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ON A PERIODIC PROBLEM FOR SECOND-ORDER DUFFING
TYPE EQUATIONS

ALEXANDER LOMTATIDZE AND JIRI SREMR

ABSTRACT. Sufficient and necessary conditions are found for the existence of
a positive periodic solution to the Duffing type equation
u” = p(t)u — q(t, u)u.
The results obtained are compared with facts well known for the autonomous
Duffing equation
y' —ay+ by3 =0.
Uniqueness of solutions and possible generalisations are discussed, as well.

1. INTRODUCTION

In the paper, we are intersted in the question on the existence of a positive
solution to the periodic problem

u =pt)u —qt,w)u; u(0) =u(w), v'(0) = (w), (1.1)

where p € L([0,w]) and ¢: [0,w] x R — R is a Carathéodory function. Under
a solution to problem (1.1), as usually, we understand a function u: [0,w] — R which
is absolutely continuous together with its first derivative, satisfies given equation
almost everywhere, and verifies periodic conditions. Equation in (1.1) is a natural
generalisation of the equation

y' —ay+by* =0, (1.2)

where a,b € R. This equation is the central topic of the monograph [1] by Duffing
published in 1918 and still bears his name today. Consider a free undamped oscil-
lator consisting of the mass body with the weight m and two linear springs with
the characteristic k£ and the non-deformed length ¢ (see Fig. 1) whose equation of
motion has the form

. 2k ‘
+ 21— | =0 1.3
vty (T (1.3)

Equation (1.2) with a,b > 0 appears when approximating the non-linearity in (1.3)
by Taylor’s polynomial of the third order with the centre at 0. It can be also
interpreted as the equation of motion of a free undamped oscillator with a spring
whose restoring force is given as a third-order polynomial. The phase portrait of
(1.2) with a,b > 0 can be easily determined and it is illustrated on Fig. 2.
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FIGURE 1. Free undamped transversal oscillator.
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FIGURE 2. Phase portrait of equation (1.2) with a,b > 0.

Definition 1.1. A solution u to problem (1.1) is referred as a sign-constant solution
if there exists ¢ € {0,1} such that

(=1)"u(t) >0 fort e [0,w],
and a sign-changing solution otherwise.

Let us summarize some well-known facts concerning periodic solutions to equa-
tion (1.2) (see, e.g., [6,7]).
Proposition 1.2. The following statements hold:

(1) For any a < 0 and b > 0, equation (1.2) has a unique equilibrium y = 0
and every non-trivial periodic solution to (1.2) changes its sign.
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(2) For any a,b> 0, equation (1.2) has exactly three equilibriay =0, y = \/%,
and y = —\/%, positive and negative non-constant periodic solutions, and
periodic sign-changing solutions with various periods.

(3) For any a,b >0 and T < ”\/\é, equation (1.2) has exactly two non-trivial
T-periodic sign-constant solutions.

(4) Foranya,b>0andT > ’T\/‘é, equation (1.2) has a positive (resp. negative)
non-constant periodic solution with the minimal period T'.

In the present paper, we generalise above assertions to a non-autonomous case
and an arbitrary power of the super-linearity in (1.2) (see Corollary 2.11 and Re-
mark 2.12). Therefore, we fix w > 0 and consider the non-autonomous periodic
problem

"= p(tu— ()l sgnu; u(0) = u(w), u'(0) = u'(w), (1.4)
where p, h € L([0,w]) and A > 1. Since our results do not depend on the value of the
power A, it is nature to generalise (1.4) to problem (1.1). In spite of the autonomous
case, only a few results dealing with question on the existence of periodic solutions
to the non-autonomous Duffing type equations with a super-linear non-linearity
is known (see, e.g., [2,8,9,12-14] and references therein). Below, we establish
effective conditions for the existence of a positive periodic solution to (1.1) and
their consequences for non-autonomous Duffing equation in (1.4), which can be
easily compared with the facts well known in the autonomous case (1.2). At last,
we discuss possible extensions for a more general problem than (1.4), namely, for
the periodic problem with two super-linear terms

"= p(t)u — h(t)|u]* sgnu+ f()|ul sgnu;  w(0) = u(w), w'(0) =v'(w), (1.5)
where p, h, f € L([0,w]) and A, > 1. It is worth mentioning that Duffing type
equations with two or more super-linear terms appear when approximating the
non-linearity in the equation of oscillator (1.3) by Taylor’s polynomials of higher

orders than 3.
The following notation is used throughout the paper:

— N and R are the sets of natural and real numbers, respectively. For any
z € R, we put [z]; = $(|z| + z) and [z]- = (|2 — 2).

— C(I) denotes the linear space of continuous real functions defined on the
interval I C R. For any u € C([a, b]), we put ||u||c¢ = max{|u(t)| : ¢t € [a, ]}

— AC*([a,b]) is the set of functions u: [a,b] — R which are absolutely con-
tinuous together with their first derivatives.

— AC([a,b]) (resp. AC,([a,b])) is the set of absolutely continuous functions
u: [a,b] — R such that u’ admits the representation v’(t) = v(t) + o(t) for
a.e. t € [a,b], where y: [a,b] — R is absolutely continuous and o : [a,b] — R
is a non-decreasing (resp. non-increasing) function whose derivative is equal
to zero almost everywhere on [a, b].

— L(]0,w]) denotes the Banach space of Lebesgue integrable functions p: [0, w] —
R equipped with the norm [, = [;’ [p(s)|ds. The symbol Int A stands
for the interior of the set A C L([0,w]).

Definition 1.3 ([11, Definition 0.1]). We say that the function p € L(]0,w]) belongs
to the set V*(w) (resp. V= (w)) if for any function u € AC*([0,w]) satisfying

(w)
u'(t) > p(t)u(t) fora.e.t€[0,w], u(0)=uw), «(0)=1u(w),



4 A. LOMTATIDZE AND J. SREMR

the inequality
u(t) >0 fortel0,w] (resp. u(t) <0 forte [0,w])
holds.

Remark 1.4. Efficient conditions for p to belong to each of the sets V*(w) and
V™ (w) are given in [11].

2. MAIN RESULTS

In this part, we formulate all the results, their proofs are given later in Section 4.
Let us introduce the hypothesis:

q(t,x) > qo(t,xz) fora.e.t € [0,w] and all x > 0,
go: [0,w] x [0, +0o[ = R is a Carathéodory function, (Hy)
qo(t,-): [0, +00[ — R is non-decreasing for a.e. ¢t € [0,w].
Theorem 2.1. Let p € V™ (w), ¢q(-,0) = 0, and hypothesis (Hy) be fulfilled. Let,
moreover, there exist a function a € ACy([0,w]) satisfying
a(t) >0 forte[0,w], (2.1)
o () > pt)a(t) — q(t,a(t))a(t) for a.e tel0,w],
a(0) = a(w), a'(0) > o (w).
Then problem (1.1) has at least one positive solution u such that
u(ty) < a(ty) for somet, € [0,w]. (2.4)
Corollary 2.2. Let q(-,0) = 0 and hypothesis (Hy) be satisfied. Let, moreover,
pEV (w) (2.5)
and at least one of the following conditions be fulfilled:
(a) There exists ¢ > 0 such that
p(t) < qlt,c) fora.e te€|0,w]. (2.6)
(b) There exists 7 > 0 such that p — qo(-,7) € Int VT (w).
Then problem (1.1) has at least one positive solution.

Now we give an effective condition guaranteeing that the assumption (b) of
Corollary 2.2 is satisfied.

Corollary 2.3. Let q(-,0) = 0, hypothesis (Hy) be satisfied, condition (2.5) hold,

and
w

lim qo(s,z)ds = +o0. (2.7)

T—r+00 0

Then problem (1.1) has at least one positive solution.

Remark 2.4. By using Lebesgue’s domination theorem, one can show that for the
function gy appearing in hypothesis (H;), condition (2.7) is satisfied if there exists
E C [0,w] such that meas E > 0 and the equality

lim gqo(t,z) = +oo foreveryt € E (2.8)

T—+00

holds.
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Under the hypothesis
for every b > a > 0 there exists hq, € L([0,w]) such that
ha(t) >0 fora.e. t € [0,w], he #0, (H2)
q(t,x) > hap(t) for a.e. t € [0,w] and all x € [a,b],

the assumption p € YV~ (w) in the above results is also necessary as follows from the
next proposition.

Proposition 2.5. Let hypothesis (Hz) hold. If problem (1.1) has a positive solution
then condition (2.5) is satisfied.

Finally, we give a statement guaranteeing that any pair of positive solutions to
problem (1.1) has to intersect. Introduce the hypothesis:

For every d > ¢ > 0 and e > 0, there exists heqe € L(]0,w]) such that
hede(t) >0 for a.e. t € [0,w], hege Z 0, (Hj)
q(t,z +e) —q(t,z) > heqe(t) for a.e. t € [0,w] and all z € [¢, d].
Proposition 2.6. Let hypothesis (Hs) hold and
q(t,0) >0 fora.e. t € [0,w]. (2.9)

Let, moreover, u and v be distinct positive solutions to problem (1.1). Then there
exist t1,ts € [0,w] such that

u(ty) < wv(ty), u(ta) > v(te). (2.10)
If ¢ in (1.1) is a function with separated variables, we arrive at the problem
u" = pltyu — h(B)p(wh  u(0) = u(w), w/(0) = (@), (2.11)

where p,h € L([0,w]) and ¢ € C(R). This problem covers a rather wide class of
problems arising in applications and serves us as a model problem to illustrate the
results stated above.

Theorem 2.7. Let p € V™ (w), ¢(0) =0, and
h(t) >0 fora.e t e [0,w], h # 0. (2.12)
Let, moreover, at least one of the following conditions be fulfilled:
(i) The inequality

liminf p(z) > —o0 (2.13)
T—+00
holds and there exists ¢ > 0 such that
p(t) < h(t)p(c) for a.e. t € [0,w]. (2.14)
(ii) The equality
IEIEOO o(z) = +o0 (2.15)

holds.

Then problem (2.11) has at least one positive solution. If in addition, the function
@ 1is increasing on [0,+o00] and u and v are distinct positive solutions to problem
(2.11) then inequalities (2.10) hold with some t1,ts € [0,w].

Remark 2.8. If p(x) > 0 for > 0 then the assumption p € V~ (w) in Theorem 2.7
is also necessary for the existence of a positive solution to problem (2.11) (see
Proposition 2.5 with ¢(¢,x) := h(t)p(x)).
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Remark 2.9. Tt follows from results obtained in [12] that problem (2.11) has a pos-
itive solution provided that condition (2.12) holds,

p(t) >0 forte0,w], p#0 (2.16)
and
©(0)=0, ¢(xz)>0 forz>0, BT p(x) = +o0. (2.17)

Observe that condition (2.16) yields p € V™ (w) (see, e.g., Lemma 3.7 with g(t) :=
p(t) and 7(t) := 1). Therefore, in Theorem 2.7(ii), condition (2.16) is weakened to
the assumption p € V~ (w) and condition (2.17) is relaxed to ¢(0) = 0 and (2.15).

Now we derive corollaries for a non-autonomous Duffing equation and compare
the results with facts well known in the autonomous case. We first give an existence
and uniqueness result for a particular case of (1.4), where p = h.

Proposition 2.10. Let A > 1,

p(t) >0 fora.e te[0,w], p#0, (2.18)
and “ 16)\*
[ plolas < 22 (2.19)
0 w
where

A= {L*llJ Jor A €lL, 2, (2.20)

ﬁ fOT )\ > 2
in which |-] and [-] denote the floor function and ceiling function, respectively.
Then the constant function

u(t) ;=1 forte[0,w]
s a unique positive solution to the problem
u’ = p(t)(l — |u\)‘71)u; u(0) = u(w), u'(0) =u'(w). (2.21)
Corollary 2.11. Let A > 1 and condition (2.12) hold. Then the following asser-
tions hold:

(1) Problem (1.4) has at least one positive (resp. negative) solution if and only
ifpeV (w).

(2) If u and v are distinct positive (resp. negative) solutions to problem (1.4)
then inequalities (2.10) are satisfied with some t1,ts € [0,w].

(3) Ifpe vV~ (w) and

TR (i ) <o e
0

where the number \* is defined by formula (2.20), then problem (1.4) has
a unique positive (resp. negative) solution.

Remark 2.12. Tt is clear that the Duffing equation (1.2) is a particular case of the
equation in (1.4), where A := 3 and
p(t) :==a, h(t):=b forte|0,w] (2.23)

One can easily derive that, in this case, p € V™ (w) if and only if @ > 0. Hence, it
follows from Corollary 2.11(1) that for any a < 0 and b,w > 0, equation (1.2) has no
non-trivial sign-constant w-periodic solution. This is in a compliance with assertion
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(1) of Proposition 1.2. On the other hand, Corollary 2.11(1) also yields that for
any a,b,w > 0, equation (1.2) has at least one positive (resp. negative) w-periodic
solution. This is in a compliance with assertion (2) of Proposition 1.2. Finally, it
follows from Proposition 2.10 that if 0 < a < % and b > 0, then the equilibrium
\/% is a unique positive w-periodic solution to equation (1.2). Therefore, if a,b > 0
and y is a periodic solution to equation (1.2) corresponding to a closed orbit on

Fig. 2, then the minimal period T of y satisfies the estimate
- 2v2

va
This estimate was derived from the result dealing with a non-autonomous equation
and thus, it is not surprising that it can be improved in the autonomous case (see
assertion (3) of Proposition 1.2). Consequently, Corollary 2.11 naturally extends

the basic facts concerning periodic solutions to the Duffing equation (1.2) to the
non-autonomous case.

T

Finally, we consider problem (1.5), where two super-linear terms are involved.
Clearly, if u is a solution to problem (1.5) then the function —u is its solution, as
well. Therefore, the following statements follow from Corollary 2.3.

Theorem 2.13. Let A > p > 1, relation (2.12) hold, and there exists ¢ > 0 such
that
[f(®)]+ < ch(t) fora.e te(0,w] (2.24)
If, moreover, condition (2.5) is satisfied then problem (1.5) has at least three solu-
tions (positive, negative, and trivial).
Remark 2.14. It follows from [3, Theorem 0.1 and Remark 1] that the problem
u = pltyu — h()® + FOu? u(0) = ulw), W(0) =) (225)

has at least one nontrivial solution provided that p, h, f: [0,w] — R are continuous
functions such that

p(t) >0, h(t)>0 forte[0,w]. (2.26)

In Theorem 2.13, a stronger assertion is claimed under weaker assumptions then
(2.26), because Theorem 2.13 guarantees the existence of a positive solution to
problem (2.25).

Theorem 2.15. Let A > p > 1,

h(t) >0 fora.e. t€[0,w], (2.27)
and .
[F137 h™ 55 € L([0,w)). (2.28)

If, moreover, condition (2.5) is satisfied then problem (1.5) has at least three solu-
tions (positive, negative, and trivial).

Remark 2.16. If
f(t) <0 fora.e. te€0,w]
then both conditions (2.24) and (2.28) are satisfied and, moreover, it follows from

Proposition 2.5 that assumption (2.5) is necessary in Theorems 2.13 and 2.15 for
the existence of a positive solution to problem (1.5).
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3. AUXILIARY STATEMENTS
We first recall some results proved in [11].
Lemma 3.1 ([11, Proposition 10.8]). If p € V™ (w) then [, p(s)ds > 0.
Lemma 3.2 ([11, Proposition 10.1]). The set V™ (w) is open in L(]0,w]).

Definition 3.3 ([11, Definition 0.4]). We say that the function p € L([0,w]) belongs
to the set D(w) if the problem

u' =pt)u; ula) =0, u(d) =0 (3.1)
has no non-trivial solution for any a < b satisfying b — a < w, where p is the
w-periodic extension of the function p to the whole real axis.
Lemma 3.4. V™ (w) C Int D(w).
Proof. Tt follows from Propositions 2.1, 10.5, and 10.6 established in [11]. O

Lemma 3.5 ([11, Proposition 2.5]). Let g: R — R be an w-periodic function such
that g € D(w). Then for any t; < ty and w € AC([t1,t2]) satisfying to —t; < w
and

w’(t) > g()w(t) for a.e. t € [t1,ta], w(t) <0, w(ts) <0,
the inequality
w(t) <0 fort € [t1,to) (3.2)
holds.
Lemma 3.6 ([11, Proposition 2.2]). Let p € L([0,w]). Then the inclusion p €
Int D(w) holds if and only if problem (3.1) has no non-trivial solution for any a < b

satisfying b — a < w, where p is the w-periodic extension of the function p to the
whole real axis.

Lemma 3.7 ([11, Theorem 8.3]). Let g € L([0,w]). Then the inclusion g € ¥V~ (w)
holds if and only if there exists a positive function v € AC([0,w]) satisfying

7 (w)
V(W)

V() < g()y(t) fora.e t€0,w], ¥(0) =7y(w),

and

7' (w)  +'(0) 1"
v(0) —v(w) + — —— +meas{t € O,w|: 7" (1) < g(t)y(t)} > 0.
(0) = v(w) Y@ 0 {t € [0,w] : 7" (t) < g(t)y()}
Lemma 3.8 ([11, Theorem 9.1']). Let g € L([0,w]). Then the inclusion g €
Int VT (w) holds if and only if g € Int D(w) and there exists a positive function

v e ACH([0,w]) satisfying
V(6) Z g(t)y(t) fora.e.t€[0,w], ¥(0) =v(w), 7'(0) =7 (w),

and
7(0) — /(@) + meas{t € [0,] : 7(8) > g(t)1(1)} > 0.

Lemma 3.9 ([11, Theorem 16.4]). Let g € Int VT (w). Then there exist v,A > 0
such that for any non-negative function f € L([0,w]), the problem

W= gty f); u(0) = u(w), o'(0) =o' (w) (3.3)
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has a unique solution u and this solution satisfies the relation
/w| F£(s)[ds < u(t) <A/ Slds fort € [0,0]. (3.4)
0
Lemma 3.10 ([11, Theorem 16.2]). Let g € V™ (w). Then there exist v,A > 0

such that for any non-positive function f € L([0,w]), problem (3.3) has a unique
solution u and this solution satisfies relation (3.4).

Lemma 3.11. Let n € N. Then

Proof. To prove the lemma, it is sufficient to show that for any n € N, the inequality
Z & >ne"T forz >0 (3.5)

is fulfilled. For n = 1, the inequality (3.5) holds. Assume that the inequality (3.5)
is satisfied for n := m. We show that (3.5) remains true for n := m + 1. It is clear
that

sz:zm—&—z,zkzzm—i-mz%_l:zmT_l(2m;1—I—m) for z>0. (3.6)
k=0 k=0
Put ¢(z) := — (m+1)22 for z > 0. Then £(0) = m, £(1) = 0, and

1 m
!(z) = m;— z_%(z7 —1) for z>0.

Hence, £(z) > 0 for z > 0. Now it follows from inequality (3.6) that

m
szz (m+ 1)z % for z > 0,
k=0

e., (3.5) holds for n :=m+ 1. O
Lemma 3.12. Let p € L([0,w]) and u be a nontrivial solution to the problem
u =p(t)u;  u(0) = uw), u'(0) =u'(w) (3.7)

with at least two zeros in the interval [0,w]. Then

/Ow[ (s))_ds > 20 (3.8)

w

Proof. Extend the functions u and p periodically to the whole real axis and denote
them by the same symbols. Then there exists a € [0,w| such that the function u
has at least three zeros in the interval [a,a 4+ w]. Tt follows from [5, Corollary 5.2]

(and its proof) that
ot 16
[ bl 2

and thus, the inequality (3.8) holds. O
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Now along with problem (3.3), we consider the sequence of the problems
u'=go(H)u+ frt); w(0) =u(w), v (0) = (w), (3.3,)

where g, fn € L([0,w]), n € N. A simple application of the Arzela-Ascoli theorem
leads to the following statement.

Lemma 3.13. Let
Jim lgn =gl =0, lim lfo = fllz =0

Let, moreover, for any n € N, u,, be a solution to problem (3.3,,) and the sequence
{llunllc},i2y be bounded. Then there exists a subsequence {un, };25 of {un},i>
such that

lim u%’lz =uD(t)  wuniformly on [0,w], i =0,1,
k— o0

where u is a solution to problem (3.3).

Furthermore, we recall a classical result concerning the solvability of the periodic
problem

u = f(t,u); u(a) = u(b), u'(a) = u'(b), (3.9)
where f: [a,b] x R — R is a Carathéodory function (see, e.g., [4]).
Lemma 3.14. Let there exist functions o € AC([a,b]) and B € AC,([a,b]) satis-
fying
a(t) < B(t) fortela,b,
a’(t) > f(t,at)) fora.e t€lad], ala)=al), o'(a)>daOb), (3.10)

and
BU(t) < f(t.B(t) fora.e te(ab], Bla)=7p0), p'(a)<p'(b). (3.11)
Then problem (3.9) has at least one solution u such that
alt) S u(t) < B(t) fort € [a,b].
Moreover, the following existence result is known.

Lemma 3.15 ([10, Theorem 1.1 and Remark 1.2]). Let there exist p € Int D(w)
and a Carathéodory function g: [0,w] x [0, +00[— [0, 400[ such that

ft,x)sgna > p(t)|x| — g(t,|z|]) for a.e. t €[0,w] and all z € R

and

1 w
lim f/ g(s,z)ds = 0.
0

r—+00 I

Let, moreover, there exist functions a € AC([0,w]) and B € AC,([0,w]) satisfying
relations (3.10) and (3.11) with a := 0, b := w. Then problem (3.9) with a := 0,
b :=w has a solution u such that

min{a(ty,), B(t.)} < u(ty) < max{a(ty), S(tu)}

for some t,, € [0,w].



ON A PERIODIC PROBLEM 11

Lemma 3.16. Let A > 1, £, h € L([0,w)]), and u € AC*([0,w]) be such that

h(t) >0 for a.e. t €[0,w], (3.12)
w(t) >0 forte0,w], u(0)=u(w), u(0)=u(w), (3.13)
and
u" (t) < L(t)u(t) — h(t)ur(t)  for a.e. t €[0,w]. (3.14)
Then "
/ L(s)ds >0 (3.15)
0
and
M < meV 1J5 s, (3.16)
where

M := max{u(t) : t € [0,w]}, m := min{u(t) : t € [0,w]}. (3.17)

Moreover, the function u satisfies the estimate

/0” u21(3) ds /Owh(S)uA“(s)ds

] . (3.18)
2o VT (12 o)
0

Proof. First observe that, in view of assumption (3.13), we have

/ w= [ (15((5)))2 @

which together with (3.13) an (3 14) yields that

/0 h(s)u*~1(s)ds < /wa(s)ds/ow <ZI((5))>2ds. (3.19)

Taking (3.12) into account, it follows from (3.19) that inequality (3.15) is fulfilled.

Let the numbers M and m be defined by formulae (3.17). Extend the functions
u, £, and h periodically to the whole real axis and denote them by the same symbols.
Clearly, there exist t,, € [0,w] and tps €ltm,tm + w| such that u(t,,) = m and
u(tpr) = M. Then, by Holder’s inequality, one gets

= (/ e d5>2 = ltar = bm) /M (15((5)))2 @

([ ) s [ ()

which, by virtue of the inequality 4zy < (x + y)? for ,y € R, implies

M W | [ (s)\? ’
In* — S / ds
16 u(s)
Consequently, it follows from (3.19) that

/h()“ ds</£ ds——anM
0

m

and
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Therefore, in view of (3.12) and (3.17), we get

/Ow u21(8) ds /Ow h(s)u*(s)ds < w (%)2 /0‘“ ) (e

gw(]\nf>2 (/Owé(s)ds—ian Aﬂf)

Now observe that the latter relation immediately yields inequality (3.16). Moreover,
it follows from (3.20) that

©1 ¢ A+1 s .
/0 20) ds/O h(s)u(s)ds < 4max { f(2) : z € [0, 20] },

f(Z) = @27 (Z(% — z2) for z € R, 20 = UZ/OW é(S)dS

It can be easily verified by direct calculation that

FE < (=3 +y/i+28) forze02]

and thus, we have

w 1 w
ds [ h(s)u*(s)ds <4f( — L+ /1 +22
/0 (5) s/o (s)u"T(s)ds < f( 5+ 4+ZO>
which yields the desired estimate (3.18). O

(3.20)

where

Lemma 3.17. Let p € V™~ (w), hypothesis (Hy) hold, and there exist functions
a € AC([0,w]) and B € AC,(|0,w]) satisfying relations (2.1), (2.2), (2.3), and

B(t) >0 forte|0,w], (3.21)
B7(t) < p(t)B(t) — a(t, B(1))B(t)  for a.e. t € [0,w], (3.22)
B(0) = Bw), B'(0) < f'(w). (3.23)
Then problem (1.1) has a positive solution u such that
u(ty) < max{a(ty),B(t.)} for somet, € [0,w]. (3.24)
Proof. Put
§ = ma {1l o § (W10
and
x(t,z):=[z+B{#)]+ —[r -0+ — B forte[0,w], z€R. (3.25)
Then obviously,
[x(t,z)| <d§ forte[0,w], z€eR (3.26)
and there is a non-negative function g5 € L([0,w]) such that
lg(t,z)| < gs(t) fora.e.t € [0,w] and all z € R, |z| < 4. (3.27)

Consider the periodic problem
u(0) = u(w), u'(0) =u'(w). (3.29)
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Since ||a|lc < § and ||S]|c < 4, it follows from relations (2.1), (2.2), (3.21), and
(3.22) that

o’ (t) = p(t)a(t) — q(t, [x(t, a(®) x(t, a(t)) fora.c. t €[0,w]
and

B7(t) < p(t)B(E) — alt, Ix(t, B®)))x(¢, B(t) for a.e. t € [0,w].
Therefore, by virtue of (3.26), (3.27), and Lemma 3.4, all the assumptions of
Lemma 3.15 with f(¢,2) = p(t)x — q(t, |x(t,x)])x(t,z) and g(t,z) := dgs(t) are
satisfied and thus, problem (3.28), (3.29) has a solution u satisfying

0 < u(t,) < max{a(t,),B(t,)} for some t, € [0,w]. (3.30)

We first show that
u(t) > —p(t) fort € [0,w]. (3.31)
Indeed, assume on the contrary that (3.31) is violated. Extend the functions p, u,
B, q(-,x), and x(-,z) periodically to the whole real axis and denote them by the

same symbols. Then, in view of the first inequality in (3.30), there exist ¢1,t2 € R
such that 0 < t; —t; < w and

u(t) < =p(t) fort€lty,ta], wul(tr) =—-B(t1), wu(ta)=—0F(ta2), (3.32)
whence we get, in particular, that x(¢,u(t)) = —g(t) for t € [t1,t2]. Therefore,
equality (3.28) yields

u”(t) = p(t)u(t) + q(t, B(t))B(t) for a.e. t € [ty,ts].
The latter relation and (3.22) result in
(u(t) + ()" < p(t)(u(t) + B(t)) for a.e.t € [t1,ta].
Consequently, by virtue of Lemmas 3.4 and 3.5 with g(t) := p(t), we get
u(t) + B(t) > 0 for t € [t1,12]

which is in a contradiction with (3.32). The contradiction obtained proves that
inequality (3.31) holds.
It is clear that either
u(t) >0 fort e [0,w], (3.33)
or
there exists ¢y € [0,w] such that u(tg) < 0. (3.34)
First suppose that (3.33) is satisfied. We show that

u(t) >0 fort e [0,w].

Indeed, assume on the contrary that there is ¢, € [0,w] such that u(t.) = 0. Then,
by virtue of (3.30) and (3.33), there exist ¢1, ¢z € [0,w] such that t; < ta, t. € [t1,t2],
and

0< u(t) <¢§ forte [tl,tg], u 5_'5 0 on [thtg]. (335)

Hence, u/(t.) = 0 and the function w is a solution to the initial value problem
W = (p(t) — gt u(®))w;  w(t.) =0, w'(t) =0
on the interval [t1,ts]. However it means that w = 0 on [¢1, t2] which is in a contra-

diction with (3.35). The contradiction obtained proves that w is a positive solution
to problem (3.28), (3.29). It remains to show that

u(t) <6 fort e [0,w]. (3.36)
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Obviously, we have 0 < x(t,u(t)) < u(t) for t € [0,w] and thus, taking hypothesis
(Hp) into account, from (3.28) we get
u”(t) < p(t)u(t) — qolt, 0)x(t,u(t)) < (p(t) + lgo(t,0)[)u(t) for a.e. t € [0,u].

Consequently, in view of (3.29) and (3.30), it follows from Lemma 3.16 with £(t) :=
p(t) + |qo(¢,0)| and h(t) := 0 that

max{u(t) : ¢ € [0,w]} < max {||a]c,|Bllc} e\/4 (HPHL"FHQO(',O)”L),
i.e., inequality (3.36) holds. Therefore, we have x (¢, u(t)) = u(t) for t € [0,w] and
thus, u is a positive solution to problem (1.1) satisfying relation (3.24).

Now assume that (3.34) is fulfilled. Extend the functions p, w, 8, ¢(-,z), and
X(+, z) periodically to the whole real axis and denote them by the same symbols.
Then, in view of (3.30), there exist a,1,t2 € R such that a < t; <tgp<ta <a+w
and

u(t) <0 forte|ty,ta], wu(ty)=0, wu(tz)=0. (3.37)
Put
0 for t € |a,t1| U [te,a +w
ag(t) := {—u(t) for ¢ i][tlv, tlz][. e
It is not difficult to verify that ag € AC¢([a,a + w]),
apla) = apla+w), apla) =ayla+w). (3.38)
In view of (3.31), it is clear that
0 < ap(t) <p(t) fortela,a+wl]. (3.39)

Moreover, from equality (3.28) we get
ag(t) =pt)ao(t) — q(t,ap(t))ag(t) for a.e. t € [a,a + w]. (3.40)
Therefore, by virtue of relations (3.22), (3.23), (3.38), (3.39), and (3.40), it follows
from Lemma 3.14 with f(¢,z) := p(t)z — q(t, )z, a(t) := ap(t), and b := a+w that
there exists a function ug € AC*([a, a + w]) satisfying
ug () = p(t)uo(t) — q(t, uo(t))uo(t) for a.e. t € [a,a + w],
uo(a) = ug(a+w), up(a) =ugp(a+ w),
and
ap(t) <ug(t) < B(t) fort € [a,a+ w)]. (3.41)

If we extend the function ug periodically to the whole real axis and denote it by
the same symbol, in view of (3.41), we easily conclude that the restriction of ug to
the interval [0,w] is a solution to problem (1.1) such that

0 <wup(t) <pB(t) forte|0,w], ug # 0. (3.42)

Suppose now that there exists t* € [0, w] such that uo(¢*) = 0. Then ug is obviously
a solution to the initial value problem

w” = (p(t) — q(t,uo(t)))w;  w(t’) =0, w'(t") =0
on the interval [0, w]. However it means that ug = 0 which is in a contradiction with

(3.42). Consequently, in view of (3.42), the function u := ug is a positive solution
to problem (1.1) satisfying (3.24) (e. g., ¢, :=0). O
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Proposition 3.18. Let p € V™ (w) and f: [0,w]x ]0,+00[— R be a locally Cara-
théodory function'such that

the function f(t,-):]0,4+o00[— R is non-decreasing for a.e. t € [0,w],  (3.43)

i <
$1_1>161+ ft,z) <0 fora.e. t€[0,w], (3.44)

and "
xEr}rloo/O f(s,z)ds = +o0. (3.45)

Then there exists r > 0 such that p — f(-,7) € Int V1 (w).

Proof. For any v > 0, we put
pu(t) :=p(t) — f(t,v) fora.e. t €[0,w].
Let
A={r>0:p, €V (w)}.
According to assumption (3.45), there exists R > 0 such that

/ " (s, R)ds > / " pls)ds.

Therefore, by virtue of Lemma 3.1, we get p — f(-,R) ¢ V™ (w) and consequently,
A#@. Let
v* :=inf A.

Now we show that

*

v" > 0. (3.46)
Indeed, put

ge(t) :==max{ -1, f(t, 1)} fora.e.t€[0,w], keN.

Then, in view of assumption (3.43), we have

—1 < gr41(t) < gr(t) fora.e. te[w], keN. (3.47)
Let
g(t):= lim gp(t) fora.e. te[0,w]. (3.48)
k——+oo

By virtue of (3.44), it is clear that g € L([0,w]) and
g(t) <0 fora.e. te[0,w].

Since p € V™ (w), it follows from Lemma 3.7 that p — g € V™ (w). Moreover,
according to (3.47) and (3.48), we have

Jm ; lgk(s) — g(s)|ds = 0.
The set V™ (w) is open (see Lemma 3.2) and thus, there exists kg € N such that
D— Gk, €V (w). (3.49)
On the other hand, we have
flt,x) < f(t, k—lo) < gy(t) for a.e. t €[0,w] and all z € 0, kio}

1t means that for any [z1,z2] C]0,4o0[, the restriction of f to the set [0,w] X [z1,z2] is
a Carathéodory function.
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Therefore, in view above-proved inclusion (3.49), from Lemma 3.7 we get p —
f(,z) € V™ (w) for every z € ]0, k%} Consequently, inequality (3.46) holds and

V€A, (3.50)

because the set V™ (w) is open (see Lemma 3.2).
Now let {,,}.7>9 C]0,v*[ be an increasing sequence such that
lim v, =v*.
n—-+oo
Clearly, p,,, € V™ (w) for n € N. By virtue of Lemma 3.10 with g(¢) := p,, (t) and
f(t) := —1, for any n € N, the problem

u =p, u—1; u(0)=u(w), v (0) = (w) (3.51)
has a unique solution w,, and this solution satisfies
un(t) >0 fort e [0,w]. (3.52)
Observe that from (3.43) we get
Pvpa(t) <y, (t) forae tel0,w], neN (3.53)
and, moreover,
dim . —pe L =0 (351)

because the function f is continuous in the second argument. Therefore, in view of
inequalities (3.52) and (3.53), it follows from (3.51) that
(tn(t) = unt1(8))" > Dy yy () (un(t) — uns1(t)) for a.e. t € [0,w], neN.
However, the inclusion p,, ,, € V™ (w) holds for every n € N and thus, the latter
inequality yields that
Un(t) < upy1(t) for ¢ € [0,w], n €N. (3.55)
It follows from (3.52) and (3.55) that the sequence {||u,||c};12] is non-decreasing.

We show that
lm ||lup|lc = +o0. (3.56)

n—-+oo
Indeed, if the sequence {|lu,|c}; > has a finite limit then, by virtue of (3.54),

(3.55), and Lemma 3.13 (with ¢, (¢) := p,, (t), g(t) := pu=(t), fu(t) := =1, f(t) :=
—1), we obtain

lim w9 (t) = uéi)(t) uniformly on [0,w], i = 0,1, (3.57)

n—+o0
where ug € AC"([0,w)]) satisfies
ug () = pu(t)uo(t) — 1 for a.e. t € [0,w],
uo(0) = uo(w),  up(0) = up(w).
Moreover, it follows from (3.55) and (3.57) that
uo(t) > ui(t) >0 fort € [0,w].

(3.58)

Therefore, from (3.58) and Lemma 3.7 with ¢(¢) := p,~(t) we get the inclusion
Py € V™ (w) which contradicts condition (3.50). The contradiction obtained proves
that relation (3.56) holds.

Put
(1)

 unlle”

vp(t) : fn(t): for t € [0,w], n € N.

~ lunlle
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Then for any n € N, the function v,, is a solution to the problem
" =pu, v = fu(t); 0(0) =v(w), v(0) =V (w).
It is clear that
lolle =1 forneN,  tim |full=0. (3.59)

Therefore, by virtue of (3.54), (3.59), and Lemma 3.13 (with g, (¢) := py, (t), g(t) :=
pu=(t), f(t) :=0), we can assume without loss of generality that

lim o (t) = v(()i)(t) uniformly on [0,w], i = 0,1, (3.60)

n—+o0
where vy € AC*([0,w]) satisfies
vy (t) = pu- (H)vo(t) for a.e. t € [0,w], vo(0) =vo(w), v4(0) =uv(w). (3.61)
Moreover, it follows from (3.52), (3.59), and (3.60) that
vo(t) >0 fort € [0,w], vg Z 0.

Consequently, we have

vo(t) >0 fort € [0,w]. (3.62)
If we extend the function vy periodically to the whole real axis, in view of Sturm’s
separation theorem and Lemma 3.6 with p(t) := p,«(t), we get

pu~ € Int D(w). (3.63)
Finally, we put

B {,, >t /Ow F(s,v)ds = /Ow £(s, u*)ds}

vy :=sup B.

and

Clearly, assumption (3.45) yields that v* < vy < +oo. Moreover, since the
Carathéodory function f satisfies condition (3.43), we have vy € B,

ft,v*) = f(t,n) fora.e te[0,w], (3.64)
and

/W f(s,v)ds > /W f(s,1vp)ds for v > 1.
0 0

Consequently, p,« = p,, and, in view of inclusion (3.63), there exists > 0 such
that
Duo+s € Int D(w) (3.65)

and
flt,vo+96) — f(t,vg) >0 fora.e. t€[0,w], f(,v0+9)%# f(,). (3.66)

On the other hand, by virtue of (3.62), (3.64), and (3.66), it follows from (3.61)
that

vg (t) = (p(t) = f(t,v"))vo(t)
= Puors(t)vo(t) + (f(t,vo + ) — f(t, v0))vo(t)
> Pug+s(t)vo(t)
for a.e. t € [0,w] and
meas{t € [0,w] : v (t) > Puy+s(t)vo(t)} > 0.
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Consequently, by virtue of inclusion (3.65) and Lemma 3.8 with g(t) := py,1s(t), we
get puyts € Int VT (w), i. e., the assertion of the proposition holds for r := vy+4d. O

The last two statements of this section deal with the existence of functions «
and (3 appearing in Lemma 3.17 which are usually called lower and upper functions
of problem (1.1), respectively.

Proposition 3.19. Let p € V™ (w) and ¢: [0,w] x R — R be a Carathéodory

function satisfying hypothesis (Hy). Let moreover, there exist a number r > 0 such
that

p—qo(-,7r) € Int VH(w). (3.67)

Then for any ¢ > r, there is a function o € ACY([0,w]) satisfying inequality (2.2)
and

a0) =aw),  @(0)=a'(), (3.68)

a(t) >c¢ forte|0,w]. (3.69)

Proof. Let v > 0 be the number appearing in the assertion of Lemma 3.9 with
g(t) := p(t) — qo(t,r) and let ¢ > r be arbitrary. Then, in view of assumption
(3.67), it follows from Lemma 3.9 that the problem

o = (p(t) = ao(t. )+ ——:  a(0) = aw), a'(0) = o/(w)

has a unique solution « and this solution satisfies inequality (3.69). Consequently,
(3.68) holds and since ¢ > r, hypothesis (H;) guarantees that the function « satisfies
relation (2.2), as well. O

Proposition 3.20. Let p € V™ (w) and ¢: [0,w] x R — R be a Carathéodory
function satisfying

q(t,0) =0 fora.e. t € [0,w]. (3.70)
Then for any ¢ > 0, there exists a function B € ACI([O,W]) satisfying inequality
(3.22) and

B(0) = Bw), B'(0) = B'(w), (3.71)
0<B(t)<c forte|0,w]. (3.72)

Proof. Since ¢ is a Carathéodory function with property (3.70), there exist a non-
negative function h € L(0,w) and a non-negative, non-decreasing function ¢ €
C([0,400]) such that ¢(0) = 0 and

lg(t, z)| < h(t)p(Jz|) for a.e.t € [0,w] and all z € R, |z| < 1. (3.73)

We first show that there is a number £y €0, 1] such that
p—hp(e) € V™ (w) for every € € [0, 0]. (3.74)
Indeed, assume on the contrary that there exists a sequence {&,},;1> C]0, 1] such

that -
p—ho(e,) €V (w) forneN, ngrfoo en =0.
Since ¢(0) = 0, it is clear that

lim |h(s)p(en)|ds = 0.

n—-+oo 0
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Consequently, we get p € V™ (w) because the set V™ (w) is open (see Lemma 3.2).
However, it contradicts the assumption p € V™ (w).

Now let ¢ > 0 be arbitrary and § := min{eg,c}. Let, moreover, v, A > 0 be
numbers appearing in the assertion of Lemma 3.10 with g(¢) := p(t) — h(t)p(9).
Then, in view of (3.74), it follows from Lemma 3.10 that the problem

8" = (p(t) ~ h)p(3))f — o B(0) = B(w), F(0) = ()
has a unique solution 8 and

%6§B(t) <4 forte 0w

Taking now into account that the function ¢ is non-decreasing and inequality (3.73)
holds, we easily conclude that the function § satisfies (3.22), (3.71), and (3.72). O

4. PROOFS OF MAIN RESULTS

Proof of Theorem 2.1. According to Proposition 3.20, there exists a function § €
AC,([0,w]) satisfying inequalities (3.22), (3.71), and

0<B(t) <alt) fortel0,w].
Consequently, all the assumptions of Lemma 3.17 are fulfilled and thus, problem
(1.1) has at least one positive solution u satisfying relation (2.4). O

Proof of Corollary 2.2. By virtue of Theorem 2.1, to prove the corollary it is suffi-
cient to show that, in both cases (a) and (b), there exists a function a € AC,([0,w])
satisfying relations (2.1), (2.2), and (2.3).

If condition (a) is fulfilled then it is clear that the constant function a(t) := ¢
satisfies (2.1), (2.2), and (2.3).

On the other hand, if condition (b) holds then the existence of a function o
fulfilling (2.1), (2.2), and (2.3) follows from Proposition 3.19. O

Proof of Corollary 2.3. Observe that hypothesis (H;) and assumption ¢(-,0) = 0
yield that
qo(t,0) <0 for a.e. t € [0,w].

Therefore, according to Proposition 3.18 with f(¢, ) := qo(t, x), there exists r > 0
such that p—qo(+,7) € Int VT (w). Hence, the assertion of the corollary follows from
Corollary 2.2(b). O

Proof of Proposition 2.5. Assume that problem (1.1) has a positive solution wu.
Then there are numbers ©v* > u, > 0 such that
ue < u(t) <u* fort e [0,w]

and, by virtue of hypothesis (H3), we have

q(t,u(t)) > hy o+ (t) for a.e. t € [0,w].
Therefore, we get

u’(t) < p()ult) — ushy, o (t) < p(t)u(t) for a.e. t € [0,w]

and

meas{t € [0,w] : v (t) < p(t)u(t)} > 0.
Hence, it follows from Lemma 3.7 with ¢(¢) := p(t) and y(¢) := u(t) that p €
V_(w). O
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Proof of Proposition 2.6. According to hypothesis (H3), one can show that
the function ¢(¢,-): [0, +00[ — R is non-decreasing for a.e. t € [0, w] (4.1)
which together with assumption (2.9) yields that
q(t,z) >0 fora.e. t € [0,w] and all z > 0. (4.2)

Suppose on the contrary that the assertion of the proposition is violated. Then we
can assume without loss of generality that either

(a)
u(t) > v(t) fort e [0,w],

or

(b) there exists to € [0,w] such that
u(t) > wv(t) fort €[0,w], wu(to) =wv(te), u'(to)="1"(to). (4.3)
In the case (a), there exist positive numbers v, v*, ¢y such that
u(t) > v(t) +ep, v« <w(t)<v* forte[0,w] (4.4)
Therefore, in view of condition (4.1) and hypothesis (Hs), for a.e. ¢ € [0,w] we get
q(t,u(t)) —q(t, v(t)) = q(t,v(t) + o) = q(t, v(t)) = hu,vweo (L) (4.5)

On the other hand, it follows immediately from the equation in (1.1) that v and v
are periodic solutions, respectively, to the equations

2" = (p(t) — q(t,v(1))z — [q(t, u(t)) — q(t, v(t)]u(t),
7" = (p(t) — q(t,v(1)))=
and thus, by virtue of (4.4) and (4.5), Fredholm’s third theorem yields the contra-

diction

0= /0 [a(s,u(s)) — q(s,v(s))]u(s)v(s)ds > (v, + eo)v*/o Ry, vreq(8)ds > 0.
In the case (b), by virtue of conditions (4.1), (4.2), and (4.3), we have
w(t)q(t,u(t)) > v(t)q(t,v(t)) for a.e.t e [0,w]. (4.6)
Put
w(t) :=u(t) —v(t) fort e [0,w].
Clearly, the function w is a solution to the periodic problem
w” = pt)w — [u(t)q(t, u(t)) —v(t)g(t,v(t)];  w(0) = w(w), w'(0) =w'(w).

If w(-)g(-,u(-)) # v(-)q(-,v(-)) then, in view of (2.5) and (4.6), it follows from
Lemma 3.10 with g(¢) := p(¢) that w(t) > 0 for ¢ € [0,w], which contradicts (4.3).

On the other hand, if u(-)q(-,u(-)) = v(-)q(-,v(-)) then, in view of (4.3), the
function w is a solution to the initial value problem

w” = pt)w;  w(te) =0, w'(to) = 0.

Consequently, we get w = 0 which is in a contradiction with the assumption that
u, v are distinct solutions to problem (1.1). O
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Proof of Theorem 2.7. Put
q(t,z) == h(t)p(xz) fora.e.t € [0,w] and all z € R.

It is clear that ¢ is a Carathéodory function satisfying ¢(-,0) = 0.

Assume that condition (i) holds. It follows from assumption (2.13) that there
exists a number ¢ < 0 such that ¢(z) > ¢ for > 0. Therefore, in view of (2.12),
the function ¢ satisfies hypothesis (H;) with qo(t,2) := h(t)po. Moreover, (2.14)
implies the validity of (2.6) and thus, Corollary 2.2(a) yields that problem (2.11)
has at least one positive solution.

Now assume that condition (ii) is satisfied. Let

P(x) = inf{p(z) : 2z € [z, +oo[} for z > 0.
One can easily verify that the function 1 is well defined. Moreover, the function
is continuous, non-decreasing, and

o(x) > ¢(z) forz >0, lim ¢(z) = +o0.

r—+00

Consequently, in view of assumption (2.12), the function ¢ satisfies hypothesis (H;)
with go(t,x) := h(t)(x) and condition (2.7) is fulfilled. Therefore, Corollary 2.3
yields that problem (2.11) has at least one positive solution.

Assume, in addition, that the function ¢ is increasing. Then, in view of (2.12),
the function ¢ satisfies hypothesis (H3) and ¢(-,0) = 0. Consequently, if u, v are
two distinct positive solutions to problem (2.11) then Proposition 2.6 yields that
(2.10) holds with some t1,t5 € [0,w]. O

Proof of Proposition 2.10. Assume on the contrary that problem (2.21) has a pos-
itive solution u such that u # 1. Let

q(t,z) == p(t)|z|> for a.e. t € [0,w] and z € R.

In view of assumption (2.18), the function ¢ satisfies hypothesis (H3) and ¢(-,0) = 0.
Therefore, Proposition 2.6 yields that there exist t1,t2 € [0,w] such that

u(tl) <1, u(tg) > 1. (47)
It immediately follows from (2.21) that

/ " pls)u(s)ds = / " plsyu (s)ds.

Hence, by Holder’s inequality, we get

/0‘*’ p(s)u(s)ds = /Ow p%(s)p%(S)u(s)ds

and thus, the inequality

? S’LL/\S S ’ S S .
/Opu()ds/op()d (48)

holds. On the other hand, Holder’s inequality yileds that

/Ow p(s)ul(s)ds = /Ow P75 (5)p% (s)u(s)ds
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< (/pr(S)dS)w (/OWP(S)u*(S)dS)

Consequently, by virtue of (4.8), we get
w w
/ p(s)ut(s)ds S/ p(s)ds for p € [0, A]. (4.9)
0 0
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for u €]0, A[.

Put
p(t) :=pt)Y(u(t)) fora.e. t e [0,w],

2=z for x € [0,1[U]1, +oo]
=t forzx , ,+o0[,
vla)i={
A—1 forz=1.
It is clear that the function % is continuous and non-negative on [0, +o00[ and thus,
(4.11)

where

we have p € L([0,w]) and
p(t) >0 fora.e. t€|0,w]

First suppose that A €]1,2[ and put
(4.12)

Obviously, n € N and
A-1<i, (4.13)

Therefore, we have
=10y _q () —1 1
W L(t) un (t) for t € [0,w], u(t) #1

u(t) =1 = u() -1 Sl

and thus, Lemma 3.11 yields that
t 1 =
u(t) fu%(t) for t € [0,w], u(t) # 1.

U <7k§
V) € o= rs <3

k=0 U™
Taking now into account (4.13), from the latter inequality we get

Y(ut) < —u'r (t) for t € [0,w].

Hence, in view of (2.19), (2.20), (4.9), (4.12), and (4.14), notation (4.10) yields that
(4.15)

(4.14)

S| =

On the other hand, the function u — 1 is a nontrivial solution to the problem
v = —p(t)v; v(0) =v(w), v'(0)=1"(w) (4.16)
with at least two zeros in the interval [0,w] (see (4.7)). Therefore, taking into

account inequality (4.11), it follows from Lemma 3.12 that
16
(4.17)

s
| s>

which is in a contradiction with (4.15).

Now suppose that A > 2 and put

ni=r—1]. (4.18)
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Obviously, n € N and

A—1<n. (4.19)
Therefore, we have
u Nt — 1 u"
a1 = Zu t) forte[0,w], u(t)#1

and thus, taking into account (4.19), from the latter inequality we get
) < Z uFt(t) for t € [0,w)]. (4.20)

Hence, in view of (2.19), (2.20), (4.9), (4.18), and (4.20), notation (4.10) yields that

“ 1
/ s)ds < Z/ w1 (s)ds < n/ p(s)ds < —6 (4.21)
0 0 w

On the other hand, the function u — 1 is a nontrivial solution to problem (4.16)
with at least two zeros in the interval [0,w] (see (4.7)). Therefore, taking into
account (4.11), it follows from Lemma 3.12 that inequality (4.17) holds, which
contradicts (4.21). O

Proof of Corollary 2.11. Put
q(t,z) :== h(t)|z|*"! for a.e. t €[0,w] and z € R.

Assertion (1): In view of assumption (2.12), the function ¢ satisfies hypothe-
ses (Hy) with go(t,z) := h(t)z*~! and (Hj). Consequently, assertion (1) of the
corollary follows from Corollary 2.3 and Proposition 2.5.

Assertion (2): By virtue of assumption (2.12), hypothesis (Hj3) is fulfilled and
q(-,0) = 0. Therefore, assertion (2) of the corollary follows from Proposition 2.6.

Assertion (3): Assume that p € V™ (w) and inequality (2.22) holds. Then the
above-proved assertion (1) yields that problem (1.4) has a positive solution wug. It
remains to show that this problem has no other positive solution. Indeed, let

b |
y(t :=/ ———ds forte[0,w], w ::/ ds,
©=J, @6 Ok = )

9(2) == h(v 1 (2)up T2 (v 1(2)) for a.e. z € [0,wp)].
Then the function g is well defined, g € L([0,wp]), and
g(z) >0 fora.e. z € [0,wp], g #0, (4.22)

because the solution ug is positive and the function h satisfies assumption (2.12).
On the interval [0, wp], we consider the periodic problem

"= g(z)v(l — \v|)‘71); v(0) = v(wp), v'(0) = (wo). (4.23)

One can easily verify that if u is a positive solution to problem (1.4) then the
function i

o(z) = u(y _1(2))

uo(y1(2))

is a positive solution to problem (4.23). Moreover, we have

/Owog(@df: /Owohwl( A (€))de = / uH (s)ds

and

for z € [0, wo]
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and thus, in view of assumption (2.22), Lemma 3.16 with ¢(t) := p(t) and u(t) :=
ug(t) yields that

/ g(f)dggie*H 145 [ p(s) s( 1+\/1+ / ) 16\ 7
0 wo wo

where the number A\* is defined by formula (2.20). Therefore, in view of (4.22), it
follows from Proposition 2.10 with p(¢) := g(z) that problem (4.23) has the unique
positive solution v(z) := 1 for z € [0, wp]. However, it guarantees that ug is a unique
positive solution to problem (1.4). O

Proof of Theorem 2.13. Put
q(t,z) == h(t)|z|* = f(t)|z[*~ for a.e. t € [0,w] and all z € R. (4.24)
By virtue of assumptions (2.12) and (2.24), we have
q(t,x) > "~ () = [f(1)]+)

> h(t)z"H(arH —c)
> h(t)y(xz) fora.e.t €[0,w] and all z > 0,

where

S C e forx>[ c]kfﬂ.
Consequently, the function ¢ satisfies ¢(-,0) = 0 and hypothesis (H;) with go(t, x) :=
h(t)(z) and, in view of (2.12), condition (2.7) holds. Therefore, the assertion of
the theorem follows from Corollary 2.3. O

Proof of Theorem 2.15. Let the function ¢ be defined by formula (4.24). It is clear
that ¢(-,0) = 0 and, in view of assumption (2.27), we get

q(t,x) > h(t)zH! <x)‘“ - %) for a.e. t € [0,w] and all z > 0.

Now for a.e. ¢t € [0,w] and all > 0, we put

—31 {%]% [f(t)ﬁ%‘l‘h_%(t) ifo<z< [ﬁ;l [fé )+ ]ﬁ
e ]

Then, by virtue of assumption (2.28), one can verify that go: [0,w] % [0, +o0[— R
is a Carathéodory function and hypothesis (H;) holds. Moreover, the function g
satisfies

qo(t,x) :=

h(t) 2 =1 — [f (1)) oz if 7 > [

lim qo(t,z) =400 fora.e. t € [0,w]

r—+o0

which, in view of Remark 2.4, yields that (2.7) is fulfilled. Therefore, the assertion
of the theorem follows from Corollary 2.3. (]
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