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Tomáš Vejchodský
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PANM 17, Dolńı Maxov, 8–13 June 2014



How does the life function?
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How does the life function?

Levels and scales



Central dogma of molecular biology



Gene regulatory networks

Protein production
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Gene regulatory networks

Feedback loops (transcription factors)

DNA mRNA Protein

DNA 2 mRNA 2 Protein 2

Complex



Gene regulatory networks

Circadian rhythms in Drosophila [Xie, Kulasiri, 2007]



Gene regulatory networks

Neighbourhood of mating response genes in yeast
[Rung, Schlitt, et al, 2002]
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1. Chemical systems



Chemical systems

Example: Protein production

Chemical equations:

G
k1−→ G + P G + P

k3−→ G ∗ P
k5−→ ∅

G ∗ k2−→ G ∗ + P G ∗ k4−→ G + P



Deterministic model – law of mass action

Protein production system

G
k1−→ G + P G + P

k3−→ G ∗ P
k5−→ ∅

G ∗ k2−→ G ∗ + P G ∗ k4−→ G + P

Mass action ODE: Conservation law: G + G ∗ = H
dG

dt
= −k3

Ω
GP+k4(H − G )

dP

dt
= k1G+k2(H − G )−k3

Ω
GP+k4(H − G )−k5P

Initial condition:
G (0) = H, P(0) = 0

Notation:
G = G (t) . . . number of DNA molecules
P = P(t) . . . number of protein molecules



Deterministic model – law of mass action
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ODE    

H = 1, k1 = 5, k2 = 30, k3 = 3 · 10−5/H, k4 = 0.003, k5 = 0.1



Stochastic model

Protein production system:

G
k1−→ G + P G + P

k3−→ G ∗ P
k5−→ ∅

G ∗ k2−→ G ∗ + P G ∗ k4−→ G + P

Discrete state continuous time Markov process

I State at time t: [G ,P]

I Change of state:
reaction state at t + dt with probability

1. [G ,P + 1] k1G dt
2. [G ,P + 1] k2(H − G ) dt
3. [G − 1,P − 1] k3GP dt
4. [G + 1,P + 1] k4(H − G ) dt
5. [G ,P − 1] k5P dt
– [G ,P] otherwise



Stochastic model – Gillespie algorithm
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Stochastic    



Stochastic model – Gillespie algorithm
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Stochastic model – Gillespie algorithm
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Stochastic model – Gillespie algorithm
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Stochastic model – Gillespie algorithm
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Stochastic model – Gillespie algorithm
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Stochastic model – Gillespie algorithm
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Stochastic model – histogram (200 000 realizations)
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Stochastic model – analysis

Protein production system:

G
k1−→ G + P G + P

k3−→ G ∗ P
k5−→ ∅

G ∗ k2−→ G ∗ + P G ∗ k4−→ G + P

Definition: pn,m(t) = Pr[G (t) = n,P(t) = m]

Chemical master equation (CME):

d

dt
pn,m = k1npn,m−1 − k1npn,m

+ k2(H − n)pn,m−1 − k2(H − n)pn,m

+ k3(n + 1)(m + 1)pn+1,m+1 − k3nmpn,m

+ k4(H − n + 1)pn−1,m−1 − k4(H − n)mpn,m

+ k5(m + 1)pn,m+1 − k5mpn,m

n = 0, 1, . . . ,H, m = 0, 1, 2, . . .



Stochastic model – histogram
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Stochastic model – histogram
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Chemical Fokker–Planck equation (CFPE)

Definition: p(x , y , t) ≈ Pr[G (t) = x ,P(t) = y ]

Chemical Fokker-Planck equation (CFPE):

∂p

∂t
= div(A∇p − bp), (x , y) ∈ (0,H)× (0,∞)

where

A =
1

2

[
A11 A12

A12 A22

]
, b =

[
b1

b2

]
=

[
b̃1 − ∂A11/∂x − ∂A12/∂y

b̃2 − ∂A12/∂x − ∂A22/∂y

]
,

b̃1 = −k3xy + k4(H − x)
b̃2 = k1x + k2(H − x)− k3xy + k4(H − x)− k5y
A11 = A12 = (k3xy + k4(H − x))/2
A22 = (k1x + k2(H − x) + k3xy + k4(H − x) + k5y)/2



Chemical Fokker–Planck equation (CFPE)
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H = 1, k1 = 5, k2 = 30, k3 = 3 · 10−5/H, k4 = 0.003, k5 = 0.1



Chemical Fokker–Planck equation (CFPE)
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H = 10, k1 = 5, k2 = 30, k3 = 3 · 10−5/H, k4 = 0.003, k5 = 0.1



Chemical Fokker–Planck equation (CFPE)
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H = 50, k1 = 5, k2 = 30, k3 = 3 · 10−5/H, k4 = 0.003, k5 = 0.1



Chemical Langevin equation (CLE)

Stochastic differential equation:

dX(t) = b̃(X(t))dt + C (X(t))dW, where A = CTC

Euler–Maruyama method:

X(t + ∆t) = X(t) + b̃(X(t))∆t + C (X(t))ξ
√

∆t

Notation:

X =

[
X
Y

]
, b̃ =

[
b̃1

b̃2

]
, ξ =

[
ξ1

ξ2

]
, ξi ∼ N (0, 1), i = 1, 2



Chemical Langevin equation (CLE)
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H = 1, k1 = 5, k2 = 30, k3 = 3 · 10−5/H, k4 = 0.003, k5 = 0.1



Models of chemical dynamics – summary

Deterministic:

I Reaction ODEs

Stochastic:
I Exact description:

I Discrete state continuous time Markov process
I Chemical master equation

I Approximation:

I Continuous state continuous time Markov process
(Chemical Langevin equation)

I Chemical Fokker-Planck equation



2. Solution methods

I Stochastic simulation algorithms

I Chemical master equation

I Chemical Fokker–Planck equation



Stochastic simulation algorithms
Chemical master equation

Naive

Gillespie

τ -leaping

−−−−−−−−−→
time



Stochastic simulation algorithms

Chemical Langevin equation: Euler–Maruyama method
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CLE    

dt = 0.1    



Chemical master equation

Example (Protein production):

d

dt
pn,m = k1npn,m−1 − k1npn,m

+ k2(H − n)pn,m−1 − k2(H − n)pn,m

+ k3(n + 1)(m + 1)pn+1,m+1 − k3nmpn,m

+ k4(H − n + 1)pn−1,m−1 − k4(H − n)mpn,m

+ k5(m + 1)pn,m+1 − k5mpn,m

n = 0, 1, . . . ,H, m = 0, 1, 2, . . .
d

dt
p = Ap

Stationary: Ap = 0

Properties: I A is sparse, infinite ⇒ truncation (FSP method)

I −A is M-matrix

I 1TA = 0



Chemical Fokker–Planck equation

Evolutionary:

∂p

∂t
= div(A∇p − bp), in Ω ⊂ (0,H)× (0,∞)

p(x , y , 0) = p0(x , y) at t = 0

(A∇p − bp) · n = 0 on ∂Ω

Conservative:

∂

∂t

∫
Ω

p dx =

∫
Ω

∂p

∂t
dx =

∫
Ω

div(A∇p−bp)dx =

∫
∂Ω

(A∇p−bp)·n dx = 0

⇒
∫

Ω
p dx =

∫
Ω
p0 dx = 1



Chemical Fokker–Planck equation

Stationary:

div(A∇p − bp) = 0 in Ω ⊂ (0,H)× (0,∞)

(A∇p − bp) · n = 0 on ∂Ω,∫
Ω
p dx = 1

Adjoint:

divA∇z + b · ∇z = 0 in Ω

(A∇z) · n = 0 on ∂Ω

Solution: z = 1

Not elliptic:

I A(x , y) not positive definite for some (x , y)



3. Higher-dimensional problems

I Tensor methods

I Example



General chemical system

N∑
i=1

νrjiXi
kj−→

N∑
i=1

νpjiXi , j = 1, 2, . . . ,M

Notation:

I Well mixed reactor: N chemical species, M reactions

I X = [X1, . . . ,XN ], Xi (t) = number of molecules, i = 1, . . . ,N

I αj(x) = kj

N∏
i=1

(
xi
νrji

)
, j = 1, . . . ,M, are propensities

I νji = νpji − νrji , change of Xi during reaction Rj ,

I ν j = [νj1, . . . , νjN ]



Higher-dimensional problems

Chemical master equation

∂

∂t
p(x, t) =

M∑
j=1

[αj(x− ν j)p(x− ν j , t)− αj(x)p(x, t)] , x ∈ NN
0

Chemical Fokker–Planck equation

∂p

∂t
(x, t) = div [A(x)∇p(x, t)− b(x)p(x, t)] , x ∈ Ω ⊂ [0,∞)N

where

A =
1

2

[
A11 A12

A12 A22

]
, b =

[
b1

b2

]
=

[
b̃1 − ∂A11/∂x − ∂A12/∂y

b̃2 − ∂A12/∂x − ∂A22/∂y

]
,

b̃i (x) =
M∑
j=1

νjiαj(x), Aik(x) =
M∑
j=1

νjiνjkαj(x)

Curse of dimensionality: O(nN)



Tensor methods

Let Ω = [0, L1]× · · · × [0, LN ]

N-dimensional grid: xi1,...,iN = (xi1 , . . . , xiN )

I xid = (id − 1)hd ⇒ nd nodes in each dimension

I id = 1, 2, . . . , nd , d = 1, 2, . . . ,N

I hd = Ld/(nd − 1), d = 1, 2, . . . ,N

Tensor: p(xi1,...,iN ) = pi1,...,iN ∈ Rn1×···×nN

Canonical decomposition:

pi1,...,iN︸ ︷︷ ︸
nN entries

≈
R∑

r=1

qr1,i1q
r
2,i2 . . . q

r
N,iN︸ ︷︷ ︸

nNR entries

, where qrd ∈ Rnd , d = 1, 2, . . . ,N



Tensor methods

q1
1 q2

1 qR1

q1
2 q2

2 qR2

q1
3 q2

3 qR3

Canonical decomposition:

pi1,...,iN︸ ︷︷ ︸
nN entries

≈
R∑

r=1

qr1,i1q
r
2,i2 . . . q

r
N,iN︸ ︷︷ ︸

nNR entries

, where qrd ∈ Rnd , d = 1, 2, . . . ,N



Arithmetic operations

Let

I pi1,...,iN =
R∑

r=1

qr1,i1q
r
2,i2 . . . q

r
N,iN

I ui1,...,iN =
S∑

s=1

v s1,i1v
s
2,i2 . . . v

s
N,iN

Addition: O(1)

pi1,...,iN + ui1,...,iN =
R∑

r=1

qr1,i1q
r
2,i2 . . . q

r
N,iN

+
S∑

s=1

v s1,i1v
s
2,i2 . . . v

s
N,iN

⇒ Rank: R + S



Arithmetic operations

Let

I pi1,...,iN =
R∑

r=1

qr1,i1q
r
2,i2 . . . q

r
N,iN

I ui1,...,iN =
S∑

s=1

v s1,i1v
s
2,i2 . . . v

s
N,iN

Multiplication by scalar: O(n)

αpi1,...,iN =
R∑

r=1

(αqr1,i1)qr2,i2 . . . q
r
N,iN



Arithmetic operations

Let

I pi1,...,iN =
R∑

r=1

qr1,i1q
r
2,i2 . . . q

r
N,iN

I ui1,...,iN =
S∑

s=1

v s1,i1v
s
2,i2 . . . v

s
N,iN

Scalar product: O(nNRS)

p · u =
R∑

r=1

S∑
s=1

(qr1 · v s1 ) · · · (qrN · v sN)



Arithmetic operations

Let

I pi1,...,iN =
R∑

r=1

qr1,i1q
r
2,i2 . . . q

r
N,iN

I ui1,...,iN =
S∑

s=1

v s1,i1v
s
2,i2 . . . v

s
N,iN

Derivative: O(n)

∂

∂x1
p(xi1,...,iN ) ≈

R∑
r=1

qr1,i1+1 − qr1,i1−1

2h1
qr2,i2 . . . q

r
N,iN



Arithmetic operations

Let

I pi1,...,iN =
R∑

r=1

qr1,i1q
r
2,i2 . . . q

r
N,iN

I ui1,...,iN =
S∑

s=1

v s1,i1v
s
2,i2 . . . v

s
N,iN

Tensor truncation:
R∑

r=1

qr1,i1q
r
2,i2 . . . q

r
N,iN
≈

S∑
s=1

v s1,i1v
s
2,i2 . . . v

s
N,iN

with S < R

⇒ Numerical stability ⇒ Tensor train format



Example: 20-dimensional Laplacian

−∆u(x1, . . . , x20) = 1 xi ∈ (0, 1)

u(x1, . . . , x20) = 0 if ∃i :: xi = 0

∂

∂xi
u(x1, . . . , x20) = 0 if xi = 1

Plot:

ũ(x19, x20) =

∫ 1

0
· · ·
∫ 1

0
u(x1, . . . , x20)dx1 . . . dx18

[Shuohao Liao]



Example

I cdc2 and cyclin interactions [J. Tyson, 1991]

I 6-dimensional chemical Fokker-Planck equation

[Shuohao Liao]



Conclusions

I Mathematical models of (bio)chemical systems

I Deterministic – mass-action

I Stochastic – Markov process, stochastic differential equation

I CME and CFPE

I Aspects of numerical solution

I Tensor methods for higher-dimensional problems
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