1D element for large strains
and large deformations

L_Inear case
Non-linear case



Bar element, small strains, small displacements, linear material

9

Approximation of displacements {u} = [A]{qg} has the form
C
Upporox = U =C; +C,x =[1 x]{cl} =[U{c}

2

and must be valid at nodes as well  u| _=qau|l  =g,.

Substituting we get {q} = [S] {c},

-t w3 of)

If the length of element is greater than zero, then  {c} = [S]™ {q}, kde [S]_1 = { 10 } .
So the approximation of displacements is {u} =[U]{c} =[U ][S]_l{q} =[A]

1 0

where [A]=[1 X]{_ll | 1/1

}:[l—xll x/]=[a,(x) a,(x)].



Approximation of strains {&} = [B]{q}

g:;’i ;'X([A]{ }) = %[1—x/l xM{a} =[-1/1 1/1}{a},
where [B]=[-1/1 1/1].

The mass and stiffness matrices are

m] = pj [AdV—pS”A dl_pglﬁ ﬂ

GRICICEAE j{ 1“} =Y 1/|]de_${_11 ﬂ

[C] = E —the Young s modulus.




Bar element, large strains, large displacements, non-linear material

Displacements in reference configuration {'u} = [(A]{q}.

Shape functions A= [1—°x/ | 0x/‘)l] = [al(ox) az(ox)].
Derivatives of shape functions [ OA,OX] = [—1/°I 1/°I] =
at

Material displacement gradient Z=Z,=

aO—_[ 1/°1 1/ |]{q } {r} {q},

Its increment AZ = ,AZ,, ={r} {Aq}.



Green Lagrange strain tensor, its linear and non-linear parts
E=3(AZ+AZ")+1(AZ"Z+2Z"AZ)+L1AZ"AZ = AE" + AE"* + AE".
The first linear part

AE" = ({r} {Ad} +{Aq} {r}) = {r}"{Aq}.
[B“1= " =5 (-1 1]

The second linear part

AE" = £({AQY {rHry {a} +{a} {rHr {aa}) = {a} {rHr} {Aa}.

[,BY] =6} {Hr}" = {a, qz}{ ! '}{—1/! 1= -0 (0 - a)],



The non-linear part and its increment

AE" =1AZTAZ = 1{Aq} {rH{r} {Aq},

SAE" = {8Aq}' {rHr} {Ad}.
Recall
otSij 8AEi=\l :{SAE N}T[otS ]{AE N},
oS, i SAEi;\I :BS{SAQ}T{r}{r}T{AQ} :
Comparing the above relations we get

{AEN}=[B"{Aq},

So ~ ~

{SAEM}T [ SI{AEN} = {5Aq} [B"]" ;S[B"1{3Aq}
where

[B"]={r}".



The linear and non-linear incremental stiffness matrices and the vector of internal forces are

A .E 1 -
[k]=—55= ("1 + 20, °l+q§1){_1 J, where ds, = d, - d,.
°A S|l - P11 -1 ‘PO
k"= =— , where .S = .
[k"]= { 1 J | {—1 1} AT

2ol

where P is axial force in 'C



Summary

°A C 1 -
OIg (°I2+2q21 °I+q§1){_l 1}:

OAOC(O )2 1 -1 °A,C ,,|1 -1 °A,Ccef |1 -1
= O|3 I+q21 _1 1 = 0|3 I _1 1 = OI _1 1

where

k- =

d1
4, =0, —Q, » O
O
l+q,, ="l <
21 O
§:t| /°l
Y
<

kN_OAO‘s 1 -1
= — B
I 1 1



t
Assuming 1D stress Oy = 0—'0 Fii oSy R

11 0
or simply with scalar quantities ‘o="p/°p(F SF")
‘|
Uniform deformation 'x = 7 % =& %
0 'x
11 a OX ‘5

Mass conservation

0p0| OA:tptItA
p 1 CA_1°A
Op tI tA é:tA



Thus the true stress vs. 2PK stress can be written in the form

1 °A °A
tto'zgqff 0S &= ¢S q(f

Realizing that true stress is

tp
‘A

t —
t0 =

and combining the last two equations we get

tP_ t OA

ﬁ_ OS qéj, tPZOtS OA§



The relation between °A and 'A cannot be obtained from 1D considerations.
An assumption of type of deformation must be taken into account.

Assuming for example the isovolumetric deformation, ie. % = vV (typical for rubber) we get

A

A% ="AY; T_OT_E’

Together with above equations it gives
(o=8¢"

where we have used (S = P/ °A¢&).



So [k"] could be rewritten into

o CAGS[1 -1 cA P [1 1] P [1 1]
K== 1 4 T oAE -1 1] %&|-1 1|

t 1 -1 t
:—P{ }With $:§ and {1=1 £

1 (-1 1

And similarly

(F} =25 OOIA ! {‘11}:@{—11}_




Assume that the properties of the material were experimentally tested in tension and
compression and that a polynomial fit was performed over experimental data

‘P=c, &+c, 2 +c, £+,

(see c:\prog_c\prog\mtlnelin\gumafit.sam)

c=1e3[0.2510 -1.1876 1.9991 -1.0578]



We have already shown that

‘P
OAg

'P=,S ‘AL = S=

19°-°17 1/,
also E = =§(§—1) = £=+2E+1




So

‘P 1 _
(}S:W:(clf?#% §2+c3§+c4): q(c@%czg +C, +c4§1)
d 'S 1 _
dij =54 (201§+cz+0 —c, & 2)

1 _ 1
d 8=y on ve, —c,6)ae; dg=—dE

1 1 1 ) )
d JS=W<201§+CZ —c4§2)@dE \=q<201§+02cfl —0453? dE

.C



So the constitutive ,,constant” appearing in

d 'S=,CdE



As the first step it is sufficient to show the behaviour of a single element

S e i PR | S
° °l -1 1 ||Aq, R, F,
e N R

Let’s fix the second DOF, then we have

0 2 0 t
A,Ce2 OAls .
{ T qu:R—OS A&



where c¢=1e 3 *[0.2510 -1.1876 1.9991 -1.0578]

10 =1,

d0 =0,0115
a0=pi*do™2/4;
d,S=,C d,E

C= % (2¢, +¢, &t —c, &7

see telemachos c:\prog_all_backup\prog\mtinelin\ttl 1el4.m



Stretch vs. force [N] - fitted experiment data (solid), FE correct (0) FE linearized (x)
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