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Abstract

We study an hydrodynamical model describing the motion of thick astrophysical disks relying
on compressible Navier-Sokes-Poisson system and we also suppose that the medium is electrically
charged and we include energy exchanges through radiative transfer. Supposing that the system is
rapidly rotating, we study the singular limit of the system when the Mach number, the Alfven number
and Froude number go to zero and we prove convergence to a 3D incompressible MHD system with
radiation with two stationary linear transport equations for transport of radiation intensity.
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1 Introduction

Our motivation in this work is the study of the equations describing objects called “accretion disk” which
are quasi planar structures observed in various places in the universe. From a naive point of view, if a
massive object attracts matter distributed around it through Newtonian gravitation in presence of a high
angular momentum, the matter is not accreted isotropically around the central object but forms a disk
around it. As the three main ingredients claimed by astrophysicists for explaining the existence of such
objects are: gravitation, angular momentum and viscosity (see [22] [26] [27] for detailed presentations),
a reasonable framework for their study seems to be a viscous selfgravitating rotating fluid.

In previous works we derived thin disks models [8] [9] corresponding to limit domains Q. = w x (0,¢)
for £ — 0. In the present one we consider a thick model where € is no more small and replaced by 1 in
the sequel.

The mathematical model we consider is basically the compressible heat conducting MHD system [5]
describing the motion of a viscous charged fluid confined to the thick disk Q = w x (0,1), where w € R*
is a 2-D domain, moreover as we suppose a global rotation of the system, some new terms appear due to
the change of frame and we also suppose that the fluid exchanges energy with radiation through radiative
transfers (see [5] [7]).



More precisely, the non-dimensional system of equations giving the evolution of the mass density ¢ =
o(t, ), the velocity field @ = @(t, ), the (divergence free) magnetic field B = B(z,t), and the radiative
intensity I = I(z,t,d,7) as functions of the time ¢ € (0,7'), the spatial coordinate x = (z1,2z2,23) € Q C
R?, and (for I) the angular and frequency variables (&, 7) € S? x R, reads as follows

0o+ divy (o) =0 in (0,T) x €, (1.1)
O¢(0t) + div, (0@ ® @) + Vap + oY X @

=div,S+ oVU — oV, |[¥x Z>+7x B in (0,T) x €, (1.2)

y (0€) + div, (geit) + dive@=S: Vil — pdivei + j - E — Sg  in (0,T) x Q, (1.3)
1

“HI+&-V,I=8 in(0,T)xQx (0,00) x S%. (1.4)
c

0, B + curly (B x @) + curly (A curl, B) = 0 in (0,7) x Q. (1.5)

—AV =47G(ne+g) in (0,T) x Q. (1.6)

In the electromagnetic source terms, electric current ; and electric field E are interrelated by Ohm’s law
j=0o(E+1ix B),

and Ampeére’s law .
(j = curl, B,

where ¢ > 0 is the (constant) magnetic permeability.

In (1.6) ¥ is the gravitational potential and the corresponding source term in (1.2) is the Newton
force pVW. G is the Newton constant and g is a given function, modelling an external gravitational effect.
Supposing that p is extended by 0 outside ) we have

U(t,x) = G /Q K(x — y)(net, y) + 9(y) dy,

where K(z) = |i—|, and the parameter n may take the values 0 or 1: for n = 1 selfgravitation is present

and for n = 0 gravitation only acts as an external field (some astrophysicists consider selfgravitation of
accretion disks as small compared to the external attraction by a given massive central object modeled
by g [27]).

We also assume that the system is globally rotating at uniform velocity x around the vertical direction
e3 and we note ¥ = xe3. Then Coriolis acceleration term oX X u appears in the system, together with
the centrifugal force term oV, |Y x Z|? (see [3]).

In (1.5) A = A(¥) > 0 is the magnetic diffusivity of the fluid.

Observe that we consider here the simplified model studied in [11] where radiation does not appear
in the momentum equation. Only appears the source Sg in the energy equation

o0
Se(t, ) :/ / S(t,z,d,v) dd dv.
s2.Jo
The symbol p = p(p,¥) denotes the thermodynamic pressure and e = e(p,¥) is the specific internal
energy, interrelated through Maxwell’s relation

de 1 Op
o= (e -035). (17)



Furthermore, S is the viscous stress tensor determined by
_ e 2. o
S=p|Vau+ V,u— gdlvmu +n div,a I, (1.8)

where the shear viscosity coefficient g = p(9) > 0 and the bulk viscosity coefficient n = n(J) > 0 are
effective functions of the temperature. Similarly, ¢’ is the heat flux given by Fourier’s law

q=—rVy1, (1.9)
with the heat conductivity coefficient x = k() > 0. Finally,
S =Sq.e+ 5, (1.10)
where

Sue = 04 (B(z/, 9) — 1), S, = o, (i - 1) . (1.11)

-1
In this formula I := = Js2 I(-,@) d& and B(v,9) = 2h3c? (e% -1 is the radiative equilibrium
function where h and k are the Planck and Boltzmann constants, o, = o,(v,¥) > 0 is the absorption
coefficient and oy = o4(v,9) > 0 is the scattering coefficient. More restrictions on these structural
properties of constitutive quantities will be imposed in Section 2 below.

System (1.1 - 1.6) is supplemented with the boundary conditions:

e

dlog =0, ¢-flaa =0, B -filag =0, E x iilag = 0, (1.12)

I(t,z,v,d) =0 for x € 99, J -1 <0, (1.13)

where 77 denotes the outer normal vector to 2.

Let us mention that there are already existing works in this field but not in the case of rotating fluid
with radiation. We can mention some of existing works. First one was done by Kukucka [18] when Mach
and Alpfen number go to zero in the case of bounded domain. In [25] Novotny and his investigated the
problem in the case of strong stratification. See also work of Trivisa et al. [19] or work of Wang et
al.[14],or works of Jiang et al.[16, 17, 15].

The paper is organized as follows.

In Section 2, we list the principal hypotheses imposed on constitutive relations, introduce the concept
of weak solution to problem (1.1 - 1.13), and state the existence result for our model. In Section 3 we
compute the formal asymptotics of the problem. Uniform bounds imposed on weak solutions by the data
are derived in Section 4. The convergence Theorem is proved in Section 5. Existence of a solution for
the target system is briefly given in the Appendix.

2 Hypotheses and stability result

We consider the pressure in the form

p(o,9) = 95/2P (793—9/2) + %1‘}4, a>0, (2.1)



where P : [0,00) — [0,00) is a given function with the following properties:

P e C'0,00), P(0)=0, P'(Z) >0 for all Z >0, (2.2)
Sp(z)-P(2)Z
0< 2 ()Z (Z) <cforall Z>0, (2.3)
. P(2)
ZILH;O 7575 = P > 0. (2.4)

After Maxwell’s equation (1.7), the specific internal energy e is

3 93/2 0 94

and the associated specific entropy reads

B 0 da 93
s(0,9) *M(W) ??7 (2.6)
with 5 ) "2)
33P(Z)-P(Z)Z
M(Z)=-=3 .
(2)=—5 73 <0

A new feature of the present paper (see below) will be the explicit introduction of the entropy for the
photon gas.

The transport coefficients u, 17, x and A are continuously differentiable functions of the absolute
temperature such that

0 < er(14+9) < u(), 1 (9) <ea 0<n(d) < el +9), (2.7)

0 <ci(14+9%) < k@), M) < ca(1+093) (2.8)

for any ¢ > 0. Moreover we assume that o,, o5, B are continuous functions of v, ¥ such that

0 < ou(v,9),05(v,9),|0904(v,9)|,|090s(v,9)| < e1, (2.9)
0 < o4(v,)B(v,9),|0s{ca(v,9)B(v,9)}| < ca, (2.10)
oa(v,0),05(v,9),04(v,9)B(v,9) < h(v), h € L*(0,00). (2.11)

for all v > 0, ¥ > 0, where c; 2 3 are positive constants.

Let us recall some definitions introduced in [10].

e In the weak formulation of the Navier-Stokes-Fourier system the equation of continuity (1.1) is
replaced by its (weak) renormalized version [4] represented by the family of integral identities

/OT/Q ((g + b(@))atso + (g + b(@))a‘. Vo + (b(g) - b’(g)g) div, i <p) da dt = —/Q (Qo—l—b(go)) @((;),1-;)(135



satisfied for any ¢ € C([0,T) x Q), and any b € C*°[0,00), ' € C[0,00), where (2.12) implicitly
includes the initial condition (0, -) = go.
e Similarly, the momentum equation (1.2) is replaced by

T
/ / ((gﬁ) ~Opp + (0U® 1) : Vg +p divey + (oX X ) - <p) da dt (2.13)
0o Jo

T
= [ [ (51 Vap = oVab = (7% B o 0¥l 0) do = [ (oo (0.) da
0

for any ¢ € C°([0,T) x ©;R?). As usual, for (2.13) to make sense, the field @ must belong to a certain
Sobolev space with respect to the spatial variable we require that

i e L*(0,T; W2 (9 R?)), (2.14)

where (2.14) already includes the no-slip boundary condition (1.12).

e The magnetic equation (1.5) is replaced by

T
/ / (é -0y — (B x @+ deurl, B) - curlwo) da dt —|—/ By - ¢(0,-) dz =0, (2.15)
0o Jo Q

to be satisfied for any vector field ¢ € D([0,T) x R?).
Here, according the boundary conditions, one has to take

By € L*(Q), div,By = 0 in D'(Q), By - iisq = 0. (2.16)

Following Theorem 1.4 in [30], By belongs to the closure of all solenoidal functions from D() with respect
to the L?—norm.
Anticipating (see (2.28) below) we see that

B e L>(0,T; L*(Q; R%)), curl, B € L*(0,T; L*(Q; R%))
and we deduce from (2.15) that
div, B(t) = 0 in D'(Q), B(t) - ii|aq = 0 for a.a. t € (0,T).
In particular, using Theorem 6.1 in [12], we conclude

B e L2(0,T; Wh(Q; R%)), div,B(t) =0, B -ii|sq = 0 for a.a. t € (0,T). (2.17)
e From (1.2) and (1.3) we have the energy conservation law
1 1 5 1 -
at(§g|6|2+ge+ﬂ|3|2>+divx((§Q|ﬁ|2+ge+p)ﬁ+ExB—Sﬁ—i—(j’) = OV Ui+ oV, | Yx |2 i—Sp. (2.18)

Let us rearrange the right hand side. (
As the gravitational potential ¥ is determined by equation (1.6) considered on the whole space R3,
the density o being extended to be zero outside {2 we observe that fQ oV, VUi de = f%% fﬂ oV dzx.



In the same stroke u}%z oV X x & i de = —L L [ o|¥ x #|? da.
Denoting now by E** the radiative energy given by

1 oo
ER(t,z) = = I(t,z,&,v) d3 dv, (2.19)
€ Js2Jo

and integrating the radiative transfer equation (1.5), we get

at/ER d:c+/ // / G-il(t,x,@,v) dv dd dS, dt:/SE d.
Q 0 Nx82, 3-7>0J0 Q

Using boundary conditions, we deduce the identity

d

1 1 = 1 1 o
— (—g|ﬁ|2+ge+—|B|27—g\Il+—g|>Z><:E'|2+ER) d:c+// / Gnl(t,z,d,v)dv dddsS, = 0.
at Jo \2 2% 2953 5 0
(2.20)

e Finally, dividing (1.3) by ¥ and using Maxwell’s relation (1.7), we obtain the entropy equation

OxS2, G-A>0

Ot (08) + div, (ost) + div, (%) =g, (2.21)

where ) o9 g
=3 (S:Vxﬁq.ﬂx +Z|curlx§|2> f?E, (2.22)
where the first term ¢, = (S 1Vt — W + %|curlx§ |2) is the (positive) electromagnetic matter

entropy production.
In order to identify the second term in (2.22), let us recall [1] the formula for the entropy of a photon
gas

st = f%/ / v?[nlogn — (n + 1)log(n + 1)] d&dv, (2.23)
C 0 S2

where n = n(I) = ;;—VIL, is the occupation number. Defining the radiative entropy flux

2k [
gt = 7_2/ / v? [nlogn — (n+1)log(n + 1) & dddv, (2.24)
C 0 S2
and using the radiative transfer equation, we get the equation
k [~ 1 n
R s =R - R
divy —— =1 S dddv =: ¢, 2.25
Ops™t + divyq h/o /‘Sﬂjogn_’_1 Bdv =: ¢ (2.25)

Checking the identity log n(B)  _ hv with B = B ¥, v) the Planck’s function, and using the definition
n(B)+1 — kv

of S, the right-hand side of (2.25) rewrites

CR:%_%/O‘”/SQ% [bg%_bg%] 0o(B — I) didy

ko[> 1 o n(I) o n(I)
’h/o /Sﬂ/[lgn(l)—i—l lgn(f)+1

os(I — 1) dddy,




where we used the hypothesis that the transport coefficients o, s do not depend on &. So we obtain
finally

Oy (QS + SR) + div, (Qsﬁ + q"R) + div, (%) =¢+P (2.26)

and equation (2.21) is replaced in the weak formulation by the inequality

T -
/ / ((gs + %) 0po + o5t - Voo + (% + - V;cgo) dr dt (2.27)
0 Jo

< - /(gs—f—s )o d:c—/ / (S Vi Zxﬁ—l—%kurlxéﬁ)(pdx dt
R AT T T L T AP P
[ L Pttt

for any ¢ € C(]0,T) x Q), ¢ > 0, where the sign of all the terms in the right hand side may be
controlled.

e Since replacing equation (1.3) by inequality (2.27) would result in a formally under-determined
problem, system (2.12), (2.13), (2.27) must be supplemented with the total energy balance

os(I —I) dddv| ¢ dzdz dt

1 1, = 1 1
/ Lol + ce(o.9) + |BP — Low + Loy x @2 + BR) (1, ) da (2.28)
o \2 2 2 2

T (o]
+/ // / &-nl(t,x,d,v) dv dd dS, dt
0 20x 82, &i>0J0

1 r .
:/ (—|(gu | + (0e)o |BO| —590‘110+§QO|X><30|2+E§) dz,
Q

1 (o)
= —/ / 1(0,z,4,v) d& dv.
¢ Js2Jo

Concerning the transport equation (1.4), it can be extended to the whole physical space R?® provided
we set o4(x,1,10) = 1o, (v,¥) and o4(x,v,9) = 1gos(v,d) and take the initial distribution Iy(x,d,v)
to be zero for z € R? \ Q. Accordingly, for any fixed & € §2, equation (1.4) can be viewed as a linear
transport equation defined in (0, T") x R3, with a right-hand side S. With the above mentioned convention,
extending u to be zero outside €2, we may therefore assume that both ¢ and I are defined on the whole
physical space R?.

Definition 2.1 We say that o, u, 7, B I is a weak solution of problem (1.1 - 1.6) if

where Ef' is given by

0>0,9>0 for a.a. (t,x) xQ, I>0 a.a in (0,T)x Qx S? x (0,00),

o€ L>=(0,T; L3(Q)), ¥ € L=(0,T; L*()),



i € L*(0,T; Wy (% R)),
¥ e L2(0,T; Wh2(Q)), 9 e L=(0,T;L*(Q))
B e L*(0,T; Wy * (4 R?)),
I€L™((0,T) x QxS x(0,00)), I €L>®0,T;LQ xS? x (0,0)),
and if 0, @, ¥, B, I satisfy the integral identities (2.12), (2.13), (2.27), (2.15), (2.28), together with the

transport equation (1.4).
The stability result of [7] reads now

Theorem 2.1 Let @ C R® be a bounded Lipschitz domain. Assume that the thermodynamic functions
D, €, s satisfy hypotheses (2.1 - 2.6), and that the transport coefficients p, A\, k, 04, and os comply with
(2.7 - 2.11).

Let {oe, ., V., B., I.}es0 be a family of weak solutions to problem (1.1 - 1.13) in the sense of Definition
2.1 such that

0:(0,) = 0c,0 — 00 in L3(Q), (2.29)
1, 1 -, 1 1.
_g€|u‘€| + 956(95,195)_|B5| - _QE\IIE + _QE|X X 1'| + ER,E (Oa ) dl‘ (230)
o\ 2 2 2 2

1 -
= [ (o (@o.cP + (@0 + Ero. ) d < B,
Q 290,5

/[955(95,195) + SR(IE)](O, ) de = / (0s + sR)Oﬁ dx > S,
Q

Q
and
0<1.(0,)) = Ip:(-) < Iy, [loe(-,v)| < h(v) for a certain h € L*(0,00).
Then
0c = 0 in Cyear([0, T]; L¥3(2)),
. — i weakly in L*(0,T; Wy *(Q;R)),
. — 9 weakly in L*(0,T; WH2()),
B. — B weakly in L*(0,T; WS’Q(Q;R3)),
and

I. — T weakly-(*) in L°°((0,T) x Q x 82 x (0,00)),

at least for suitable subsequences, where {o, i, 1, B, I} is a weak solution of problem (1.1 - 1.6).



3 Formal scaling analysis

In order to identify the appropriate limit regime we perform a general scaling, denoting by Lycf, Tref, Uref,

Prefs Orefs Drefs €refs Hrefs Arefs Kref, the reference hydrodynamical quantities (length, time, ve-
locity, density, temperature, pressure, energy, viscosity, conductivity), by Iyef, Vref, Oaref, Osref, the
reference radiative quantities (radiative intensity, frequency, absorption and scattering coefficients), by
Xres the reference rotation velocity, and by ey, Byres the reference electrodynamic quantities (perme-
ability and magnetic induction).

s " kpd 2hv3
We also assume the compatibility conditions prey = preferef, Vier = =L, Iref = —zF,
Ar L Ure U, Lye
A = —— and we denote by Sr := 7 —, Ma = ——L—  Re := ZrefPrefZvel - Pe =
refUref refUref \Pref/pres Href
UrefprefLre Upre : Z .
Zreflrefiref - pp.— —_Zref (€ := —°— the Strouhal, Mach, Reynolds, Péclet, Froude and “infrarela-
Drefhiref /Gpwaref Urey
Ures

tivistic” dimensionless numbers corresponding to hydrodynamics, by Ro := the Rossby number,

XrefLref
wfpl/QCl/? - 2k5 0%
by Al := w the Alfven number and by £ := Lycjoa ref, Ls = 2225, P 1= 2L — various
3 o’awf C” Pref€ref

dimensionless numbers corresponding to radiation.
Using these scalings and using carets to symbolize renormalized variables we get

Iref S,

S =
Lref

)

where )
§ = Lo (B0, D)~ 1) + £L,5, (— / i(,@) do — f) .
47 S2

Omitting the carets in the following, we get first the scaled equation for I, in the region (0,7") x Q x
(0,0) x &2

S 1

—T8,5[+4IJ’-V;CI:s:Eaa(B—I)—i—ﬁEsas —/ Ido—-1), (3.1)

C 47 S2

3

v
where we used the same notation B for the dimensionless Planck function B(v,9¥) = — I
ev —

Denoting also by E® = [, [;° I dv diJ, the (renormalized) radiative energy, by FR = Js2 o & I dvdas,
the renormalized radiative momentum, by sp = |, S2 fooo s dv dd, the renormalized radiative energy
— fo fs2 [nlogn — (n +1)log(n 4 1)] dddy, the renormalized radiative entropy with

source, by 5%

il~ I

n=n(l) = = — I3 Js2 V? [nlogn — (n+1)log(n + 1)]& diddy, the renormalized radiative
entropy flux, and taking the first moment of (3.1) with respect to &, we get first an equation for BTt

1 .

E 6tER+VxFR = SE. (32)
The continuity equation is now

Sr o + div (o) = 0, (3.3)
and the momentum equation
Sr 9y (otl) +div, (0id @)+ Ly ( 0)+ X X — div, S+ L ovw— — oV | XX+ L - B

r U v, (0U®U)+——= Vg — U= — div : T+ —=



The balance of internal energy rewrites

. . - o a?- 5
Sr 0y (ge + ’PER) + div, (Qeu + ’PCFR> + Pe div,q = R pdiv, i + 1z — - F
and we get the balance of matter (fluid) entropy
510, (gs) + div, (osid) + — div, (1) = (3.5)
10 (05) + divs (¢s7) + 5 dive { 5 ) =, .
with Ma? V. A S
1 a - 1 (7 T 512 E
== S: Vi —— —|curl, B —,
° 19<Re Vall = po =yt glaw |>+ )
and the balance of radiative entropy
S
% 9y sT + div, g™t = T, (3.6)
with - ) 0 (B)
n n
=L — |1 —1 (I — B) dud
A /Sw{ogn(f)ﬂ Ogn(B)—i—JU( ) diddy
+LL / / — log ——— I—1)dodv + —.
32’/[ +1 STy KO 9
The scaled equation for the electomagnetic field is
Srd, B + curly (B x @) + curly (A curl, B) = 0. (3.7)
The scaled equation for total energy gives finally the total energy balance
d Ma? 1 Md*1 5, 1Mad? 1 Ma?
Sr — |2 = ER - - U+ = X x @) d
Tdt/( p ol eet G BN+ —rr gl B F - el g Ry XX ) de
(o]
+”P/ / @ -1l dl'pdv = 0. (3.8)
Ly

In the sequel we analyze the asymptotic regime defined by
Ma=¢, Al=¢, Fr=¢"? C=¢c"1,

where € > 0 is small and we put Sr =1, Pe =1, Re=1, Ro=1,P =1, L = L, = 1 in the previous
system. Plugging this scaling into the previous system gives

1
58J+J5~VzIUG(BI)+JS<—/ Id@]), (3.9)
47 S2
dso + div, (o) = 0, (3.10)

1 1-
O (o) + div, (ot ® @) + 3 Vap(o,9) + oX x = div,S + — QV\II — oV |X x T* + 2]’ x B (3.11)

10



O (ge + EER) + div, (Qeﬂ'—i— FR) +div,qd = &S : Vi — pdivxﬁ—i—j- E (3.12)

O (gs + ESR) + div, (Qsﬁ—i— (j’R) + div, (%) > G, (3.13)
with T
C=y < 2§ Vil L 1995 + —|cur1x§|2>
n(B) -
— 1 I—-B
/ /521’[ og ———— n(B) 11 ]Ua( ) dddy
1 n(I) n(I) .
= |log —22 (I — ) d3dv,
+/0 /521/ Ogn(1)+1 S ()+ 7s( ) duidv
8, B + curl, (B x @) + curl, (A curl, B) = 0, (3.14)
and finally

d 1 1 = 1 1
< (5 2 g|a|2+ge+eER+2—C|B|2—5egw+5g|>zxf|2> s
+/ / &-Al dlydy =0 (3.15)

where I'y = {(z,d) € 00 x 8% : & -7, >0}
In order to compute the limit system, we consider now the formal expansions

(I, 0.,9,p,B) = (Io, 00, @0, Yo, o, Bo) + (11, 01, 1,91, p1, Br) + O(). (3.16)
o We first observe from (3.11) that gy = Cte and ¥y = C'te., moreover
Vap1 = 00V ¥(00). (3.17)
From (3.10) we derive the incompressibility condition
div, iy = 0, (3.18)

and
Or01 + div, (00t + 011p) = 0. (3.19)

e From (3.9) we get now two stationary linear transport equations for the two moments Iy and I

&Vl =04,0(Bo—Io) +0s0 (fo - Io) , (3.20)

@ - fol = 04a,0 (&9B(ﬂ91 — Il) + 8190',170 (BO — Io) 191 + 8190'5,0 (io — I()) 191 —+ 05,0 (jl — Il) y (321)

where I := L [, I A&, 04,0 = 0a(v,0), 050 = 04(v,00) and By = B(v, Vp).
e The limit momentum equation is

]. — — —
00 (6tﬁ0 + div, (’17:0 ® ’ljo)) + V. I+ gpX X Uy = diVxS(’L_L’Q) + Zcurlel X By + F, (3.22)

11



where pg = p(do), F=0V,0o+ 00V |X % @|? and I is an effective pressure.
e The limit magnetic field By solves

0, By + curlx(él X 1p) + curl, (Ao curlxél) =0, (3.23)

for )\0 = )\(190)
e At lowest order the energy equation gives

0009eo D1 + (000,e0 + €o) Do1 + (00eo + po) U — dive (ko Vat1) = =Sk, (3.24)

where D is the transport operator D := 0; + iy - V.
Observing that from (3.17) we have

9opoDo1 + Oypo D1 + oot - Vi Po = 0, (3.25)
where D := 0; + Uy - V,, and from (3.17)
oodivy iy = —Doy,

and after (3.21)

Sg1 = / {8190'(1,0 (BO — Io) v + 05,0 (81930’[91 — Il)} dd dv,
0 S2

we end with
00Cp (8,5’[91 + div, (’191’[7:0)) — div, (Kovxﬂl) =G,

wherecp = 61960—}—19[2) %l and G =

Putting

—

[7 = ’JO; 0= 191; é = Bl7 EZ 00, 5: 190) ﬁ: IU/(’&O)) X: )‘(90)7 Oq = 0qa,0, 0s = 05,0,

— 1 _ = 87917(@, 5) —
B = By, D(U) = = (Vilg + V7)), & =ro, F= ——V,U(p) O,
and
G= LU V. U(3 / / eoly di dv — @/ / (aﬂaa,o (Bo — Io) +as,oaﬂBO) 4 dv,
99p(2,9) s 52

we obtain the limit system in (0,7) x

div,U =0, (3.26)
. L . 1 LS

00U +div, (U ®U)) + VIl =div,(2r D(U)) + EcurlggB x B+ F (3.27)
B + curly (B x U) + curl, (X curl, B) = 0, (3.28)
div, B =0, (3.29)
2 (0,0 + div, (00)) — div,(FVO) = G, (3.30)

12
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G- Voly = 04 (B — Ip) + 0y (io - 10) , (3.31)
G-Vl = (aaaﬁB 4 0yoa(B — Io) + dyos(Iy — 10))@ P (I; - 11) , (3.32)

together with the Boussinesq relation (3.17)
09poV 20 + 0opoVar = 00V ¥ (00). (3.33)

We finally consider the boundary conditions
Ulpa =0, VO -iilsq =0, B -filoq =0, curl,B x fi|aq = 0 (3.34)

for (3.26)-(3.30) and

Ip(z,v,d)=0forx € 0Q, J-7 <0 3.35)
Lz, v,d)=0forz €0, J-7<0 3.36)

for (3.31) and (3.32), and the initial conditions
Ul=o = Uo, Oli=o =00, Bli—o = Bo, Ioli=o = Ioo, Tli=o= 0. (3.37)

For this system we have the following existence result (see the Appendix for a short proof)

Theorem 3.1 Let Q C R® be a bounded Lipschitz domain. . .
For any T > 0 the initial-bounday value problem (3.26) - (3.37) has at least a weak solution (U, O, B, Iy, I1)
such that

1.
U € L>=(0,T;H(Q)) N L*(0,T; V(Q)),
B e L*®(0,T; V() N L*(0,T; W()),
with H(Q) = {U € L2Q:R®), div,U = 0 in Q, ﬁ‘m = 0}, UQ) = H(Q) N WEAQRY)),
V(Q) = {6 € (%R divb =0, b7 = o} and W(Q) = V(Q) N WL (4 R?),
2.
0 €V, 2((0,1) x ),
where ‘/'21’1/2 is the energy space defined in [20] p.6,
3.

Io, Iy € L((0,T) x Q) x S* x R,),

with,
G- Vely, G-V,I € LP((0,T) x Q) x S? x R,),

for any p > 1.
In the following we introduce the convergence result from the primitive system (1.1)-(1.13) to the incom-

pressible limit (3.26)-(3.37).
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4 Global existence for the primitive system and uniform esti-
mates

Let us prepare initial data such that

0(0,") = 00,c = 9+€@51§,

(0, ) = do,e,

9(0,) = . = 9 + v, (4.1)
10,,--) = Ip. _7+510(1§,

B(0,-) = By,. = B,

where > 0, 9 > 0, T > 0 and fﬂgglg dx = 0 for any € > 0.

After [13], for any locally compact Hausdorff metric space X we denote by M (X) the set of signed
Borel measures on X and by M*(X) the cone of non-negative elements of M (X).

From Theorem 2.1 we get immediately (by combining the approximating schemes introduced in [10]
and [5]) the existence of a weak solution (o, @z, 9, I, B.) to the radiative MHD system (1.1 - 1.11)

Theorem 4.1 Let Q C R? be a bounded Lipschitz domain. Assume that the thermodynamic functions p,
e, s satisfy hypotheses (2.1 - 2.6), and that the transport coefficients u, A\, k, 04, 0s and the equilibrium
function B comply with (2.7 - 2.11). Let the initial data (00.¢, Uo.e, Vo,e, Lo,e, Bo,e) be given by (4.1), where
(o 012719013,[815736,15)) are bounded measurable functions.

Then for any € > 0 small enough (in order to maintain positivity of 0612 and 19(()13), there exits

a weak solution (ge,ﬁe,ﬂa,le,ée) to the radiative Navier-Stokes system (1.1 - 1.11) for (t,x,d,v) €
(0,T) x Q x 82 x Ry, supplemented with the boundary conditions (1.12 - 1.13) and the initial conditions

(4.1).

More precisely we have

T T
| [ ebted @6+ 9.0) dode= [ [ plodivsue o dodt~ | o0blons) 0(0.:) da,
0o Jo 0o Jo Q (42)
for any B such that 3 € L= N C[0,00), b(o) = b(1) + [ B2 4z and any ¢ € C2([0,T) x Q),

z

T
/ / (Qeae 20+ 0:U: DU : Vi + f_; divy ¢ + 0o X X 1 - ¢) dx dt
0 Q

T
1 1 - 5 L -
— [ [ (53 Voo 20V Wi o S B 0oVaRx T 0) da it [ onciio-(0.1) do
o Ja € € Q
(4.3)
for any ¢ € C([0,T) x Q; R3) with pe = p(0e,9¢), Se = S(te,¥:), and ]E = curl BE,

14



2
€ . 1 1
/ <5 QE|U5|2 + 0c€c +€E§ |B |2 EQE\II + = Q€|X X l‘|2> dx dit
Q

2
/ / / (t,z,d,v) dU dv dt
Iy
e? o2 R 1 1 2
= 5 QO,€|UO,E| + QO,eeO,E + EEW(),E |BO €| 50 EQ\IIO € + = 2 QO E|X X 1'| X, (44)
Q

for a.a. t € (0,T) with Ty = {(x,d) € 6Q><S2 D
d

Ml > 0} and with e = e(p:,9:), Vo = ¥(p.),
o =U(go.:) and EE(t,z) fo Jso I(t, 2,0, v)

o dv

/ / (B; <Oy — (BZ X Ue + )\Ecurlxéa) -curlxgo) dx dt —|—/ éo,a -¢(0,-) da =0, (4.5)
0 Ja Q

for any vector field o € D([0,T) x R?), with . = \(9..).

T T N
/ / ((0=8: + esl) Orp + (0eseti- + @) - Vo) dr dt +/ / % Ve dx dt
0 Q 0 Q 796

+ <§;n + ggR, ¢>[M;C]([O,T)><5) = *\/Q ((98075 —+ S(I_)%’E)QD(O, )) d’I, (46)
where 1 R \
"> 19—5 (Sa D Vit — qeﬂ% + ?|Curlwéa|2) )
and

for any ¢ € C2([0,T) x Q) with ™ € M*([0,T) x Q) and & € M*([0,T) x
Oae = 0a(V,7e), Ose = 0s v,9e), Be = B(v,9e), G = K(0e,9e) Ve, , 5c = s(02, V),
gt =qi(I.) and I. = ;- (2, v, d) dd,

47 JS2
T %)
/ / / / (0 + & - Vo) L. di dv da dt
82

/// /32 Oac (Be )+0—55(i5715):|7/}d07d1/dxdt,
// L25105w01WV)dede+///Oooc_d"ﬁzfgwdfdydu @7

for any ¢ € C2([0,T) x 2 x 82 x Ry).

Q), and with
S? (IE);
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4.1 Uniform estimates

We recall from [13] the necessary definitions in the formalism of essential and residual sets (see [11]).
Given three numbers 6 € R,, ¥ € R, and E € R, we define OF _ the set of hydrodynamical essential

€SS

values _
_ 3 _
Ogé:{(g,ﬂ)eRQ : §<g<2§, §<19<219}, (4.8)
and OF | the set of radiative essential values
R R E R _ o
O, =1L eR:§<E <2E 5, (4.9)
with Oess := OL_ U OL | and their residual counterparts
Off—:s = ( ) \Oess’ 07}?65 = R+\Oess7 Ores = (R+)3\O€SS' (410)

Let {oc, U, V¢, I- } .~ ) a family of solutions of the scaled radiative Navier-Stokes system given in Theorem
4.1. We call Mg, C (0,T) x € the set

Miss = {(t,:c) € (O,T) xQ (QE(t,x),ﬁg(t,:E),Ef(t,:ﬂ)) € OeSS}a

and M¢_. = (0,T) x Q\M:,, the corresponding residual set.
To any measurable function h we associate its decomposition into essential and residual parts

h = [h]ess + [h]resa
where [h]ess = h - Tpe, and [A]pes = b - Tage

res’

Denoting by Hy the Helmholtz function for matter
Hy(0,9) = e — ¥ ps,

and _
HE(I) = Ef -9 s7,

the corresponding radiative function and using (4.6) we rewrite (4.4) as

2
€ . 1
/ (5 o:|ii-|? + H(o:,V:) +5HR§(I) |B 1> — EQa‘I/ + 2eg€|x X ac|2)
Q

/ / I(t,2,&,v) dU dv dt + 9 (" +§6)[[0,t]xﬁ]
Iy

€ 1 1
= / ( 9 QO,€|UO,E| + 90766076 + EEé?g |BO E| 50 EQ\IIO € + 2590 €|X X I|2)
Q

Observing that the total mass is a constant of motion M = fQ 0= dz = 9|Q| and using Hardy-Littlewood-

Sobolev inequality, we get £ [, 0¥, dx < %CM2/3||95||‘2{1?;3(Q). After (2.1) and (2.5) we have also
5/3

oce(0:,9:) > a¥? + 3”2“’ 02’ , so we have the lower bound

/H 0-,0 EQE\II d:c>C/H (0c,Ve) du,
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for € small and a ¢(e) < 1 and we deduce finally the energy-entropy inequality

e _ - - 1 =
/Q (5 oc|ii-|* + Hy(0:,9:) — (0: — 0)0,H5(0,9) — Hy(2,9) + 2—<|Ba|2 + EHRE(IE)> dx

T
+/ / &gl (2,6, v) dl dv dt + 9 (7" + %) [[0,1] x Q]
o Jry
g2 ~ _ o o 1 -
<c /Q <— oo+ (Hyon.cs00.) = (on. — D0, H5(@.9) — Hy(@.9)) + el Bl + sH%uo,e)) d.

2
(4.11)
Now, after Lemma 4.1 in [11] (see [13]) we have the following properties for matter and radiative Helmholtz
functions

Lemma 4.1 Let 5> 0 and 9 > 0 two given constants and let
H(0,9) = ge — 1 s,

and

HE A1) = BER -9 s".

Let Ocss and Oyes be the sets of essential and residual values introduced in (4.8- 4.10).
There exist positive constants C; = C;j(g,9) for j =1,---,8 such that

1.
Ch (le =2 + |9 —9?) < Hy(0,9) — (0 — 2)9,H5(2,9) — H5(2,9)

<Cy(lo—2f +9—9), (4.12)
for all (0,9) € OX

ess’?

> inf  {H5(5,9) - (6 - 0)9,H5(2,9) — H3(2,9) } = s, (4.13)
0,9€0 s

for all (0,9) € OX

res’

Hy(0,9) — (0 — 00, H5(2,0) — Hg(g,7) > Cu (0e(0,9) + ols(o,9)]) , (4.14)
for all (p,9) € OF

res’

Cs|ER —E|*> < ER(I) -9 s™(I) < Cs|E" — E)?, (4.15)
for all E € OF

€587
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ER() =9 s®(1) > _inf ER(I) -9 s%(I) = Cy,
I1€0;es

for all E € OF

res’

ER(I) — 9 s™(I) > Cs (BR(I) + |s%(1)])
for all E € OF

Tes

Using (4.11) and Lemma 4.1, we get the following energy estimates

Lemma 4.2 Suppose that the initial data satisfy

oo = BlIZz0) < C% (W0 = iz < C* [|EGe = Ellizg) < Ce% [1Bocll7a g pre) <

and
||\/ QO,E ﬁo,t?”Lz(Q;Rg') § Ca

the following estimates hold

ess sup |ME, (1) < Ce2
te(0,7)

ess sup |[[[oc — E]eSS(t)H%?(Q) <0<,
te(0,7)

ess sup ||[9J. — 5]655(15)“%2(9) < Ce?,
te(0,7)

€ss sup ||[E§_E]688(t)||%2(9) < Cg,
te(0,T)

ess sup ||[oc€(0z, Ue)]res(t)|| 11 () < CE2,
te(0,T)

ess sup |[|[0e8(0s, Ve)res(t)|| 210y < CE7,
tE(O,T)

€ss sup ||[ER(I€)]TeS(t)||L1(Q) < Ct,
te(0,7)

ess sup ||[SR(I€)]TeS(t)||L1(Q) < Ce.
te(0,T)

(7" + ) [[0,¢] x Q) < Ce?,

—ég(t) <C

(R

ess sup
t€(0,T)

ess sup ||\/o: u:(t)]| e < C.
te(0,7) L (@R

ess sup / ([ge]%]ms + [195]4]%5) (t) dx < Ce?,
te(0,7)JQ

18

(4.16)

(4.17)

Ce?,

(4.18)
(4.19)
(4.20)
(4.21)
(4.22)
(4.23)
(4.24)
(4.25)
(4.26)

(4.27)

(4.28)

(4.29)



T
|18, g < (430)

T =2
/ de ﬁ(t) dt < C, (4.31)

0 < W12(Q)

T = 2
/ M(ﬂ dt < C, (4.32)
0 < Wi2(Q)
2
T
B

/ =) dt < C. (4.33)

0 ¢ lwre@RY

Proof: Estimate (4.18) follow after (4.13). Bounds (4.19),(4.20) and (4.24) follow after (4.12) and (4.15).
Bounds (4.22) and (4.23) follow after (4.14) Bounds (4.24) and (4.25) follow after (4.17). Bounds (4.26),
(4.27) and (4.28) follow after energy inequality (4.11). Bound (4.29) follows after (4.22) and the expression
(2.5) of e.

From (4.26) we see that

T
_ L2

/O HV;EUE + V’;ue - glezue]IHiz (Q;RBXS)dt § C. (434)

From (4.18), (4.28) and (4.34) we get (4.30). From (4.26) we get
T 2
Y log 9
o 17 Co, - (5%)
0 9 L2(Q) 9

which, using (4.19) and (4.20) gives (4.31) and (4.32).
Finally after (4.26) one gets

2

dt < C,
L2(Q)

L2
curl, B

<C,
r2(:R?)

and (4.33) follows by using Theorem 6.1 in [12].
Our goal in the next Section will be to prove that the incompressible system (3.26)-(3.37) is the limit
of the primitive system (4.2)-(4.7) in the following sense

Theorem 4.2 Let Q C R? be a bounded domain of class C%¥. Assume that the thermodynamic functions
p, e, s satisfy hypotheses (2.1 - 2.6) with P € C[0,00) N C?(0,00), and that the transport coefficients i,
N, K, A, 04, 05 and the equilibrium function B comply with (2.7 - 2.11).
Let (Qg,ﬁe,ﬂa,ée,le) be a weak solution of the scaled system (1.1 - 1.11) for (t,z,@,v) € [0,T] x Q x
S? xR, supplemented with the boundary conditions (1.12 - 1.13) and initial conditions (0o <, Uo.e, Vo, Eo,e, Ine)
given by
0:(0,-) = 0+ e0ll), @(0,) = o, 00,-) =0 +e0), 1.(0,) =T +eL), B.(0,) =B,

18,

where 3> 0, ¥ >0, T >0 are constants and

/g(()lg dxr =0, /19812 dx =0, /I(()IE) dx =0, /B}g? dr =0 for all e > 0.
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Assume that
(1) (1)

0pc — 0y weakly — () in L*°(£2),

ﬁf}i — Uy weakly — (%) in L>=(Q;R?),

08 — 9§ weakly — (x) in L=(Q),

Io(,la) — Iél) weakly — () in (2 x 82 x Ry),
Eélg — éél) weakly — (%) in L“(Q;R3),

Then
ess su =(t) — 0| a < Ce, 4.35
te(O,pT) le=(®) ~2ll .4 o, (4.35)
and up to subsequences .
. — U weakly — () in L*(0,T; WH2(; R?)), (4.36)
-
aT =9 = O weakly — (x) in L*(0,T; WH2(Q)), (4.37)
I. — Iy weakly — (%) in L*(0,T; L*(Q x 8% x R})), (4.38)
B. 5 -
— = BW — B weakly — (%) in L*(0,T; W"2(Q;R?)), (4.39)
and _
I -1
=~ = 1M I, weakly — (%) in L?(0,T; L*(Q x 8% x R})), (4.40)

where (U, 0, B, Iy, I) solves the system (3.26)-(3.32).

5 Proof of Theorem 4.2

Let us first quote the following result of [11] (see [13])

Proposition 5.1 Let {0c}es0, {0 tes0{lcte>0 be three sequences of non-negative measurable functions
such that
{ggl)} — g(l) weakly — (x) in L*(0,T; LQ(Q)),

[ﬁgﬂ 9D weakly — (x) in L=(0,T; LA()),

[Ia(l)LSS — I weakly — (%) in L>=(0,T; L*(Q)), a.e. in S* x Ry,

where _
oV =228 yoy V=V ) LT
9 €

Suppose that

ess sup | M, (t)] < Ce2 (5.1)
te(0,T)

Let G,GE € CY(O,s5) be given functions. Then

[G(0=,9:)]., — G(B,7) _, 9G(e, J) oM 4 9G(g,7) )
€ do 09 ’
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weakly — () in L>(0,T; L?(SY)), and if we note

(GR(1)],,, = [GRUI(, &), = G*(IL.) - T, for aa. (&,v) € S* x Ry,
we have n . _
G (1.)],,, — G"(1) _,96U) o,
€ ol

weakly — (¥) in L>=(0,T; L*(Q)), a.e. in 8% x Ry.
Moreover if G,GT € C?(O.ss) then

[G(QeaﬂE)]ess - G(@a 5) o 6G(§, E) [Q(l)} _ (i‘)G(@, 5) {19(1)
€ 89 ess o

for a.a. (B,v) € 82 x Ry.

< Ce,

ess

Lo (0,T;L1(R2)

and

(G (1)] o = G 06() 1,0
e ol |:I( ):|ess

< Ck,

Lo (0,T; L ()

Clearly, this result provides us with the convergence properties (4.35-4.40).

To conclude the proof of Theorem 4.2, let us prove that the limit quantities ((7 , 0, B , I, I1) solve the
target system (3.26)-(3.32).

As number of terms in the equations of our model are similar to those of the radiative Navier-Stokes-
Fourier analyzed in [11] we only focus on the new contributions.

5.1 Continuity and Momentum equations

For the continuity equation, one expects that in the low Mach number limit, it reduces to the incom-
2

wi2oRY) dt < C so passing to

pressibility constraint. In fact after Lemma 4.2 we know that fOT || (t)]]

the limit after possible extraction of a subsequence, we deduce that
G. — U, weakly in L*(0,T; W 2(Q; R?)). (5.2)

In the same stroke g. — B, weakly in L>(0,T; L5/3(Q;R?)). So we can pass to the limit in the weak
continuity equation (4.2) which gives fOT Jo U Va¢ dz dt =0 for all ¢ € D((0,T) x Q), which rewrites

— —

div,U =0, ae. in (0,7)xQ, U| =0,

provided 0f) is regular.
For the momentum equation one knows that due to possible strong time oscillations of the gradient

component of velocity, one has only o . ® i, — oU @ U weakly in L2(0,T; L35 (Q;R?)). However one
can show after the analysis in [13] that one can pass to the limit in the convective term and obtain

T - T
//gﬁ®ﬁ:vx¢dmdt—>/ /@ﬁ@ﬁ:vmdxdt.
0 Q 0 Q
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Moreover after the hypotheses on the pressure law, the temperature 9. is bounded in L°°((0,7"); L*(2))N
L2(0,T; L5(%2)), which implies that S. — pu(9)(V,U + VLU) weakly in L9(0, T; LY(Q; R?)) for a ¢ > 1.
So taking a divergence free test vector field ¢ in (4.3), we have

T
/ / (:Qaﬁa : 8t¢ + Qaae ® U : v1¢ + QE)Z X g - ¢) dx dt
0 Q

T _ _ s

e ]- lzBe Be — — —

:/ / (Se : vx(ﬁ* ¢ ¢ Vz\pe'cpf_cur X_'¢*Q€vx|xxx|2'9@) dx dt*/ QO,EUO,5'¢(Oa ) dx.
o Ja € ¢ € €

Q
(5.3)
Moreover, using (2.15) together with estimates (4.27), (4.33) and Lions-Aubin lemma we get
B. , ,
?E — B weakly in L2(0, T; W"2(Q; R?)) and strongly in L%((0,T) x ;R?), (5.4)
lewl,B. B, 1 5 = :
Z‘mg x == = zowrl. B x B weakly in L9((0,7) x O RY),

for a certain ¢ > 1.
Then passing to the limit and using (4.36)-(4.40), we get

T
/ /(§U~8t¢+§U®U:Vz¢+§>ZxU~¢) da dt
0 Q

r N - 1 S .
-] (uw)(w VL) Va6 - Vo U(@) 6~ eurl, B x B~ gV U P ¢) dwdi~ [ 2o,
0o Ja Q
provided that @y . — Uy weakly # in L™ (Q; R?).

As in [13], the formal relation between oW and 9 is recovered by multiplying the momentum
equation by . One gets, using Proposition 5.1 and passing to the limit

T
[ [ (v - 2v.0(@) - 0 do at =0, (5.5)
o Ja
which is the weak formulation of

6927(@ E)ng(l) + aﬁp(@ E)Vxﬂ(l) - EVQW(E) =0. (5'6)

5.2 Radiative transfer equation

Using the L bound shown in the previous sections for I, it is clear that I. — Io weakly in L2((0,T) x
Q) x 8% x R, ), and we have also after Lemma 4.2 9. — 9 weakly in L?(0,T; WH2(Q)).
Using the cut-off hypotheses (2.9)(2.11), we can pass to the limit which gives

/Q/OOO/SQQ.wa Iy d& dv der/Q/OOO/82 [aa(y,ﬁ) (B(v,9) — Iy) + os(1, ) (iO*IO)}Tl)duj dv du

=/ / & - figly ¢ dT dv,
r; Jo
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using the same notation for any time-independent test function ¢ € C2°(Q x 82 x R, ), which is the weak
formulation of the stationary problem
& - Valy = So, (5.7)

with the boundary condition
In=0 onT,, (5.8)

where Sy = 04 (v, 9) (B(l/, ) — I()) +o5(v,0) (fo — Io).
Now from (4.7)

A// /32 (e0pp + & - Va:ll)) IO dwdz/dxdtJr/ /A /32{ ]d)dqul/dxdt
[ s [ [ [

for any ¢ € C°([0,T] x Q x 82 x R,), with S. — Sy = S(I.) — S(Iy). From Proposition 5.1, we get

Se - S()

. — 51 := 0y(0.B)(v, 5)19(1) — Dgoa(v, 5)19(1)10 —0,(v,9)1
+890s(v, )0V Iy + o4 (v, 9) ]} — Bgos(v, D)9V Iy — o (v, )14,

weakly in L>®((0,7); L?(Q x 8% x R)) with I} := I},
Passing to the limit we find the limit equation

// /@'-wah d&)’dudx—l—// Slwdﬁdudx,z/ / @ -1ty [t dI dv, (5.9)
aJo Js2 aJo Js2 r.Jo

using the same notation for any time-independent test function 1 € C°(Q x S x Ry) which is the weak
formulation of the stationary problem

@G-V, =51, (5.10)
with the boundary condition
Ii =0 onTIy. (5.11)
5.3 Entropy balance
We rewrite equation (4.6) as
sit — s @ - "
/ / QE atgo + U - Vo) + = . edip + = - Ve p dx dt

"
I
VAl
By
N——
5
<o
——
I
8

Ve 1 R S0.—F . __
x (?)VQ(P dzr dt‘f'g <§SL + < ;¢>[M;C]([O,T><ﬁ) = _/Q { (QO,E - +e -

Similarly to [13], using Proposition 5.1 and energy estimates, we see that

Se — 8

0 —2(0,5(2,9)0™) + 09s(3,9)9 M),

€
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weakly * in L>°(0,T; L*(; R?)),

weakly * in L2(0,7; L2(;R?)) and
l<<"L+§R'Cb> 5 0
- \%e e Y/ IM;C1([0,T Q) ’

U,

Moreover _
Se—3 . _ _ = _ =
0c ——— il > D (098(@,19)9(” + 0195(9,19)19(”)
weakly * in L2(0,T; L3/2(Q; R*)). Now applying Proposition 5.1 in the same stroke, we get
R _ R
275y,
€

weakly * in L=(0,T; L*(Q;R?)).
Let us compute the limit of ‘TR%@R. We have

=g = —/ / v {nclogne — (ne +1)log(n. +1)} dS3 dv,
0o Js2

with n. = n(l.) = L.
Applying once more Proposition 5.1 with G¥(I) = n(I)logn(I) — (n(I) + 1)log(n(I) + 1) and inte-

grating on 8% x R, we find

AR | I)+1
4= — 4 _>/ /—log(u)cﬁl(l)d@‘dy,
S n(l)

and as R L
7R _ 7R
€ —q° 1 FR(I0)
€ ) ’
with the radiative momentum FR(I(M) = [ [, & I d& dv. So

T 7R _ R T s R(T(1)
/ / % —9 -chpd:cdta—/ /Mq&dazdt.
0o Ja € 0o Ja )

As we have, from (5.10)
div, FR = / / {aﬁaa(y, 7) (B(v, ) — I) 9D + 04(v, D) (aﬁB(y, F)m — 11)} 3 dv,
0 S2

the limit contribution in the right-hand side becomes

/OT/Q/OC’O /32% [&gaa(u,?) (B(v,9) — Ip) 9V + 04 (v, 9) (aﬁB(,,,g)ﬁu),Il)} 6 dodv d dt,
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Gathering all of these terms, we find the limit equation for entropy

T _ _ . T [ k(@,9)
—/ /@ (ags(p, 7)o + dys(z, 19)19@)) (at¢+ g sz,b) dz dtf/ / MY g 9M V¢ de dt
0o Ja o Jao Y

T 00
+/ // / 1 [aﬁaa(y,ﬁ) (B(v,9) — Ip) 91 + 0,4 (v, 9) (aﬁB(y,E)wU 711)} ¢ di dv dv dt
o JaJo Js2

- _/Q@(ags(@ﬂ)gg” +005(2,0)95") 60, ) dr.

Using (5.6), it is routine to check that we finally obtain the thermal equation (3.30).

5.4 Maxwell equation

From (5.2) and (5.4) we get

B. L
== x i — B x U weakly in L9(0,T; LY, R?)) for ¢ > 1,
e

and

—

Be = .
Acurl, — — Acurl, B weakly in L2(0,T, L*(Q, R?)).

Then it is easy to pass to the limit in (4.5).

Appendix: Proof of Theorem 3.1

1. The stationary radiative problem (3.31),(3.35) has a weak solution Iy € L*(2 x §% x Ry) such
that & - V,Ip € LP(Q x 8% x Ry) for any p > 1, after Theorem 1 and Proposition 2 of [2].

2. Consider now the linearly coupled problem for the remaining equations

—

div,U =0, (.12)
. - U | B2 1, = L
00U + (U -V,)U + VoIl =AU + 5Ve | 5 —Z(B V.)B = ae, (.13)
OB+ (U-V,)B+ (B-V,)U -XAB =0, (.14)
div, B = 0, (.15)
80 + (U -V,)0 —div,(KVO) = §- U +n0 + / / o5 (v, NI (2, v, &) di dv, (.16)
0 S2
G- Vol +0ul) — 0, (L - 11) = ¢o, (.17)

where @ € (C®(Q))3, § € (L>°(Q))3, n,€ € L>®(), together with the boundary conditions

Ulpa =0, VO -iilag =0, B-iilaq =0, curl, B X ii]ag = 0 (.18)
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for (.12)-(.14) and

L(z,v,d)=0forz€0Q, -1 <0 (.19)
for (.15), and the initial conditions
Uli=o = Uy, ©li=0 =O0, Bli=o = Bo, Ii|t=0 = L0 (:20)

In order to apply Schauder’s fixed point method used by Necas and Roubicek [23] (see [28] Chap.
XII.2) we first consider, for © given, the solution (U ,B, 1) of the“radiative-MHD problem”

—

div,U =0, (:21)
Lo . . 1 L
U + (U - V) U + VI — AU = ~ courl, B x B — o, (.22)
B+ (U-V,)B—-XAB =0, (.23)
div, B = 0, (-24)
G- Vaoly + 0uly — 0 (fl - 11) = ¢o, (.25)
with B B .
Ulga =0, B -iilgq =0, curl,B x 7i|sq = 0,
and

Uli=o = Uo, Bli=o = Bo, Iili=0 = L.
The mhd part has a weak solution U € L2(0,T;U(Q)), B € L(0,T; W(f2)) after an extension of the
Leray-Hopf Theorem (see [29]). Moreover the inhomogeneous stationary radiative equation (.25)
also has a weak solution I € L?((0,T) x ) x 82 x R,) after Theorem 1 and Proposition 2 of [2].
Consequently the mapping
A:0 = (U,B, L) : L*0,T; W-12(Q)) — L2(0, T:U(Q))x L*(0, T; W(Q)) x L*((0, T) x ) x S?xR.),
is continuous.

Then we consider the solution © of the transport-diffusion equation

9,0+ (V-V,)0 —div, (KVO) —n© = 3-U +/ / os(v, )1 (2, v, &) d& dv, (.26)

o Js2
with
\ACE T_ilaQ =0 and @|t=0 = @0.
It has a weak solution © € ‘/21’1/2((0,T) x ) after Theorem 5.1 in [20] Chapter III, moreover
© € L*(0,T;W~12(Q)) and the mapping
B:(U,I,)— ©: L*0,T;:U(Q)) x Q) x 82 x Ry) — L0, T; W~ 12(Q)),

is also continuous.

So we can follow verbatim the scheme of proof of Proposition 12.6 in [23] to conclude.
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