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Central dogma of molecular biology

replication
(DNA -> DNA)
DNA Polymerase

DD WDG DNA

transcription
(DNA -> RNA)
RNA Polymerase

IR A

translation
(RNA -> Protein)
Ribosome

O-0-0-0-0-0-0 rrotein




Gene regulatory networks

Protein production

DNA > [ mRNA > | Protein



Gene regulatory networks

Feedback loops (transcription factors)

DNA = —» ( mRNA — > [ Protein |




Gene regulatory networks

Feedback loops (transcription factors)
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Gene regulatory networks

Feedback loops (transcription factors)
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Gene regulatory networks
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Circadian rhythms in Drosophila [Xie, Kulasiri, 2007]



Gene regulatory networks
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Neighbourhood of mating response genes in yeast
[Rung, Schlitt, et al, 2002]
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1. Chemical systems



Chemical systems

Example: Protein production

(- CO—1

I

@E

Chemical equations:

G G6+P GHPE

G*% G 4 P

5 lkz
§

G* P—




Deterministic model — law of mass action

Protein production system

G Ge+P Gt PE G Py

G G 4 p
Izl/léss acti/Sn ODE: Conservation law: G 4+ G* = H
- o
% = kiG+ko(H — G)—%GP —ksP

Initial condition:
G(0)=H, P(0)=0

Notation:
G = G(t) ... number of DNA molecules
P = P(t) ... number of protein molecules



Deterministic model — law of mass action
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Stochastic model

Protein production system:

G GerpP GrP G RNy
G2 G 4+ P

Discrete state continuous time Markov process
» State at time t: [G, P]

» Change of state:
reaction state at t +dt with probability
1. [G, P+ 1] ki1 G dt
2. [G, P +1] ko(H— G)dt
3. [G—1,P—1] k3GPdt

5. [G,P—1] ks P dt
- (G, P] otherwise




Stochastic model — Gillespie algorithm
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Stochastic model — Gillespie algorithm
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Stochastic model — Gillespie algorithm

M" | “M\

400

| — Stochastic |

ol | |

0
\

w
o
o

—_
o
o

number of P molecules
N
o
o

=—

i ‘ M" | NWK

L L ded Mt WAL Bl o
‘ﬁ | w“‘ 4\“\}’; w;» W' \" V:M‘* ‘**:}:V %‘w IW ‘M\‘ ]Id.'»,m:‘“ ) Mh

0 1000 2000_ 3000 40‘00 5000
time




Stochastic model — Gillespie algorithm
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Stochastic model — Gillespie algorithm
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Stochastic model — Gillespie algorithm
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Stochastic model — Gillespie algorithm
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Stochastic model — histogram (200 000 realizations)
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Stochastic model — analysis

Protein production system:

G GerpP GrP G [N
G 6 4 p

Definition: pp m(t) = Pr[G(t) = n, P(t) = m|
Chemical master equation (CME):

d
_tpn,m = klnpn,m—l - klnpn,m

d
+ k2(H o n)pn,mfl - kZ(H - n)pn.m
+ k3(n + 1)(m + 1)pn+l,m+1 - k3nmpn,m
+
+ k5(m + 1)pn,m+1 - k5mpn,m

n=0,1,....H, m=0,1,2,...



Stochastic model — histogram
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Stochastic model — histogram
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Chemical Fokker—Planck equation (CFPE)

Definition: p(x,y,t) = Pr[G(t) = x, P(t) = y]
Chemical Fokker-Planck equation (CFPE):

gﬁ = div(AVp — bp), (x,y) € (0,H) x (0,00)
where .
_ 1 [ A A } b_ [ by } _ [ by — 0.A11/0x — 0.A12/ Dy
2 ./412 .A22 ’ b2 b2 - aAlz/aX — 6.,422/6)/ ’
1:31 = —ksxy +
b2:k1x+k2(fo)—k3xy—|— — ksy
A = A = (kaxy + )/2

A22:(k1X+k2(H—X)+k3Xy—|— —|—k5y)/2



Chemical Fokker—Planck equation (CFPE)
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Chemical Fokker—Planck equation (CFPE)
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Chemical Fokker—Planck equation (CFPE)
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Chemical Langevin equation (CLE)

Stochastic differential equation:

dX(t) = b(X(t))dt + C(X(t))dW,  where A= CTC
Euler—Maruyama method:
X(t + At) = X(t) + b(X(t))At + C(X(t))EVAtL

Notation:

| X o by | & o .
K| K] s [B ] e [8] anion. ioia



Chemical Langevin equation (CLE)
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Models of chemical dynamics — summary

Deterministic:
» Reaction ODEs

Stochastic:

» Exact description:
» Discrete state continuous time Markov process
» Chemical master equation

> Approximation:
» Continuous state continuous time Markov process

(Chemical Langevin equation)

» Chemical Fokker-Planck equation



2. Solution methods
» Stochastic simulation algorithms
» Chemical master equation

» Chemical Fokker—Planck equation



Stochastic simulation algorithms

Chemical master equation
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Stochastic simulation algorithms

Chemical Langevin equation: Euler—-Maruyama method
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Chemical master equation

Example (Protein production):

d
apn,m = klnpn,mfl - klnpn,m

+ ko(H — n)pn,m—1 — ka(H — n)pp,m

+ k3(n+1)(m + 1)ppt1,m+1 — kanmpn m

+

+ ks(m 4 1)pnmi1 — ksmMpn,m
n=0,1,....,.H, m=0,1,2,...

d
“p=A
dtp P

Stationary: Ap=0

Properties:  » A is sparse, infinite = truncation (FSP method)
> —A is M-matrix
»1TA=0




Chemical Fokker—Planck equation

Evolutionary:

% — div(AVp — bp), in Q C (0,H) x (0, 00)
p(x,y,0) = po(x,y) att =20
(AVp—bp)-n=0 on 0Q

Conservative:

aat/pdx:/?;dx:/div(AVp—bp)dx:/(AVp—bp)-ndx:O
Q Q Q oQ

= /pdx:/podx:l
Q Q



Chemical Fokker—Planck equation

Stationary:

div(AVp —bp) =0 in Q (0, H) x (0, 00)
(AVp—bp)-n=0 on 99,

/pdx:l
Q

divAVz+b-Vz=0 inQ
(AVz)-n=0 on 9Q

Adjoint:

Solution: z=1

Not elliptic:
» A(x,y) not positive definite for some (x, y)




3. Higher-dimensional problems
» Tensor methods

» Example



General chemical system

N N

k:
E VfiXi —)J E IJJI.?X,', j:1,2,...,M
i=1 i=1

Notation:
» Well mixed reactor: N chemical species, M reactions
X =[Xi,...,Xn], Xi(t) = number of molecules, i =1,..., N

v

v

N
X
aj(x) = kJH <1/;> ,j=1,..., M, are propensities
i=1 \i

_.,p T
> Vji = Vi = Vi

vi=[vj1,...,VjN]

change of X; during reaction R;,

v



Higher-dimensional problems

Chemical master equation
X, Z[aj v)p(x — v, 1) — o (x)p(x, )], x € NY

Chemical Fokker—Planck equation

@(x, t) = div [A(X)Vp(x, t) — b(x)p(x, t)], x € Q C [0,00)V

ot
Where N
-1 {«411 »A12:| b_ [bl } _ [[31—8A11/8x—6¢412/8y
Az A by — 0A12/0x — OAx /0y

N M

bi(x) = Zl viiej(x),  Ai(x) = Zl vjivjkaj(x)
j= J=

Curse of dimensionality: O(n™)



Tensor methods

Let Q =0, L1] x -+ x [0, Lp]

N-dimensional grid: x;, iy = (X, .., Xiy)
» xj, = (ig —1)hg = ng nodes in each dimension
> iy=1,2,....ng,d=12,....N
> hy=Lg/(ng—1),d=1,2,....N

. _ nLX--Xn
Tensor: p(xjy,..iy) = Py, iy € R™ N

Canonical decomposition:

R
Piiv A 4G, -ANiy: Where gf €R™ d=1,2,... N

entries

n ~~
nNR entries



Tensor methods

gz v, ¥, ¥
A 9 93 ¥

~ O+ 0ot +..-+ Q0Orrrrd
gt 9 ar

Canonical decomposition:

R
Pi iy = Z 911,954 - ANnjys Where gg € R™, d =1,2,..., N

)

/

n'v entries

nNR entries



Arithmetic operations

Let
R
. r r r
> Piy,..iy = E q1,192,i, - - - AN,y
r=1
S
—_ S S S
> Uiy = E Vo Y2,ir -+ VNLiy
s=1
Addition: O(1)
S
_ r r r s s
Pi,..iy T Yin,iy = E a1, 92, -+ - AN,y T+ E Vi Vo,
r=1 s=1

= Rank: R+ S

S
e VN,iN




Arithmetic operations

Let
R
. r r r
> Piy,..iy = E q1,192,i, - - - AN,y
r=1
S
. R s s s
> Uiy = E V1oV, - YN,y
s=1

I\/IuItipIication by scalar: O(n)

r
aPj, ...y E aqq i q2,2 - ANy



Arithmetic operations

Let
R
. r r r
> Piy,..iy = E q1,192,i, - - - AN,y
r=1
S
. R s s s
> Uiy = E V1oV, - YN,y
s=1

Scalar product O(nNRS)

ZZ (N - Vi)

r=1s=1




Arithmetic operations

Let
R
. r r
> Piy,..iy = E q1,;,92,i
r=1
S
. . — S S
> Uiy = E V1 V2,
s=1

Derivative: O(n)
R

,
ANy

s
PPN VN,iN

oxq

r=1

0 q1.; —q1;_
~ 71+1 17'1 1 r
P (Xiy,.oiy) R D @,

2h

r
e qN,iN




Arithmetic operations

Let
R
. r r r
> Piiy = § :ql,ilqz,iz < ANy
r=1
S
. R s s s
> Uiy = E V1oV, - YN,y

®
Il
-

Tensor truncation:

R
§ : r r r ~ § : s . s s -

ql,i1q2,i2 e qN,iN ~ V].,il V2,i2 . VN,iN with 5 < R
r=1 s=1

= Numerical stability = Tensor train format



Example: 20-dimensional Laplacian

—AU(Xl, . 7X2()) =1 x € (O, 1)
u(xy,...,x0)=0 ifJicx;=0
0

87XiU(X1,...,X20) =0 ifX,' =1

Plot:

1 1
Z'I(Xlg,X20) = / / U(Xl,...,Xgo) Xm...dxlg
0 0

[Shuohao Liao]



Example

» cdc2 and cyclin interactions [J. Tyson, 1991]

» 6-dimensional chemical Fokker-Planck equation

[Shuohao Liao]



Conclusions

v

Mathematical models of (bio)chemical systems

v

Deterministic — mass-action

v

Stochastic — Markov process, stochastic differential equation
CME and CFPE

Aspects of numerical solution

v

v

v

Tensor methods for higher-dimensional problems
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