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ON THE L9-SOLUTION OF THE OSEEN-BRINKMAN
TRANSMISSION PROBLEM AROUND A SOLID
(m — 1)-DIMENSIONAL OBSTACLE

MIRELA KOHR*, DAGMAR MEDKOVAT, AND WOLFGANG L. WENDLAND

ABSTRACT. The purpose of this paper is to develop a layer potential analysis
in order to show the well-posedness result of a crack type transmission problem
for the Oseen and Brinkman systems in open sets in R™ (m € {2,3}) with
Lipschitz boundaries when the boundary data belong to some L2-spaces.

1. INTRODUCTION

The layer potential methods have a well known role in the analysis of elliptic
boundary value problems (see, e.g., [2, 5, 7, 14, 18, 19, 31]). Escauriaza and Mitrea
[8] have developed a layer potential analysis for the transmission problems of the
Laplace operator on Lipschitz domains in Euclidean setting. Fabes, Kenig and Ver-
chota [9] have developed a layer potential method in order to show the solvability of
the Dirichlet problem for the Stokes system on Lipschitz domains in R™, n > 3, with
L?-boundary data. Dahlberg, Kenig and Verchota [6] have studied the Dirichlet
and Neumann problems for the Lamé system in Lipschitz domains in R™ (n > 3).
Mitrea and Wright [34] have exploited layer potential methods in order to analyze
the main boundary value problems for the Stokes system in arbitrary Lipschitz
domains in R™, n > 2. In [29] the author has obtained existence and uniqueness
results for L2-solutions of the transmission problem, the Robin-transmission prob-
lem and the Dirichlet-transmission problem for the Brinkman system in Lipschitz
domains in R™ (n > 3), by using the integral equation method. Mitrea, Mitrea and
Qiang [33] have used layer potential theoretic methods to obtain well-posedness
results for variable coefficient transmission problems in Lipschitz domains on non-
smooth manifolds. The authors in [16] have used a layer potential theoretic method
in order to show the well-posedness of a mixed-transmission problem for two (lin-
ear) Brinkman systems on two adjacent Lipschitz domains in R" (n > 3) with
linear transmission conditions on the interface between these domains and linear
mixed Dirichlet-Robin conditions on another interface, which is the boundary of a
bounded creased Lipschitz domain (see also [17]).

2000 Mathematics Subject Classification. Primary 35J25, 42B20, 46E35; Secondary 76D, 76 M.

Key words and phrases. Crack type transmission problem, LZ-solution, Oseen system,
Brinkman system, Lipschitz domains, layer potential operators, existence and uniqueness results.

*The work of Mirela Kohr was supported by a grant of the Romanian National Authority for
Scientific Research, CNCS - UEFISCDI, project number PN-II-ID-PCE-2011-3-0994. Part of this
work was done in August 2014, when M. Kohr visited the Department of Mathematics of the
University of Toronto. She is grateful to the members of this department for their hospitality
during that visit.

fThe work of Dagmar Medkové was supported by RVO: 67985840.

1



2 MIRELA KOHR, DAGMAR MEDKOVA7 AND WOLFGANG L. WENDLAND

Chkadua, Mikhailov and Natroshvili [3] have used localized direct segregated
boundary-domain integral equations for variable coefficient transmission problems
with interface crack corresponding to scalar second order elliptic partial differential
equations in a bounded composite domain consisting of adjacent anisotropic subdo-
mains having a common interface surface. The same authors in [4] have analyzed
segregated direct boundary-domain integral equation (BDIE) systems associated
with mixed, Dirichlet and Neumann boundary value problems (BVPs) for a scalar
partial differential equation with variable coefficients of the Laplace type for do-
mains with interior cuts (cracks). The authors have established the equivalence
of BDIE’s to such boundary value problems and the invertibility of the BDIE op-
erators in the corresponding Sobolev spaces (see also [2]). Buchukuri, Chkadua,
Duduchava and Natroshvili [1] have investigated three-dimensional interface crack
problems for metallic-piezoelectric composite bodies with regard to thermal effects.
Krutitskii [20, 21, 22, 23, 24] has studied boundary value problems for the Laplace
equation on domains with cracks, by means of integral equation methods. A bound-
ary problem with jump conditions of Robin type for the Stokes system has been
studied in [30]. A boundary value problem with jump conditions of the Robin type
for the Stokes system has been studied in [30]. A three-dimensional Stokes flow
exterior to an open surface has been studied in [45] by means of a layer poten-
tial method. The authors in [44] have studied hypersingular integral equations on a
curved open smooth arc in R? that model either curved cracks in an elastic medium
or the scattering of acoustic and elastic waves at a hard screen.

In this paper we develop a layer potential analysis in order to show the well-
posedness result of a crack type transmission problem for the Oseen and Brinkman
systems in open sets in R™ (m € {2, 3}) with Lipschitz boundaries when the bound-
ary data belong to some L%-spaces. The paper is organized as follows. The next
section is devoted to some preliminaries results and to the formulation of the crack
type transmission problem for the Oseen and Brinkman systems (see (2.4)-(2.9)),
which will be investigated below, as well as to the definition of an L?-solution of
such a problem. Next, we present the main results of layer potential theory for
the Stokes, Brinkman and Oseen systems on Lipschitz domains in Euclidean set-
ting. The last section is devoted to the study of the solvability of the transmission
problem with crack (2.4)-(2.9) in L9 spaces, with ¢ € (1,qo), for some go > 2,
by using a layer potential theoretic method. Our study is motivated by various
applications, such as the transport in micro-cracked rocks or reservoirs, which re-
quire the analysis of the fluid flows in porous media containing cracks or fractures.
The cracks influence the permeability of fractured rocks and porous materials (for
further applications we refer the reader to [36] and the references therein).

2. PRELIMINARIES

Let 2 CR™ (m € {2,3}) be an open set with compact Lipschitz boundary. Let
a > 0. If x € 092, then

I'x)=T,(x):={yeQ:|x—y| <(1+a)dist(y, o)}

denotes the nontangential approach region of opening a at the point x. Also, for a
given v : 0 — R™, the nontangential maximal function of v at x is defined by

vi(x) = sup{|v(y)| : y € T(x)}.
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It is well known that if ¢ € [1,00) and v* € L9(9Q) for one choice of a, then

such a property holds for arbitrary choice of a (see, e.g., [12, 31] and [39, p. 62]).
Moreover, |v| € L(w) for any bounded open subset w of Q (see [32, Lemma 4.1]).
Next, define the nontangential limit of v at x € 92 by
Tr v(x) = Trov(x) ;== lim  v(y)
I'(x)s y—x

whenever such a limit exists. If v is defined in R™ \ 99, we deno‘f by Trg+v the
nontangential limit of v with respect to Q" = Q and Q™ := R™ \ Q, respectively.

2.1. Crack type transmission problem for the Oseen and Brinkman sys-
tems. Let Q1,00 CR™ (m € {2,3}) be open sets, not necessary connected, with
compact Lipschitz boundaries, such that Qg # 0, QNN = 0 and QpUNo = R™.
Let S;¢ 1= 0Q0p = 000 be the interface of these sets. Further, we assume that the
region Qp contains an interior crack. We define the crack as an (m—1)-dimensional,
two-sided closed manifold S.g. We assume that S.p is a sub-manifold of a closed
Lipschitz surface Owpg, which is the boundary of a bounded open set wp C R™ such
that wp C Qp.

Let g € (1,00). For our purpose we need to consider the following spaces
(2.1) LY(S.g) :={f € LY(Owp) : f =0 on wp \ Scr},
(2.2) Li(S.g) :={f € LI (Owp) : f =0 on dwp \ Scp}.
Note that if S.p = W, where w is an open subset with Lipschitz boundary of the
manifold dwp, then LI(S.p) is the closure of the set of all infinitely differentiable
functions on dwp supported in w with respect to some related norm.

Let co and « be positive constants, A\ be a non-zero real constant. Let hp, ho,
h+ be non-negative Borel measurable matrices with bounded entries. Recall that a
matrix valued function h of type m X m is non-negative if the following condition

(2.3) (h(x)0,0) >0, ¥ x,0 € R™

is satisfied, where (-,-) means the inner product in R™.

In the sequel, we will study the existence of a solution for a crack type transmis-
sion problem for the Oseen and Brinkman systems in L1-spaces. Such a problem
requires to find some functions ((ug,7g), (uo,7o)), which satisfy

e The Brinkman and Oseen systems:
(2.4) Aup —aup — Vi =0, divug =0 in Qp\ S5,
(2.5) Aup — Aoup — Vo =0, divup =0 in Qp,

o The transmission conditions on the interface Sif:

Tro,up — Tro,uo = giy € L{(Sif,R"),

L (uB,WB)fcoabB;Qo (uo,mo0)+hpTro,up+hoTro,uo = £y € LI(S;f, R™),
e The crack type boundary conditions on S.p:

(2.8) Truzup — Tro\z,uB = 8B € L{(Ses, R"),

0y op (UB,TE) = 0y 0z, (U, TB) + hyTru,up
(29) + h,TrQB\UBuB =f.p € Lq(SCB,Rn),
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where 01 means the derivative in the direction of the z1-axis, v, stands for the unit
normal vector to Qg exterior to 25 on S;¢, and for the the unit normal vector to
Owp exterior to wg on dwp O S.p. Further,

(2.10) 65{;@ (u,m) = (—WH + 2§u) v— gz/lu
is the conormal derivative of the velocity and pressure fields u = (ug, ..., u,,) and

p, which are defined on an open set ® C R™ with Lipschitz boundary. Here v
denotes the unit normal to 09, defined a.e. 99, and af;g(u,p) is defined a.e. on
0% in the sense of nontangential convergence. In addition, § € R, I is the identity
matrix, and Vu is the symmetric part of Vu.
In the case 8 = ), 85;90 (v, ) is the conormal derivative corresponding to the
&)

L.y (V, ) is the conormal derivative

Oseen system (2.5), while, in the case 5 =0, 0
for the Brinkman system (2.4).
Further, we assume that hg =0, ho =0, g;f = 0, f; = 0 on R™ \ S;¢, and

hi = 07 gcB ZO, ch =0 on Rm\SCB.

Definition 2.1. Let ¢ € (1,00) be given. An L9-solution of the boundary value
problem (2.4)-(2.9) is an element ((up,7g), (up,7o)) in the space

(C*(QB \ Sep, R") x C™(Qp \ Scp)) x (C%(Q20,R") xC*(Q0)) ,
with the following properties:

e There exist the non-tangential limits of ug, Vupg, 75, up, Vug, mo almost
every where on the interface S;y.

e The non-tangential maximal functions of ug, Vupg, 7, up, Vup, o are
g-integrable on S;;.

e There exist the non-tangential limits of ug, Vup and 7w, which correspond
to wp and Qp \ Wp, respectively, a.e. on the interface crack S.p.

e The non-tangential maximal functions of ug, Vug, mp are g-integrable on
SeB-

e The equations (2.4) and (2.5) are satisfied everywhere in Qg \ S.p and Qo,
respectively.

e The boundary conditions are fulfilled in the sense of non-tangential limit.

3. LAYER POTENTIALS FOR THE STOKES, BRINKMAN AND OSEEN SYSTEMS

Let a > 0. Then the Brinkman system

(A—al)u—Vr =0 in Q
(3.1) { divu=0 in Q

is a zero order perturbation of the Stokes system (when o = 0) and describes the
viscous incompressible fluids flows in porous media (see, e.g., [15]). Let (G, II%) €
D'(R™,R™ x R™) x D'(R™,R™) denote the fundamental solution of the Brinkman
system in R™ (m > 2), where D'(R™) is the space of distributions, i.e., the dual of
C§°(R™) equipped with the inductive limit topology. Thus,

(3.2) (Ax —al)GY(x —y) — ViII%(x —y) = =4y (x), divxG*(x —y) =0,

where 4y, is the Dirac distribution with mass at y, and the subscript x added to a
differential operator shows the action of the operator with respect to the variable x.
Let ggj be the components of the fundamental tensor G*. If H?‘ are the components
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of the fundamental pressure vector I1%, then the components of the fundamental
stress tensor S*(+,-) are defined by the relations

095(x ~y)  995(x~y)
dz, oz;
In addition, if A, is the fundamental pressure tensor with components Af,, then

A (x,y) 0850(x,y)
a . YA _ gkt _
(34) A S5 kf(x y) Sjkf(x7 y) 6Ik 0> 8Ik Oa X 7& y.

The expressions of (G*,TI%) and (S%*, A%*) can be found in [12, Chapter 2] and [19,
Chapter 2]. We omit them for the sake of brevity.

For a« = 0 we obtain the fundamental solution of the Stokes system. Next we
use the notation (G,II) for the fundamental solution of the Stokes system. The

(3.3) Sie(x,y) = 17 (x —y)djr +

components of G and II are given by (see, e.g., [19, p. 38, 39]):
1 6jk TjTk
) — . m>3
) e D [
(3.5) ‘ _ L s L T 5
Gjk(x) an ) Ok x| + x2 [’ m ’
I (%) = ;- s m>2,
where o, is the area of the unit sphere in R™. Note that II* = II. The components
of the stress and pressure tensors S and A are given by (see, e.g., [19, p. 38,39,132]):
m (x5 — y;) (@K — yr) (@ — ye)
3.6 S; = —1 J
(3.6) ke(X,Y) wn |x — y|m+2 )
2 Ok (@ — ;) @k — Yr)
3.7 Aip(x,y :< J —m~ J .
37 Oy = L eyl Xy

3.1. Layer potentials of the Brinkman system. Assume that (2 := Q, C R™
(m > 2) is a bounded open set with Lipschitz boundary 9. Let Q_ := R™\ Q.
Let v,, £ = 1,...,m, be the components of the outward unit normal v = v,,
which is defined a.e. on 9Q. Let @ > 0, ¢ € (1,00), g € LI(IN,R™) and h €
L1092, R™). Then the single-layer potential for the Brinkman system Vp;.q.008
and the corresponding pressure potential Q3,.,.908 are given by

(VBr e 3Qg / g (Y) dU(y)a
(ng;agg) (9= [ T30 y)g,(y)doy).
Remark that Q%Qg = Q%r;o;aﬂg = Q%r;a;aﬂg'
The double-layer potential Wg;.q.00h and the corresponding pressure potential

Qr.0s00h are given by

(Wara00h), / ke (%, ¥, ()i (y)do(y),
(3.9)

(QBr Q th / A]Z X y )h] (Y>dU(Y)7

and the principal value of Wg;.q,00 is defined by

(3.10) (Ka;pr.oh)i(x) :=p.v. /69 S;-’M(x,y)ue(y)hj(y)da(y) a.e. x € 0f).

(3.8) x € R™ \ O9).

x € R™\ 09,
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In view of (3.2) and (3.4), (VBria:008; Qfr.a:008) a0d (Waraaah, Qf..o.00h) sat-
isfy the Brinkman system in R™ \ 9. In addition, some of the well known prop-
erties of layer potentials for the Brinkman system are listed below (see, e.g., [9],
[34, Propositions 4.2.5, 4.2.9, Corollary 4.3.2, Theorems 5.3.6, 5.4.1, 5.4.3, 10.5.3]
in the case of the Stokes system, and [15, Lemma 3.1] in the case of the Brinkman
system):

Lemma 3.1. Let Q := Q4 CR™ (m > 2) be a bounded open set with Lipschitz
boundary 0. Let Q_ := R™\ Q. Let a > 0, q € (1,00), h € L{(92,R™) and
g € L1090, R™). Then the following formulas

Tl"g (VBr;a;(‘?Qg) = TI‘5 (VBr;a;BQg) = VBr;a;@Qg7

3.11 1
( ) Tré(WBr;a;BQh) = (iﬂ + KBr;a;BQ) h;

2
(3.12)
i 1

az(/);ﬂi (VBr;a;OQg> Q%r;a;an) = <:t2ﬂ - K;Br;a;aﬂ) g,

8B;Q+ (WBT?QQBQh7 QdBr;a;é)Qh) = al(/);ﬂ, (WBT§C¥§BQh7 QdBr;agth) = DBr§a§6Qh
hold a.e. on OS), where Ky, ,.9q is the formal transpose of Kpr.a00. In addition,
the following operators are well-defined, linear and bounded
Viraoa @ LI(0Q,R™) — L{(0Q,R™)
Kp:.a:00 : L{(0Q,R™) — L{(0Q,R™)
K%r;a;@ﬂ : L0, R™) — L9(9Q2,R™)
Dgyiai00 @ LI(0Q,R™) — L1(0Q,R™).

(3.13)

In the case @ = 0, which corresponds to the Stokes system, we use the follow-
ing notations for the layer potential operators Vaq := Vpr0.00, Voo := VBr:0:00,
Wogq 1= Wgr0,00, Qg = @br.o.00: Koo = Karo00 and Dag 1= Dpy;o,00.

The next lemma shows the compactness of the complementary layer potentials
for the Stokes and Brinkman operator in L9-spaces (see [15, Theorem 3.4]).

Lemma 3.2. Let Q CR™ (m > 2) be an open set with compact Lipschitz boundary
0. Let a« >0, q € (1,00). Then the following operators are compact:

VBria:o00 — Yoo : L1(0Q,R™) — L{(0Q,R™)

Kgra00 — Koo : LT (0, R™) — LI (992, R™)
K%r;a;aﬂ = Kjq : L0, R™) — L1(9Q, R™)
Dgi.a:00 — Doag : LY (0Q,R™) — L1(0Q,R™).

(3.14)

Finally, let us mention the behavior at infinity of the layer potentials for the
Brinkman system (see, e.g., [19, Lemma 3.7.3], [42, Chapter 2]):

(V 15050 g)(x)  =O0(x"")
(3.15) (‘A?Br;a;;;h) (x) =O0(x['"™

In addition, if the density h € L{(9,R™) satisfies the condition
(3.16) / (h,v)do =0,
o0
then
(3.17) (Wiaonh) (x) = O(x| ™) as |x| — oc.

) as |x| — oo.
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Lemma 3.3. Let Q C R™ be an open set with compact Lipschitz boundary. Let
a>0 and f € LY(0Q, R™). Let 3 be a multiindex. Then'

(318) (65Q%r;a;69f) (X) = O(|X|1_m_|m) as |X| )
(QdBr;a;i}Qf) (X) = O(|X|27m)’ m Z 37 N

19 Qhranf) () = O(n(ix)), m=2, * M=o

If |B| > 0 then

(320) (aﬁQdBr;oz;BQf) (X) = O(|X|27m7‘m) as |X| — 0.

Moreover, if the following condition

(3.21) / (f,v) do =0
o0
holds and [ is an arbitrary multiindex, then
(322) (adeBr;oz;an) (X) = O(|X|17m7‘m) as |X| — 00.

Proof. By an straightforward computation one obtains the relation (3.18).
Further, let us consider the fundamental solution of the Laplace equation

-2 In|x|, m=2,

(3.23) ha(x) = 1

27
I x[*~™, m > 2.

Taking into account the explicit representation of the fundamental tensor A;‘k (see,
e.g., [12, Chapter 2]) there exist some constants cj, € R such that

QdBr;a;BQf(X) = /BQ |: Z Z C;/ka’yh’A(X_y)fj(Y)Vk(y)

[v[=27,k=1
(3.24) +aha(x —y)({E(y),v(y))| do(y).
By differentiating (3.24) and by using the relation
[0%ha(x = y)| < Calx =y 18] >0

we obtain asymptotic formulas (3.19) and (3.20). In addition, if the condition (3.21)
is satisfied, then a direct computation gives (3.22). We omit the details for the sake
of brevity. O

3.2. Layer potentials for the Oseen system. Let A € R. Let us now refer to
the Oseen system

(3.25) Au—Mu—Vp=0, divu=0.
The fundamental solution (O*,II}) of such a system vanishing at infinity is well
known (see [11], [19, Chapter 2], [28, Corollary 4.2]). Note that the fundamental

pressure field of the Oseen system is the same as the fundamental pressure field of
the Stokes system, i.e., 1)) = II. In addition, O° = G, O;‘k = O,i‘j € C*(R™\ {0}).
If A # 0 and (3 is a multi-index, then we have

(3.26) 6ﬁ0;‘k(x) = O(|x|(A=m=18D/2) a5 |x| — oc.

. . B
198 means the differential operator of order 3, 8% := %, where 8 = (41, ...,3m) and

1Bl =B1+...+ Bm.
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If |z| # |z1| then
(3.27) lim |0 (rz)|r(m~1/2 = 0.

T—00

Ifr>Oandq>1+%then

(3.28) VO] € LYR™\ B(0;7)).

Let us also mention the useful asymptotic formulas

(329) 107 (05:(x) = Gix(x)) | = O(x| 1) as x| — 0, m =3,
|05 (%) = Gjk(x)| = O(1) as |x| — 0,

(3830)  |V(0X(x) ~ Gu(x))| = O x]) as x| — 0, m=2.
07(03 (%) = Gi(x))| = O(lz|[71P1¥1) as |x| — 0, |5 > 2,

A straightforward computation yields that

(3.31) O*M—x) = 07 (x).

Now let Q@ CR™ (m € {2,3}) be an open set with compact Lipschitz boundary
and v = vg be the outward unit normal of 2. Let ¢ € (1,00) and ¥ € LI(9Q,R™).
Then the single-layer potential with density ¥ for the Oseen system is given by

Vorran®(x)i= [ 0Mx=y)¥(y) doy)
a0
The pair (Vosa00¥, Q3o %) is a solution of the Oseen system (3.25) in R™ \ 0.
For y € 092 and x € R™ \ {y} we consider the matrix type kernel
KOS;A;@Q = ak

;00 (O)\( - y)7 Q( - y)) )

with the components

m

Yy 0
KN, y) = (v(y), Vy Ol —y)) + Y Vi(Y)aika;\i(X -y)

i=1

Av
(3.52) Fn - y) + AP 0% ey,
In addition, we consider the expression
S i 0
%% (x,y) 0 = (u(y), Vylle(x = y)) + Y ui(Y)aT/kHi(X -Y)
i=1
Av
(3.39) ) - y) + A g ey,

Let ¥ € L1(0Q,R™). Then the Oseen double-layer potential with density ¥ is
defined by

(Wosnoa®)(x) := / (KON (x,y), ®(y))do(y), x € R™\ 89,
a9
and the corresponding pressure potential is given by

(QBoron®)(x) = / (TTOSX2 (¢ _ v) W(y))do(y), x € R™\ 9.
o0

By an straightforward algebra we obtain that
WOSQO;(?Q‘II = WBQ‘P? Q%S;O;@Q‘I] = QgQ‘I’ = Q]dSr;O;(?Q‘II'
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In addition, the pair (WOS;)\;aQ‘IJ7Q((i)S;/\;aQ‘II) is a solution of the Oseen system
(3.25) in R™ \ 012 (see, e.g., [28, Proposition 5.7] in the case A = 1, while for A > 0
the formula follows with similar arguments. In addition, the formula (3.31) shows
the result for arbitrary A).

Now for x € 992 we consider the boundary layer potentials

(Kosino0®) (x) 1= lim K495 (x,y)®(y) do(y),
€Y J o0\ B(x,¢€)

(K/OS;A;(?Q‘I’)(X) = lim KQ’OS)\(yvx)‘Il(y) da(Y)a
=0 Jaa\ B(x,e)
and note that KQS;O;QQ = Kag = KBr;O;aQ, K/OS;O;GQ = Kéﬂ = K%r;O;BQ'

Also let Vo, 00 W be the boundary version of the single-layer potential Vg 1,00 %,
i.e., the restriction of Vogx,00¥ onto 0. Note that if ¥ € LI(0Q2, R™) then the
non-tangential limit of Vg x,00W coincides with Vogx,00W a.e. on 0. In addi-
tion, there exists a constant C' = C(€2, ¢) > 0 such that the non-tangential maximal
function (Vogs,x.00®)" satisfies the inequality

[ (Vosx00®)" lLe@a) < CII®| La@amm)-

Moreover, we have the inequality

1(VVosx00%)" | Laa0) < ClI¥| Laa0,rm),

and VVoga.00W has the non-tangential limit at almost all points of 0€2, and

1
(334) ali\;ﬂi (VOS;Q;aﬂ‘I’7 Q%Qq’) = i§‘Il - Ké);Os;/\‘Il'

In addition, the layer potential operators Vos: .00 : L1(0Q, R™) — L1(9,R™) and
Kos. o0 @ LY(0Q,R™) — L1(9Q,R™) are linear and bounded operators (see, e.g.,
[34] in the case of the Stokes system, and [28, Lemma 5.1, Propositions 5.2, 5.3] in
the case of the Oseen system).

In addition, if ¥ € L1(02,R™) then Woga,00¥ has a non-tangential limit at
almost all points of 912, and there exists a constant Cy = Cy(£2,q) > 0, such that

| (Wosix00®)" (| Lao0) < Coll®||Lao0,rm),

1
(3.35) Tro, Wogsn00W = ii‘I’ + Kosno0¥

(see, e.g., [28, Proposition 5.8, Lemma 5.3, Lemma 5.4]).
The following result shows the compactness of the complementary double-layer
potential operator for the Oseen and Stokes systems.

Proposition 3.4. Let & C R™ (m € {2,3}) be an open set with compact Lip-
schitz boundary. Let A € R and q € (1,00). Then the complementary double-layer
potential operator Kos:a.o0 — Koq @ LI(0Q,R™) — L1(0Q,R™) is compact.

Proof. The kernels of such an operator is weakly singular, as the formulas (3.29),
(3.30) show, and the desired compactness is a direct consequence of this property
(see, e.g., [10, §4.5.2, Satz 2]). O

For the problems we are going to investigate below we need the following useful
result (see [43, Theorem 1.12]).
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Lemma 3.5. If Q CR™ (m > 2) is an open set with compact Lipschitz boundary,
then there exists a sequence of open sets {§); }j21 i R™ with compact boundaries
of class C°°, such that
. ﬁj c Q.
o There exist a constant a > 0 and some homeomorphisms A; : 02 — 09,
such that Aj(y) € To(y) for anyy € 0Q and j > 1, and, in addition,
sup{ly — A;(y)| : y € 02} — 0 as j — oo.
o There are positive functions w; on 082 bounded away from zero and infinity
uniformly in j such that for any measurable set E C 082,

/ wj do :/ 1 do,
E A4(E)

and so that w; — 1 pointwise a.e., and in every space L1(09), 1 < ¢ < oo.
e For any q € [1,00), the normal vector to Q;, v(A;(y)), converges pointwise
a.e., and also in every space L1(O,R™), to v(y) :=v,,(y), as j — 0.

Proposition 3.6. Let A € R and m € {2,3}. Let Q@ C R™ be an open set with

compact Lipschitz boundary. Then there exists a constant qo € (2,00) such that for
any q € (1,qo) the following properties hold:

(a) The complementary double-layer potential operator
Kos;)\;ag — K@Q : L‘{(@Q,Rm) — L‘{(@Q,Rm)
18 linear and compact.
b) For ® c LI(9Q,R™), there exists the non-tangential limit of VW og:x.00 ¥
1 ¥

at almost all points of O, and there exists a constant C = C(,q) > 0
such that

(3.36) (VWosn00®)" ||Laa0) < Cll ¥ Laa0,rm)-

(¢) The non-tangential limit of O (WOS;)\;aQ — Wag) s a linear and compact
operator from L{(0Q,R™) to LI(OQ,R™).
If 0 is of class C' then all of the above properties (a) — (c) hold for gy = co.

Proof. We can suppose that 9Q C B(0;1). Let I'(1),...,I'(k) be all components
of 9Q. Denote by Sp;)f the harmonic single layer potential corresponding to I'(j)
and by S; its restriction to I'(j). It is well known that there exists ¢; > 2 such
that S; : LY(T(j)) — L¥(T'(j)) is an isomorphism for 1 < ¢ < ¢;. If T'(j) is of class
C* then g(j) = oo (see [13, Theorem 2.2.22]). Let g0 = min{qi,...,qx}. Let ¢; €
C*>(R™) be compactly supported functions such that ¢); = 1 on a neighborhood of
I'(j) and 9; = 0 on a neighborhood of 902\ I'(j). Fix ¢ € (1,qo) and define

k
Aaf =Y b;Sr»S; ' f, f e Li(09).
j=1
According to properties of a harmonic single layer potential ([13, Theorem 2.2.13]),
Agq is a linear operator from Li(92) to C>(€), f is the non-tangential limit of
Aqf at almost all points of 9, there exists the non-tangential limit of VAqf at
almost all points of 9, and there exists a constant C; = C1(Q, q) > 0 such that

(Ao f)*[ILaoa) + I(VAQ) lLaaa) < CillfllLea0)-

Let €2; be a sequence of open sets from Lemma 3.5. For x € Q choose px € C*(R™)
such that px = 0 at vicinity of x and ¢x = 1 on a neighborhood of 092. In view of the
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Lebesgue Lemma and of the Green-Gauss Theorem we obtain for f € L{(9Q, R™),
with 1 < ¢ < qo, that

AWounaaf(x) = lim [ (800, (00 (x ~ ¥), ATl(x ~ ¥)) ) px(y) Aaf(y) do(y)

7= Jaq;

ZinggO{/Qv (= (A00* (x=y))(x(¥) Aot () 29,0 (x — ¥) - V(px(y) Aok (¥))
+ (VOLL(x = ) (px(¥) Aaf(y) + ALLx ~ ¥)V - (x(y) Aaf (v) ) dy

—/ %Vl 9,0 (x — y))ex(y )Anf(yda(y)}
o0

- { /Q [2V00 (x = ¥) - V{px(y) Aaf(y)) + ATI(x = ¥)V - (px(y) Aok (y))

J

FA(019,0(x — y)) (px(y) Aaf (y))]dy — /BQ %Vl 90N (x — Y)]<Px()’)AQf(Y)d0(Y)}

= lim { /Q 2VO0* (x — y) - VOilpx(y)Aaf(y)) — TI(x — ¥)V - 3 (ox () Acf(y))

J— ]
J

_A(B10* (x — ¥))Oi{px(y) Ak (y))] dy + / —VRITONx — y) - V(on(y) Aaf(y))

o
+ VP I(x = y)V - (ox(y) Aaf(y)) + A2 0107 (x — y)) (ox(y) Aaf(y))

— %V?&O*(x — Y)Sﬂx(Y)AQf(Y)} dU(y)}

= tim [ (=000 x — ¥),T1(x — ¥))Ah(x(y) Aaf(y)
9

— 2'VOMNx —y) - Vipx(y)Aof(y)) + vl MTI(x — y)V - (px(y) Aof(y))
AV 010Mx — y)) (ex(y) Aaf(y)) — *Vl P00 x —y)e x(Y)AQf(Y)) do(y)
= —Wogr00(01Aaf)(x) — %VOs;a;aﬂ(Vl 01 Aqf)(x)

+ / (- 20*V0* (x ~ y) - V(Aaf(y)) + v TI(x ~ y)V - (Aaf(y)) do(y)
o

A
+ A Vosnon(vif)(x) — §8ZVOS;A;89(V1J”)(X)-

The last equality and the properties of the Oseen layer potential Vg .00 and
Wos:a00 imply (3.36) and the existence of the non-tangential limit of 9, W ogx.00f
at almost all points of 9.

Let us now denote by L;f the non-tangential limit of 0;(Wosx.00f — Waaf),
and by H; »f the non-tangential limit of 0;Vog,00f. Then H; ) is a linear and
bounded operator on L4(9Q, R™). We have proved the following equality

Li(x) = — (Kos;n00 — Koa) (0rAaf)(x) — % (Vosno0 — Vaa) (v,01Aaf)(x)
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n /8 (20 (VO —y) = VG(x ) ) V(Aaf () doly)

(3.37) + AHj 5\ (v, f)(x) — gHg))\(l/leX),

where Hj » is a bounded operator on L4(9Q,R™). The operator f — 11f is com-
pact from L{(99Q) to L1(9). Thus, AH; »(v,f) is compact from LI (9) to L1(99).
Similar arguments imply that the operator AH, » (11 f) is also compact. All remain-
ing operators in (3.37) are integral operators with weakly singular kernels as those
of VAqf (see (3.29), (3.30)). Hence, L; : LI(0Q,R™) — L1(99Q, R™) is compact.
We now turn to prove the compactness of the operator Kos:x,00 — Koq. Indeed,
such an operator is linear and compact on L?(992, R™) as Proposition 3.4 shows.
In addition, note that for any f € L{(0Q,R™), (Kosx00 — K.9o)f is the non-
tangential limit of Wogx.00f — W,saf. By considering the tangential derivative
operator 9, := 1;0; —v;0;, we deduce that 9, (Kos;x,00 — Koq) = viLj —v;L; is
a compact operator from L{(9Q,R™) to L1(92,R™). Hence, 9; (Kos.x.00 — Koq)
is a compact operator on Li(99Q,R™), as asserted. O

Remark 3.7. By using a similar argument as above, we can show Proposition 3.6
for any dimension m > 2. For any m > 2 and ¢y = oo we can also show this result
by using the theory of pseudodifferential operators (see, e.g., [15, Theorem 3.4]).

Next, we mention the main properties of the pressure potential associated to an
Oseen double-layer potential.

Proposition 3.8. Let Q@ CR™ (m € {2,3}) be an open set with compact Lipschitz
boundary. Let X € R and q € (1,00). If £ € LY(OQ,R™) then the layer potential
Q((J')s;/\;afzf has a non-tangential limit at almost all points of OX), and there exists a
constant C' = C(Q,q) > 0 such that

||(Qdos;,\;aﬂf)*|\m(em) < Cllfl[zaa0,mm)-

The non-tangential limit of Qdos;,\;aﬂ — Qdos;o;aﬂ 18 a linear and compact operator
from LI(0Q,R™) to L1(09).

Proof. In the case A = 0 we refer the reader to [34]. In the case A # 0 we use the
following equality

S >\ S
QdOs;)x;@Qf - Qés;O;an = _)‘QaQ (<V7 f>7 07 O) =+ §QaQV1f,

which, together with the boundedness of @3, and the compactness of the embed-
ding LI(0Q,R™) — L1(0Q,R™), implies the compactness of the complementary
layer potential operator Tr(Q%.. .00 — Qbs0.00) * L1(0Q,R™) — LI(59). O

The next result gives the behaviour at infinity of a bounded solution of the Oseen
system (see [28, Theorem 6.8]).

Lemma 3.9. Let m € {2,3}. Assume that Q@ C R™ is an open set such that R™\ Q
is compact. Let (u, ) be a bounded solution of the Oseen system (3.25) in Q. Then
there are two constants o € R and use € R™ such that u(X) — U, 7T(X) — Too aS
x| — 0o. Moreover, if 3 is a multiindex, then |0° (u(x) —us)| = O(|x|F—m=18D/2),
0% (11(x) — 7oo)| = O(|x|* =™ 181) as |x| — co. Moreover, r™=1/?u(rx) — 0 as
r — 00, whenever |x| # |x1].
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The following result gives the direct layer potential representation of a solution
of the Oseen system in an open set with Lipschitz boundary (in the case of the
Stokes system we refer the reader to [34, Proposition 4.4.1]).

Proposition 3.10. Let 2 C R™ be an open set with compact Lipschitz boundary.
Let g € (1,00). Assume that the pair (u, ) is a solution of the Oseen system (2.5)
in ), such that the the nontangential mazimal functions of u, Vu and m with respect
to Q2 belong to the space L1(0Q) and there exist nontangential limits of u, Vu and
7w at almost all points of 0. If Q is an unbounded set, we assume in addition that
u(x) — 0 and w(x) — 0 as |x| — oo. Then the following Green representation
formulas hold

u n Q
(3.38) Wos;,\;ag (TI"Q u) + Vos;)\;ag (6;\;9(u, 71')) = { 0 in R™ \67

s T in Q,
(339) QdOs;)x;@Q (T‘I‘Q u) + Qaﬂ(ab;ﬂ<u7 71')) = { 0 in R™ \ﬁ

Proof. First, we assume that €2 is bounded, and consider some open sets {}; as in
Lemma 3.5. Then by the Green representation formula for each of the sets §2; one
obtains the relations (3.38) and (3.39) for such sets (see [L1, §VIL.6]). Finally, by
means of the Lebesgue lemma we obtain the formula (3.38) for the set Q.

Now we assume that {2 is an unbounded set, and consider the bounded set
B(0;7) N Q, for some r > 0 sufficiently large. Then by using the formulas (3.38)
and (3.39) for such a set, by letting  — oo, and by using the Lebesque lemma,
Lemma 3.9 and the properties of the fundamental solution of the Oseen system, we
obtain the formulas (3.38) and (3.39) in the case of the set . O

Corollary 3.11. Let Q := Q C R™ be a bounded open set with Lipschitz boundary.
Let Q_ :=R™\ Q. Forq € (1,00) fived, assume that the functions (uy,m+) satisfy
the Oseen system (3.25) in Q4, such that u_(x) — 0 and 7_(x) — 0 as |x| — oo,
andu’, (Vuy)*, (m4)* € L1(0). Suppose that there exist the nontangential limits
of ut, Vuy and w1 at almost all points of 02. Then the following formulas

ur = Wognoo (Trduy — Trgus) + Vosaoee (83‘;Q+(u+, T ) — g (u_,7r_)>

e Qdos;,\;aﬂ (Tr;glh— - Tréu_) + Qg (aé\;m (ug,mq) — 52\;9,(11—a7f—)>

hold in Q4.
Proof. By using the formulas (3.38) and (3.39) in each of the domains 4 and _,
respectively, and adding them, we obtain the desired relations. (I

The next result shows that the conormal derivative of an Oseen double-layer
potential is continuous a.e. on 9 (in the case of the Stokes system we refer the
reader to [34, Corollary 4.3.2], and for the Brinkman system to [15, Lemma 3.1]).

Corollary 3.12. Let Q@ C R™ (m > 2) be an open set with compact Lipschitz
boundary 02. Let A € R and g9 > 2 be the constant provided by Proposition 3.6.
Let g € (1,q0) and h € L{ (02, R™). Then the following equality®

9.0, (Wosnaah, Qb 00h) = 00 (Wosaoah, Qb .a0h) := Dosanh

2The conormal derivatives below exist a.e. on 8 and are understood in the sense of nontan-
gential limits.
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holds a.e. on 9. In addition, the operator
(3.40) Dosxoa : LI(0Q,R™) — LI(09Q,R™),
is linear and bounded.

Proof. Let us consider the Oseen double-layer potential ut := Wogx.00h and its
associated pressure potential 74 := Q%S;A;aﬂh in Q4. Then by the jump formulas
(3.35) we obtain that Trq, uy — Trq_u = h. In addition, by Propositions 3.6 and
3.8, (VWosx.00h)*, (Q‘és;)\;aﬂh)* € L9(0N2). Let us now consider the difference
f:=0)g, (WOS;A;th, Qgs;k;aﬂh) — 9 (WOS;Amh,QgS;A;th). By Corollary
3.11

Wosn.ao0h = ur = Wog.a0h + Vogaaaf,

in R™\ 09Q.

Qés;)\;aﬁh =Tt = Q%s;)\;aﬁh + Qgﬂf in R™ \ 0N,
Consequently, Vogxa0f =0, Qjof = 0 in R™ \ 9Q. Finally, taking into account
these relations and by using the formulas (3.34), we obtain that

f= 83\;Q+ (VOS;/\;an’ Qf)s;)\;aﬂf) - ali\;Q, (VOS;A;QQf’ Q?)s;)\;aﬂf) = 0’
and the proof is complete. ([l

Corollary 3.13. Letm € {2,3}. Let Q@ C R™ be an open set with compact Lipschitz
boundary. Then there exists a constant gy € (2,00) such that for any q € (1, qo) the
operators

(3.41) ¥ — 9).0(Wosno0 ¥, Qdsx00®) — Doo®

(342) DOs;)\;BQ - DaQ

are linear and compact from LI(0Q,R™) to L1(0Q,R™). If O is of class C*, then
the compactness property of the operators (3.41) and (3.42) holds for gy = oco.

Proof. The compactness of the operator (3.41) is a direct consequence of Proposi-
tion 3.6 and Proposition 3.8, while the compactness of the operator (3.42) follows
from the fact that the single-layer potential operator Vos;x;00 is a compact operator
on the space L1(9,R™). O

Lemma 3.14. Let m € {2,3}. Let Q C R™ be an open set with compact Lipschitz
boundary. Let A € R, A #£0, and q € (1,00). Then the complementary single-layer
potential operator for the Oseen and Stokes systems

Vos:a00 — Vaq : L1(0Q,R™) — LI (0Q,R™)
is linear and compact.
Proof. Let us consider the derivatives of the complementary kernel for the Oseen

and Stokes single-layer potentials, Ry, := ), (O* — G), as well as the corresponding
layer potential

R.f(x) = /69 Ri(x,y)f(y)do(y), x € R™\ 0.

Let Rif be the restriction of Ryf onto 0. It is known that if f € LI(9Q,R™),
then R, f is a nontangential limit of R*f a.e. on 99 (see [28, Proposition 5.2]). In
addition, in view of the fact that Ry(x,y) = O(|x — y|>~™), O*x,y) — G(x,y) =
O(Jx — y|* ™) as |x — y| — 0, the operators Ry, Vos.x.00 — Vaq are compact on
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Li(0Q,R™) (see, e.g., [10, §4.5.2, Satz 2]). Further, by considering the tangential
derivatives 07;; = 1;0; — v;0;, we deduce that the equality

Or,; Vosinaa — Vaa) = viRj — ViR,
which shows that the operator 0, (Vosx00 — Vo) is compact on L?(0Q,R™).
Thus, Vos:a.00 — Vo : L1(0Q,R™) — L1(0Q,R™) is compact, as asserted. O

4. EXISTENCE AND UNIQUENESS FOR THE TRANSMISSION PROBLEM WITH CRACK
FOR THE OSEEN AND BRINKMAN SYSTEMS

The purpose of this section is to study the solvability of the crack type trans-
mission problem (2.4)-(2.9).

Let us mention the following useful remark. Assume that (up,75,u0,70) is
an L9-solution of the transmission problem (2.4)-(2.9). Since the relations (2.8)
and (2.9) hold on dwpg, we deduce that fiy € LI(S;r,R™), gy € Li(Sir,R™),
f.g € Lq(SCB,Rm) and g.p € Lg(SCB,Rm)

4.1. Uniqueness of the solution of the crack type transmission problem.
As an intermediary step in the analysis of the transmission problem (2.4)-(2.9), we
are going to show that a solution of such a problem is not always unique. In order
to obtain uniqueness we have to add some additional conditions at infinity. On the
other hand, if m = 2 and Qp is unbounded, then the transmission problem is not
solvable for all boundary data, and a necessary condition for solvability is required.

We first investigate the behavior of an L?-solution of the transmission problem
(2.4)-(2.9) at infinity (see [29, Proposition 4.1]).

Lemma 4.1. Let « > 0. Assume that u = (u1,...,uy) and 7 are tempered
distributions in R™ (m > 2), which satisfy the Brinkman system

Au—ou—Vr=0, divau=0
in the sense of distributions in R™. Then uq,..., Uy, and m are polynomials.

An intermediary result in our analysis is the Green representation formula below
of a solution of the Brinkman system (3.1) in Qp \ Scp.

Proposition 4.2. Let ¢ € (1,00) and o > 0. Let (u,m) be a solution of the
Brinkman system (3.1) in Qp \ Scp. Assume that

(a) There exist non-tangential limits of u, Vu, m with respect to wp and Dp :=
Qp \wp respectively, at almost all points of Owp.

(b) There exist non-tangential limits of u, Vu, m at almost all points of 0N p.

(¢) The non-tangential mazimal functions of u, Vu, m with respect to wp belong
to LY(0wpg), and the non-tangential mazimal functions of u, Vu and © with
respect to ®p belong to LI(0Dp).

If Qp is unbounded, we require that u(x) — 0 and 7(x) — 0 as |x| — oo.
Then the following representation formulas hold

(4.1)
WBr;a;@QB (TrQBu)+VBr;a;BQB (aBB;Q(LL ﬂ)) +WBY;OL8&)B (TruBu - TrQ\UB 11)

u in Qp\S.s,
+VBraows (383;w3(u,7r) _8SB;Q\UB(U’7T)> - { 0 in RmiﬁB.
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(4.2)
QdBr;a;BQB (TrQB u) + QSBr;a;@QB (aBB;Q(uﬂ 7(-)) + Q%r;ac%.zg (TrWBu - TrQ\wB u)

™ mn QB\SCB,
TOBrasows (083;w3<u,7r3)—GSB;Q\GB(um)) "0 in R™\ Qs

If m =2 and Qp is unbounded, then
(4.3) / (TrQBu,yB>da+/ ((Trypu—Tro\zeu),vp)do = 0.
8QB S(‘B

Proof. First we assume that Qp is bounded and S.g = 0. Let {Q;},;>1 be a se-
quence of open sets as in Lemma3.5. For such domains the representation formulas
(4.1) and (4.2) hold (see [12, p. 60]). Then by means of the Lebesgue lemma we
obtain the formulas (4.1) and (4.2) for Qp, as well.

Next, we assume that Qp is unbounded and S.zp = 0. Let r > 0, sufficiently
large, such that 9Qp C B(0;7). Then, by applying the formulas (4.1) and (4.2) in
the bounded set Q5 N B(0;7), we obtain

Whiias005 (Trap) + Veaeos, (88;93 (u, ﬂ-B)) —uB

= _WBr;a;aB(O;r) (TrB(O;T)u) _VBI';Ot;B(O;T) (82;3(0;7«) (ll, ﬂ-)) )

QdBr;a;BQB (T‘I‘QBu) + Q%r;a;@QB (88;93 (u7 71')) —TB
= _QdBr;a;BB(O;r) (TrB(O;r)u) _Q%r;a;B(O;r) (8S;B(O;T) (u, 71'))
in Qp N B(0;r). Consequently, if we define the functions

WBr;a;BQB (TTQB u) + VBr;a;GQB (83;93 (ll, 77)) —u in QB
vV = .
~Wara08(0i) (TrB0:)®) = VBriasB(0sr) (83;3(0”,) (u, 7r)) in R™\ Qp

p= QdBr;a;BQB (TI'QBU) + QSBr;a;BQB (aB;QB (u7 71—)) - in Qp
_QdBr;a;BB(O;T’) (TrB(O?T)u) _Q]SBr;a;B(O;T) aB;B(O;r) (u7 7T)) in R™ \ QB}

then (v,p) is a solution of the Brinkman system (3.1) in R™. Since v(x) — 0,
p(x) = O(In|x]|) as |x| — oo, the entries vy, ..., vy, p are tempered distributions.
Then by Lemma 4.1 vy,...,v,, and p are polynomials. Since v(x) — 0 we deduce
that v = 0 in R™, and hence Vp = 0. Therefore, there exists a constant ¢ € R such
that p = cin R™.

Now, we use the explicit representation of the layer potential QdBr;a; 095 (Tro,up)
(see [12, Chapter 2]). In the case m = 3, such a representation implies that p(x) — 0
as |x| — oo. Hence, ¢ = 0, i.e., p = 0 in R?. Let us now assume that m = 2. Then
the above mentioned representation implies that

S or

1
p(x) A (hl |x|>/ (Tro,up,v,)do — 0 as [x| — oo.
g

Since p is bounded at infinity, we deduce that the relation (4.3) holds. Thus,
p(z) — 0 as |x| — oo. Finally, the property that p is a constant implies that p =0
in R2.

Let us now assume that S.p # 0. Recall that v, = v, on dQp, and v, =

Vop = Vg oy 00 Owp. We use the formulas (4.1) and (4.2) for the sets wp and
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0\ @p. Adding them we obtain the formulas (4.1) and (4.2). In addition, if m = 2
and Qp is unbounded, we have proved that

(44) / <TI‘QB\§BU, VQB\@>CZO' = 0,
0(Q25\ws)
while the divergence theorem implies that
(4.5) / (Tryzu,vp) do = 0.
owp

Finally, by adding the relations (4.4) and (4.5) and taking in mind that u is con-
tinuous on dwp \ Scp, we obtain the property (4.3), and the proof is complete. O

A useful result in our analysis is given below®.

Lemma 4.3. Let o > 0 be given. Then the following formulas hold in R™ (m > 2)
(4.6) GU(x) = O(x[™™) as [x] — oo,

(4.7) VG (x) = { gglz{l__mn;) nZ g

Proof. The asymptotic formula (4.6) is a direct consequence of the expression of
the fundamental tensor G* (see, e.g., [12, (2.14), Lemma 2.11].

Next we turn to show the formula (4.7). In the case m > 2, such a formula
follows from [29, Proposition 4.2].

Let us now consider the case m = 2. Denote by ¢ the Fourier transformation of
g. Then by applying the Fourier transformation to the system (3.2) we obtain that

as |x| — oo.

(438) (¥ + G5 (y) + iyl (y) = e, ok =1.....m,

(4.9) G (y) - F ym G (y) = 0.

By (4.8) we deduce that

(4.10) Iy +a) (G (y), - G () +iyIL(¥) = 1, k=1,...,m,

where || - || denotes the usual norm in C™. In addition, the divergence type equation
(4.9) shows that the inner product in C™ of the vectors (ly[*+a)(G%.(y), -, G2 (y))

and iyﬁk (y) is equal to zero. Consequently, the relation (4.10) implies that
Iy [* + ) (G-, G (W < 1,

and hence
~ 1
4.11 & < —
( ) | jk(y)| = |y‘2+a
In the case @ = 0 we obtain the relations
~ 1
(4~13) |gjk(}’)| < W

In addition, by a straightforward computation based on the relations (4.8) and
(4.12) we obtain that

3Recall that G* is the fundamental tensor of the Brinkman system in R™ (m > 2).
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In addition, the relations (4.11), (4.13) imply the inequality

o ()~ Goy)| <minf 2
059~ Gt < min {5 oy |

Therefore, in the case m = 2 and for any p € (1,2), we obtain that
(4.14) (gA;ék - éjk) e LP(R?), ysye (gA;ék - éjk) e LP(R?), £,s = 1,2.
Let p’ > 2 such that % + L = 1. Then the relations (4.14) imply that

P
(4.15) 00(G5), — Gjk) € L”(R?), 050¢(Gx — Gjr) € LP (R?)
(see, e.g., [11, Theorem 1.18.8]).

Now we consider a function ¢ € C°°(R?) such that ¢ = 0 in a small neighborhood
of the origin, and ¢p(x) = 1 for |x| > 1. Since p’ > 2 and 9,G(x) = O(|x|™1),
050,G(x) = O(|x|~2) as |x| — oo, we deduce that pJ; % € L’f/ (R?). Since p’ > 2,
[10, Theorem 6.7] shows that 9,G% (x) — 0 as |x| — oco. On the other hand, by
considering for each k = 1,2 the functions u := (9,G¢, 0,GS,) and 7 := IIj, we
deduce that (u, ) is a solution of the Brinkman system (3.1) in the exterior of the
unit ball B := {x € R? : |x| > 1}, which vanishes at infinity. Then by applying
Proposition 4.2 to such a solution, we obtain the Green representation formula

(4.16) U = Wprawon: (Trpett) + Visaon: (ag; 5o (1, w)) in B,
and

/ (Trpeu,v)do = 0.
|x|=1

Finally, by (4.16) and the behavior of the single- and double-layer potentials of the
Brinkman system at infinity we obtain the asymptotic formula u(x) = O(|x|~?2) as
|x| — oo, and the proof is complete. O

The next result shows that any bounded solution of the Brinkman system in the
exterior of a compact set in R vanishes at infinity (up to a constant pressure).

Proposition 4.4. Let ® C R™ (m > 2) be a compact set and o > 0. Let (u, ) be
a bounded solution of the Brinkman system (3.1) in R™\D. Let 8 be a multiindex.
Then there exists a constant o such that
u(x) = 0, 7(xX) = T as x| = 00, m > 2,
107 (m(x) = oo )| = O(|x[>~™7171) |0 u(x)| = O(|x[* ™), m > 2,
|07 (m(x) = 7o) = O(|x[' ="~ 17), |0Pu(x)| = O(|x|™™),  m =2,
Proof. Let ¢ € C*°(R™) such that ¢ = 0 in a neighborhood of ® and ¢ = 1 outside
a compact set which contains ®. Also let

(4.17) f:=—[A(pu) —apu — V(pr)], g¢:=divu.

as |x| — oo.

Let E be an (m + 1) x (m + 1) matrix type function with the entries

Eji =G5, jk=1,..m,

Gl = Emyry =1, 7=1,...,m,
a In %I’ m =2,
Eni1my1(x) = 6o(x) + — ‘x‘l>—7n
o =5 s m> 2.
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Now, we define the fields

(4.18) (v(x),p(x)T = /

E(x —y)(f.g) " dy.

m

Since E is a fundamental solution of the Brinkman system —[Aw — aw — V7] = F,

div w = G by [12, §2.1], and v is a Newtonian potential for the Brinkman system
in R™, we deduce that
(4.19) f=—-[Av—-—av—-Vp], g=divv.

By (4.17) and (4.19) the pair (w, p) := (v—¢u, p—¢m) is a solution of the Brinkman
system (3.1) in R™. Then by Lemma 4.1 all entries wy,...,w,, and p are polyno-
mials. In addition, since (w(x), p(x)) = o(|x]) as |x| — oo by Lemma 4.3, there
exist constants wo, € R™ and mo € R such that w = wo,, p = 7 in R™. But
0 = Aw —aw — Vp = —aw,, and hence wo, = 0. On the other hand, the
boundedness of p at infinity yields that

/ g dy = 0.

Then, by using again Lemma 4.3, we obtain that

(4.20) | llim v(x) =0, ‘ llim Vv(x) =0, ‘ llim p(y) =0.
Now, by means of the relations (4.20), w = 0 and p = 7 in R", and (w,p) =
(v — pu,p — ¢m), as well as the fact that ¢ = 1 outside a bounded set, we deduce
that

lim u(x)=0, lim Vu(x)=0, lim 7(x)= meo.

[x|—00 [x|—o0 |x|— 00
Moreover, Lemma 4.3 implies that
u(x) = O(|x|'=™), Vu(x) = O(x| ™) for m = 2,
Vu(x) = O(|x|*™™) for m > 2
Let r > 0 sufficiently large. Let Q, := {y € R™ : |y| > r}. By Proposition 4.2, u
and 7 can be written as

as |x| — oo.

(4.21) u = Wgpaoe, (Tro,u) + Viraon, (0.q, (0.7) in Q,
(422) ™= QdBr;a;BQT (TrQT u) + QSBr;a;OQT (aS;QT (11, ﬂ-)) in Q'f“'
In addition, if m = 2 then
(4.23) / (Trq,u,v) do = 0.

o9,

Finally, by Lemma 3.3 and the formula (4.22), we obtain that
9Pr(x) = O(|x|* ™ 1P1) as |x| — oo, m > 2.
However, if m = 2 then Lemma 3.3 and the formulas (4.21) and (4.22) imply that
0%m(x) = O(x|'""" 1), u(x) = O(]x| ™) as |x| — oo.

The remaining part of Proposition 4.4 can be obtained by an induction argument,
which we omit for the sake of brevity. O

Next we provide the Green formula for an L?-solution of the Brinkman system
and of the Oseen system, respectively.
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Lemma 4.5. Let Q CR™ (m > 2) be an open set with compact Lipschitz boundary
and the exterior unit normal v. Let (u,m) be a solution of the Brinkman system
(3.1) in Q, such that u*,(Vu)*,7* € L?(09Q) and there exist the nontangential
limits of u, Vu and 7 at almost all points of 0. In addition, if Q is unbounded,
we assume that u(x) — 0, m(x) — 0 as |x| — oo. Then (u, ) satisfies the following
Green formula

(4.24) (Trou, d).q(u, 7)) do = / {2|@u|2 i a\u‘Q} dx.
oQ Q

Proof. First we assume that € is bounded. Let {€2;};>1 be a sequence of open sets

as in Lemma 3.5. For each €2; the Green formula (4.24) holds. Then by means of

the Lebesgue Lemma we obtain the formula (4.24) for €, as well.

Now we assume that 2 is unbounded. Let r > 0 be sufficiently large. Then the
formula (4.24) holds for the bonded set €2, := QN B(0;7). Finally, letting r — oo
in such a formula and by means of Proposition 4.4 we also get the Green formula
(4.24) for the unbounded set €2, and the proof is complete. O

Lemma 4.6. Let Q@ CR™ (m > 2) be an open set with compact Lipschitz boundary.
Let v be the exterior unit normal to 0. Let A € R. Let (u,m) be a solution of
the Oseen system (3.25) in Q, such that u*, (Vu)*,7* € L?(99Q) and there exist the
nontangential limits of u, Vu and 7 at almost all points of 0. In addition, if ) is
unbounded, we assume that u(x) — 0, 7(x) — 0 as |x| — co. Then (u, ) satisfies
the following Green formula

(4.25) / (Trou, 9).(u, 7)) do = 2/ |Vu|?dx.
aQ ’ Q
Proof. The formula (4.25) follows by means of Lemma 3.9 and [28, Lemma 6.2]. O

Next we show the uniqueness of an L?-solution of the crack type transmission
problem (2.5)-(2.9).

Proposition 4.7. Let g € (1,00). Let ((up,7p), (uomo)) be an Li-solution of the
homogeneous crack type transmission problem (2.4) —(2.9). If Qp is unbounded, we
assume that up(x) — 0, mp(x) — 0 as |x| — co. If Qo is unbounded, we assume
that up(x) — 0, To(x) — 0 as |x| — 0. Thenup =0 and 7 =0 in Qp \ Ses,
up =0 and 7o =0 in Qo.

Proof. First, we consider the case ¢ > 2. In view of the fact that ((up, 75), (uom0))
is a solution of the homogeneous transmission problem (2.5) — (2.9), we obtain the
boundary conditions

Tro,up = Tro,up on S;f, Tr, up = Tro,\wyuB = up on owp.

Remember that vp is the exterior unit normal to g on S;¢, and the exterior unit
normal to wp on dwp. Then by applying Lemma 4.6 for (up,mo) in Qp, and
Lemma 4.5 for (up,7p) in wp and Qp \ Wp, respectively, and adding the resulting
formulas, we obtain

0:/ <Trgouo, 883;93 (up, WB)—COQ’,\B;QO (uo, 7ro)—|—hBTrQBuB+hoTrQOuo> do
0o

+ /8 <TrwBuB,8SB;wB(uB, TB) — 083;93\53 (up,7) + (h4 + h,)TrwBuB> do
wB
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=co / 2|v110|2 dx + / <(hB + ho)TI‘QouO, TI“QOIIO> do
Qo Siy

+/ (209 + afusl?) dx+/ (hs +h_)Tro,up, Tro, up) do.
Qp\Scn ¢B
Therefore ug = 0 in Qg and Vup = 0 in Qo. The second relation implies that
up is linear on each component of Qo (see [27, Lemma 3.1]), and hence up is a
harmonic function. Then by the transmission condition Tro,up = Trq,up = 0
on 0Qp. If Qp is unbounded then up(x) — 0 as |[x| — oco. By the maximum
principle we obtain that up = 0 in Qp. In addition, the Brinkman and Oseen
equations imply that the functions wg and 7w are locally constant in Qg and Q0,
respectively. Since up = 0, the crack type condition (2.9) implies that 75 has no
jump on the crack S.p, and the transmission condition (2.7) yields that 75 = como
on the interface S;5. If Qo (Qp) is unbounded then mo(x) — 0 (7p(x) — 0) as
|x| — oo, respectively. Consequently, we deduce that 75 =0 in Qp and 7o =0 in
Qo.

Let now 1 < ¢ < 2. It is sufficient to prove that ((ug,7p), (uom0)) is an L*-
solution of the homogeneous crack type transmission problem (2.4) — (2.9). Denote

g :=up, f= 35,,5(11077@) on 09,
P = [up]4, v = [81,03 (up,7m8)]+ — [898(u3,7r3)], on Owp.
Then up = g on S;¢. Since hy =h_ =0 on IQ\ S.p we have
(4.26) W+ (hy +h )®=0.
(2.7) gives 9y, (up,mp) = —cof — (ho +hp)g on Sif. According to Proposition 4.2

(4.27) up = WpBri0:0058 — €OV Bria;00sf — VBraoas (ho +he)8+ Vria0ws ¥,
(4.28) mp = QdBr;a;BSZBg = coQpr.a:005f = QBrava, (ho +he)g+ Qb .a.00, Y-
If we go to dwp in (4.27), we obtain

(4.29) ®~Wpgra0058+c0VBra.o0sf+Virasas(hot+hs)g—Vpraow; ¥ = 0.
According to Proposition 3.10

(4.30) uo = Woer0008 + Vosiaso0o T,

(4.31) o = Q%S;A;aszog + Qq,f-
If we go to S,y in (4.27) and (4.30) we obtain

1
g= ig + KBT‘;OL;BQBg - COVBT‘;OL;BQBf - VB’I”;O(;(?QB (hO + hB)g + VBr;a;awB‘Ila

1
g =g+ Kosr0008 + Vosro0of.

2
Multiply the second equation by ¢, and add to the first equation. (Remind that
VBT;a;BQB = VBT;(X;@QQ) KBT;oz;BQB = _KBT;(X;aQQ')
(4 32) - l-zco g — KBT;a;SQog + COKOS;)\;SQog + co (VOS;)\;aﬂof - VBT;a;BQo f)

_VBr;agaﬂg (hO + hB)g + VBT;a;BwB‘I’ =0.

Calculating the conormal derivative from (4.30), (4.31) we obtain

1
(433) f= DOS;)\;aQog + if - K/Os;)\;aﬂof'
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Define
TI(‘Ila(I)agaf) = ‘Il+<h’++h—)¢?
TQ(‘Ila éa g, f) = & WBT;a;@QBg + COVBT;Q;BQBf + VBT;a;&QB (hO + hB)g
_VBr;a;BwB‘Ilv
TS(‘I’a (Pa g, f) = _H_Tcog - KBT;a;@QogCOKOS;)\;OQog - VBT;a;@QB (hO + hB)g
+co (VOS;)\;BQof - VBT;a;BQO f) + VBr;a;BwB \I’a
T4(\Il)@7g7f) = DOS;A;BQOg_ %f_KIOs;)\;aQOf
Then T = (T4, T, T3, Ty) is a bounded operator on LY(dwg, R™) x LI(dwp, R™) x
L1090, R™)x L1(0Q0, R™). Sobolev imbedding theorem and compactness of com-
plementary layer potentials force that 7' is a compact perturation of the operator
T = (Tl, TQ, T3, 114)7 where
Tl(‘Il7 ¢7 g, f) = ‘117
TQ(‘P’ @, g, f) =& - VBT;a;BwB\Ila

~ 1
TB(‘I’a @agaf) = - Rl

g+ (co — 1)Ko, g

- 1
T4(\Il7 q)7g7f) = DBQOg - §f - Klaﬂof

Since the equation ® — Vp,.q:00; ¥ = ¢ can be rewritern as ® = Vpr.a.00; ¥ + ¢,
the operator (T7,7T3) is an invertible operator on L9(dwg, R™) x LI(dwp,R™).
The operator Ty is a Fredholm operator with index 0 on LY(9Q0,R™) by [31,
Theorem 9.1.3]. The operator —%I -K (fmo is a Fredholm operator with index 0 on
L1020, R™) by [34, Theorem 9.1.11]. Since the equation DaQOg—%f—K(’r_)QOf =g
can be rewrtitern as —%f—KéQOf = ¢—Dpq, g the operator (T3, Ty) is a Fredholm
operator with index 0 on L{(09Q0,R™) x L1(0Q0,R™). Since T is a Fredholm
operator with index 0 and T-Tis compact, the operator T is a Fredholm operator
with index 0 on LY(dwp,R™) x L{(Owp,R™) x Li(0Q0,R™) x L1(0Q0,R™) for
arbitrary 1 < ¢ < 2. Since T(¥,®,g,f) = 0 by (4.26), (4.29), (4.32) and (4.33),
we have (¥, ®, g, f) € L2(dwp, R™) x L2(dwp, R™) x L2(9Q0, R™) x L2(0Q0, R™)
(see [26, Lemma 5] or [341]). The representation (4.27), (4.28), (4.30), (4.31) gives
that ((up,7p), (uo,To)) is an L2-solution of the transmission problem.

O

4.2. Existence of a solution of the crack type transmission problem. Next
we are concerning with the existence of a solution of the crack type transmission
problem (2.4)-(2.9). We determine a solution of such a problem, which vanishes at
infinity, in the form
up = WBr;a;BQBq) + VBr;a;@QB\II + WBr;a;@wBT + VBr;a;BwB ea
d ‘ d :
™ = QBr;a;GQB@ + Q]gBr;a;BQB\II + QBr;a;é)wBT + Q%r;a;awg®7
up = V‘gos;,\;agB P+ Vosro0, P,
70 = Qbsn00, P + QOsn00, ¥
with unknown densities (®,¥,Y,®) € X,, where
(435) Xy 1= LU(Sip, R™) x LA(Sip, R™) X LY(Se, R™) x L4(S,, R™).
If m =2 and Qp is unbounded we require that (®, ¥, Y, ®) € Y, where

(4.34)

cB

(4.36) Yy = {(‘I’,‘Iﬁ’f,@) S / (®,v,)do —‘r/ (®,v,)do = 0} .
Sif S
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Note that the potentials Wosx005®, Vosinoas ¥, Qbsro0, P Qbsron, ¥ are
analyzed in (2o, i.e., outside their reference set 25. The potentials Wg;.q;00; P,
Vira00; P, QdBr;a;BQB'iI), Qbr.a.00, ¥ are well-defined and infinitely differentiable
in a neighborhood of S.p, i.e., strictly inside their reference set 2. The potentials
Wgria:0ws X5 VBria;:0w: ©, QdBr;a;8w3T7 Q%r;a;mB@ are well-defined and infinitely
differentiable in a neighborhood of S;¢, i.e., strictly outside their reference set wp.
By imposing the transmission and crack type conditions (2.6)-(2.9)) and the re-
quired boundary behavior to the layer potential representations (4.34), we deduce
that (up,7p,u0p,7o) is an L%-solution of the crack type transmission problem
(2.4)-(2.9) if and only if

(437) TO‘;)‘((I)leI,'rv(-)) = (gifafif,ch;ch)v

where 7oA = (T2, TS, ’]})a;’\, T,*) is a bounded linear operator on X,, having
the following entries

(4.38)
T8, 9. Y, 0) = (314 Kpra00s) @+Vrao0s T+ Weraows T+ Veraow, ©
— [(—%H + KOS;)\;QQB) P+ VOS;A;aQB‘I’:I ’
7’20‘;)\(‘1’7 ‘I’, T7 @) = ]:)Br;a;aQB(p + (%H + K;Br?o‘?aQB) v

MBB;SQB (WBr;a;awB Y+ Vera;005 0, QdBr;a;f%B T+Qg“’3 6)
—Co [( - %]I + KlOs;x\;@QB) v+ DOS;)‘;GQB (I)}
+hp ( (%H + KBr;a;OQB) @+ VBria:005 ¥ + Waraows T

-I-VBr;a;BwB@) +ho [(_%H + KOS;/\;BQB) e+ VOS;)WaQB@] ’
TN @, ¥, Y, 0) =T,
Zlav\(@, ¥ Y, 0)=0+ (hy +h) (VBr;a;acm ®+WBT%0%59B'I)+VB“0“893‘P>
+hy (%H + KBr;a;awB) Y+ h ( - 30+ KBr;a;BWB) T

Note that 7%* is a linear operator on X, as we have hy = h_ =0 on 0w \ S¢p.
In addition, we mention the following useful result.

Lemma 4.8. Let X, Y be Banach spaces, T : X — Y be a bounded linear operator.
If T is a Fredholm operator with index zero then there exists a finite-dimensional
linear operator P : X —'Y such that T + P is an isomorphism.

Proof. Let Xo = {x € X : Tx = 0}. According to [38, Lemma 5.1] there exists a
closed subspace X7 of X such that X = Xy ® X;. Denote by P; the projection of
X onto X along X;. Since the index of T is 0 there exists a subspace Z of Y of the
same dimension like X such that Y = Z@T(X). Then there exists an isomorphism
P, of Xy onto Z. Let P := P, o P;. Since P is a compact operator, the operator
T+ P: X — Y is Fredholm with index zero. Assume now that (T'+ P)z = 0.
Since Pr € Z and Y = Z & T(X), we deduce that Tz = 0, Pz = 0. Since Tz = 0,
we have © € Xy. Therefore, 0 = Px = Pyx. Since P, : Xo — Z is an isomorphism
we deduce that x = 0. Therefore, T+ P : X — Y is a Fredholm operator with
index zero and trivial kernel, and hence such an operator is an isomorphism. (Il

Proposition 4.9. Let X, and Y, be the spaces defined in (4.35) and (4.36). Then
there exists qo > 2 such that for any q € (1,qo) the operators T : X, — X, given
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by (4.38) is an isomorphism. If m = 2 and Qp is unbounded then T : Yy — Yy
is an isomorphism. If the interface S;y is of class C! then qy = co.

Proof. First we show that there exists gy > 2 such that the operator 7% : X, — X,
is Fredholm with index zero for all ¢ € (1,qo). In fact, by [34, Theorem 9.1.11,
Theorem 10.5.3] and [25], there is go > 2 such that 521+ (1 —co)Ky,, : Xy — X,
is a Fredholm operator with index zero for any ¢ € (1, gp). Moreover, if S;; is of C*
class, then gg = co. Let ¢ € (1,¢p). By Lemma 4.8 there exists a finite-dimensional
linear operator P : X; — X, such that $52T + (1 — ¢o)K§,, + P : X; — X, is an
isomorphism. Then define the operator 7 = (71,72, 75, 74) by

7—1(¢7 @’ T? (-)) = ¢7
75(‘1’, \I’, T, @) [H_TLO]I + (1 - CO)K:‘jQB + P] v+ DBr;a;OQB¢ - CODOS;)\;OQB(I)a
(2,0, Y,0)=",
T.(®,0,Y,0) =0 + h, (%11 n KBr;a;awB)r Y ( ~ 11+ KBr;a;awB)T.

Since hy = h_ =0 on 90\ S.p, the operator 7 is linear and bounded on Aj.

Further, observe that the equation 7 (®, ¥, Y, 0) = (A1, Aa, A3, Ay) is equiva-
lent to ® = Ay, [1520+(1—co)K{,, +P]¥ = Ay —Dgria00, A1 —coDosnoens A,
T=A3 0 =A,— h+(%]1 + KBr;a;SwB)AS - h,(—%]l + KBr;a;BwB)AB- Therefore,
T : X, — X, is an isomorphism. Next we show that the operator 7%* : X, — X,
is a Fredholm operator with index 0. To this purpose, note the useful relations

(7—1(1;)\ - 71)(4)7 ‘Il; T, 6) = (KBr;a;BQB - KOs;a;BQB) P + WBr;a;BwB Y
N +VBr;a;6wB®+(VBr;a;SQB _VOS;)\;GQB)‘II7
(L —T)(@,%,X,0) = [(Kpo00, —Kons) — 0(Koga00, —Koas)| ¥
+8BB;8QB (WBr;a;awB T+VBT§Q§8WB o, QdBr;a;awB Y

+Q(%u3®) + hB( (%]I + KBr;a;@Qg) P + VBr;a;(')QB‘I’
+WBr;a;6wBT + VBr;a;@wB 6)
+ho [(—31+ Kospoas) @ 4 Vosinea, ©] — P¥,

(7;,&;/\ - 73)(¢7 ‘I’a Ta 6) = 07

(T2 = T)(®,9.7,0) = (hy +h-) (Variai0ws © + Wenoso0, ® + Veraon, ¥).

The operator 7 — T : X, — X, is linear and compact, as the Sobolev imbed-
ding theorem and compactness of complementary potentials show (see Lemma
3.2, Proposition 3.4, Proposition 3.6 and Lemma 3.14). Therefore, the operator
TN X, — &, is Fredholm with index zero, as well.

Let G C R™ be a bounded open set with Lipschitz boundary. Let ¢ € LY(0G,R"™).
By the divergence theorem we obtain the equality

1
/ <(2H + KBr;a;@G) 2 VQ> do = / <TI'G (WOS;A;8G<)0) 7VG>dU = 0.
oG oG

In addition, we have the equality

1 1
/ <(—2]I+KBr;>\;8G> <P7Va>d0 2/ <(2H+KBr;a;8G) ‘P’”c>d0
oG oG

(4.39) f/ac (p,v,) do = f/aG (p,v,) do.
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Therefore, (—31+ Kgy;n06) ¢ is orthogonal to v, if and only if ¢ is orthogonal to
V. Similar results hold for (£1I+ Kg;0s) ¢

Now we turn to show that the operator 7 : X, — A} is one-to-one. For this
purpose, assume that (®, ¥, Y, 0) € X, satisfies the equation 7*(®, ¥, Y, 0) =
0. Then ¥ = 0. Let ((up,7p), (uo,mo)) be the layer potentials defined as in
(4.34). If Qp is bounded or m = 3 then ((up,7p), (uo, 7)) is an Li-solution of
the homogeneous crack type transmission problem (2.4)-(2.9), which vanishes at
infinity. By Proposition 4.7 we obtain that ug = 0, 75 = 0 in Q5 and up = 0,
7o = 0 in Qp. Suppose now that m = 2 and Qg is unbounded. Then

1 1
(2H+ KBr;a;@QB> e = <_2H + KOS;A;Z’QB> &

- VBr;a;BQB‘I’ - VBr;a;ang + VOS;)\;OQB v

on S;¢. The divergence theorem implies that the right-hand side in the above
equality is orthogonal to v on S;y. Then by the orthogonality result above (4.39),
® is orthogonal to vp on S;¢. Therefore ((up,75), (uo,70)) is an L?-solution of
the homogeneous crack type transmission problem (2.4)-(2.9), which vanishes at
infinity. By Proposition 4.7 we obtain that ug = 0, 7 = 0 in Q5 and up = 0,
7o = 0in Qp.

Since ugp = 0, 7 = 0, the crack type condition (2.9) implies that ® = 0. Let
us define the layer potential

vB = WBra:00; ® + VBra.00, ¥

4.40 s
(4.40) P5 = Qfras00, ® T Qbrann, ¥

in R™ \ Sif,
vo = Wosr.005® + Vos a0, P
Po = QdoS;A;aQB‘I’ + Qdsn00, ¥
We turn to show that vg = 0, pp = 0, vo = 0, po = 0 on R™ \ S;;. To this
purpose note that ¥ =0 and ® =0 imply vg =up =0, pp =75 =01in Qp, and
vo =up =0, po = 1o = 0in Qp. In addition, the jump formulas of the boundary
layer potentials and their conormal derivatives imply that

(4.41) in R™ \ Si;.

(4.42) Tro,ve = Tro,ve — Trq,vp = -9,

(4.43) & .00 (VB pB) = 0.0, (VB TB) — 000, (VB,PB) = -,
(4.44) TI'QBVO = TI'QBVO — TI‘QOVO = ‘I>7

(4.45) 8.0, (v, p0) = 0,0, (vo,m0) — 0,0, (Vo,p0) = ¥.

In addition, if Qp is bounded then the Divergence Theorem gives

/ <¢’,VB> do :/ <TI‘QBVB,Z/B> do = 0.

oNp o0p

Now the relations (4.42)-(4.45) show that (vp,pp, vo,po) is an Li-solution of the
transmission problem
(A — a]I)vB — VpB = 07 div VB = 0 in Qo,
(A — Aal)(*Vo) - V(fpo) = 0, div Vo = 0 in QB,
TI‘QOVB - TI‘QB (7V0) =0 on Sl'f,
8.0, (VB,pB) — 0,0, (—Vo,—po) =0 on S,
which vanishes at infinity. Then by Proposition 4.7 we obtain that vg =0, pp =0
in Qp, and —vp = 0, —po = 0 in Qp. In addition, the relations (4.44), (4.45)

(4.46)
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imply that ® = 0 and ¥ = 0. Consequently, the Fredholm operator of index zero
TN X, — X, is one-to-one, and hence an isomorphism.

Finally, we analyze the case m = 2 and Q2 unbounded. Let us suppose that
((1’7 v Y, @) S yq. Put (gifa fif, gcB, ch) = TQ;A(Q, v, T, G‘)) If (l.lB7 TB,Uu0, 7T0)
is given by the formula (4.34) then (up,7p,u0, 7o) is a solution of the problem
(2.4)-(2.9) vanishing at infinity. Proposition 4.2 implies that

/ (Tro,up,vB) da—l—/ (g.B,vB) do = 0.
BQB SCB

In addition, by the Divergence Theorem we obtain the equality
/ <TFQOU.O, Z/B> do = 0.
o0p

Subtracting the above equalities we obtain that (g;s,fir,gcn,fc5) € V,. Since
TMNY,) C Yy and T** :© X, — X, is an isomorphism, we conclude that the
operator T : Y4 — Y4 is an isomorphism, as asserted. ([

The main result related to the transmission problem (2.4)-(2.9) is given below.

Theorem 4.10. Let Qp, 2o C R™ (m € {2,3}) be open sets with compact Lipschitz
boundaries, such that Qg # 0, QpNQo =0 and QpUQo = R™. Let Sy := 00p =
INo. Let wg C R™ be a bounded open set with a closed Lipschitz surface Owp.
Let S.g C Owp be closed. Then there exists a number qo > 2 such that for any
q € (1,q0) the following properties holds.

(1) Assume that Qp is bounded.

(a) Then there exists an Li-solution of the crack type transmission problem
(2.4)-(2.9) if and only if (gir. fir. 8en. fen) € Xy

(b) Let (gif.fir,8cn.fcB) € Xy be given. If ((up,7B),(uo,m0)) is an
Li-solution of the problem (2.4)-(2.9), then there exist two constants
U € R™ and moo € R such that up(x) — Ux, To(X) — Teo S
|x| — oo.

(¢) Let uso € R™ and moo € R be given. Let (®,¥, Y, O) be equal to

(Ta;k)il(gif + U, fzf - CO(,/TOOV + )\Vluoo) - hOuoovcha ch)v

where T is the isomorphism (4.38). Let ug, g, up and mo be the
layer potentials given by (4.34). Let vo = up + Uso, PO = TO + Too-
Then ((up,7B), (vo,po)) is the unique L1-solution of the crack type
transmission problem (2.4)-(2.9), such that

Vo (X) = Us, Po(X) = Moo as |x| — o0.

(2) Assume that Qp is unbounded.

(a) Ifm = 3 then there exists an L1-solution of the crack type transmission
problem (2.4)-(2.9) if and only if (8¢, fif, 8, feB) € &y.

(b) If m = 2 then there exists an L-solution of the crack type transmission
problem (2.4)-(2.9) if and only if (gis.fir, 8, feB) € V.

(¢) Let (gis,fif. 8en,fe) € Xy be given. In the case m = 2, we assume
that (gir.fif, 8en,fen) € V. If (up, 75), (W0, 70)) is an L7-solution
of the crack type transmission problem (2.4)-(2.9), then there exists a
constant oo € R such that mp(X) — 7o as |x| — 0.
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(d) Let moo € R be given. Let
(Qu ‘1’7 T? G)) = (Ta;k)_l(gifa fzf + MooV, 8¢B)> ch)~

Letup, mp, up and 7o be the layer potentials given by (4.34). Also let
pPB = 7o + Too- Then ((up,pn), (uo,m0)) is the unique Li-solution
of the crack type transmission problem (2.4)-(2.9), such that

pB(X) = Teo as |x| — o0.
(3) If Siy is of class C then gy = .

Proof. The results of Theorem 4.10 follow by means of Proposition 4.9, Proposition
4.7, Lemma 3.9 and Proposition 4.4. O
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