﬁdz/dxdt).
0 Q 0 QJo S2
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Now using the previous thermodynamical identities fas and the continuity equa-
tion for the target system, we get rid of the remaining indgyim the right-hand side of
(3.49) (see [10]) by observing that

Ay + Ay + Az = / (p(r, Q) — p(gs,ﬁs))divz[j dx

+/Q ((1 — —) ((%p r,0) 4+ - Vup(r, @))

/ g(ars — ) — Bos(r, ©) (9. — @)) (at@ +U- vme) dz

-,
g

As the second term in the right-hand side rewrites as follows

)

(p r0) — p(o-, ﬁg))divwa’ dw +/ 0(6 —9.) Bos(r, @)(ate +U- vme) dx

Q

)

(r — 95)(’“)Tp(r G)dlva dx.

)

/g (© — ¥.) dos(r, @)(at@ +U- vme) dw
Q

= /Qr CEX'S [atS(’f‘, 0)+ U- Vas(r, @)] dx — /Q (@ - 195)8@]9(7“, @)divw(j dz

- [ [ (o v TOTETE) Ly (10500,

_ /Q (@ _ 195)8@;)(7’, 0)div, U dz,

we deduce that

A+ Ay + Az = / (p(r, ©) — p(ge, V) — Opp(r, ©)(0e — 1) — Oyp(r,0) (Ve — 9))divm(7 dx.
Q

+ [ ©- 00 [§(50.0): 9,0 - DOTDLTO) gy, (M0.T:00))

where we observe that

/Q (p(?% 0) — p(0e, ) — Orp(r, ©)(0c — 1) — Dop(r, ©) (Ve — @))divwﬁ dzx

<C|

divxﬁH £ (02, 9.|r,©) dx
L°°(Q 0
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Plugging all of these estimates into (3.49) we see that itced finally to
/(%ggma U + & (02, 9:|r,©) + e HE (I, —5/ / I. - 1) dwdu) (1,-) dz
Q S2

T
+/ / (ﬁ—S(QE, Voi.) : Voiie — S(r,U) : (Vaide — Vo) — S0z, Vaide) : va) da dt
Q 5

T . — O -
+/ /( —ZS(0., Vaii) : VU ) da dt+
o Ja J

€

i @(1957V1195) -Vg0 . g @(Qe, vmﬁa) - Vg

+/0 /Q( 0 0 )dx dt

+/ / ©—s,) 106.7,0) 7,6 (@,VIG)'Vm(ﬁa_e)) d dt
0 02 5

Q
<\/Q;<QOE|’UJOE— ( )|2+5(Q05,1905|7’( ) @(0,-))+5HR(1075)

—E/ / (o,e — Io) dwdu)dm
52
U-—
0

+/ [ 2 C'(6;r,U 6)/515(Q67195|7’,®) d:c} dt

+ (5, T, 0)(e0 + / HE do dt)
Q

—|—C”/(5;7’,lj,@)</ /5(g5,195|r,@) da:dt—i—/ // /(IE—I)Qchddedt).
0 Q 0 QJo S2

(3.52)

Finally we can control the dissipative terms (the threeitasgrals in the left-hand side),
by using verbatim the computations in ([10]) which leadsi® final inequality

1
a/<§gs|a5—v| (00 0.Ir, ©) + HP(L / [ -1 dwdu)( ) de
Q s2
1
< keo +/ <5Q0’5|u0,8 - U(07 )|2 +& (Q075,190,5|T‘(0, ')’ 9(0’ )) + EHR(IQE)
Q

1 o0
+ = 5/ / (Io.e — Ip)?ds d1/> da
82

+kz// 5 0c |Ue U‘ + & (0e,Vc|r, ©) + HR(I. / / I. - 1) dwdz/)dxdt,
Q S2

(3.53)
where the positive constants depend or{r, U, ©) through the norms involved in The-
orem 3.1. Using Gronwall's lemma we get finally the requesteduality (3.36).

W2 (9 R3)
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