THE CZECH ACADEMY OF SCIENCES

INSTITUTE OF MATHEMATICS

Haar meager sets revisited

Martin DolezZal
Martin Rmoutil
Benjamin Vejnar
Vidclav Viasdk

Preprint No. 51-2015
PRAHA 2015






HAAR MEAGER SETS REVISITED

MARTIN DOLEZAL, MARTIN RMOUTIL, BENJAMIN VEJNAR, AND VACLAV VLASAK

ABSTRACT. In the present article we investigate Darji’s notion of Haar meager
sets from several directions. We consider alternative definitions and show that
some of them are equivalent to the original one, while others fail to produce in-
teresting notions. We define Haar meager sets in nonabelian Polish groups and
show that many results, including the facts that Haar meager sets are meager
and form a o-ideal, are valid in the more general setting as well. The article
provides various examples distinguishing Haar meager sets from Haar null sets,
including decomposition theorems for some subclasses of Polish groups. As a
corollary we obtain, for example, that Z«, R or any Banach space can be
decomposed into a Haar meager set and a Haar null set. We also establish the
stability of non-Haar meagerness under Cartesian product.

1. INTRODUCTION

The notion of Haar meager sets in abelian Polish groups was defined by Darji in
[4] as a topological counterpart to Haar null sets defined by Christensen in [2]. Let
G be an abelian Polish group. A set A C G is said to be Haar null if there exists a
Borel set B D A and a Borel probability measure p on G such that pu(z + B) =0
for each x € G. By Darji’s definition, A is said to be Haar meager if there exists a
Borel set B D A, a compact metric space K and a continuous (“witness”) function
f: K — G such that f~1(x + B) is meager in K for each z € G.

Among other results, Christensen proved in his paper that Haar null sets form a
o-ideal (i.e. are closed under subsets and countable unions) and that they coincide
with sets of Haar measure zero in locally compact abelian Polish groups. Similarly,
Darji proved in his paper that Haar meager sets form a o-ideal contained in the
o-ideal of meager sets and that they coincide with meager sets in locally compact
abelian Polish groups.

One might suspect that the similarity between Haar null and Haar meager sets
is only formal and does not go much beyond the very basic properties. It turns
out, however, that the two notions share other properties as well, which resembles
the duality between category and measure. Indeed, many of the results about
Haar meager sets (as well as their proofs) were inspired by analogous results about
Haar null sets. In particular, in non-locally compact abelian Polish groups, it is
known that compact sets are both Haar null (essentially due to Christensen, [2,
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Theorem 2[; see also [5]) and Haar meager (see [10]), and, as expected, the reason
is the same in both cases: If A is a Borel subset of an abelian Polish group which
is non-Haar null or non-Haar meager, then A — A contains an open neighborhood
of 0. (To complete the argument, it suffices to observe that if A is compact, so is
A—-A)

In this paper we continue the study of Haar meager sets from several viewpoints.
In Section 2 we extend the definition of Haar meager sets to all Polish groups (not
necessarily abelian) and prove that in any Polish group they are meager and form
a o-ideal. In the following sections, some of our results require the commutativity
of the group operation, others do not.

In Section 3 we examine the definition of Haar meagerness itself; more precisely,
we look at some other natural candidates for the definition of a topological analogue
of Haar null sets. We discuss two natural ways how to modify the definition: We
can alter the requirements on the ‘hull’” B or we can consider removing the witness
function from the definition. An example of alternative definition is the notion
of naively Haar meager sets where we remove the hull B from the definition of
Haar meagerness. (This is a notion analogous to that of naively Haar null sets
introduced in [8].) We prove that in uncountable abelian Polish groups there are
always naively Haar meager sets which are not Haar meager; moreover, under the
Continuum Hypothesis we show that the group can be decomposed into two naively
Haar meager sets.

Section 4 establishes the stability of non-Haar meagerness under Cartesian prod-
uct. We also provide an example which shows that a Fubini type theorem for Haar
meager sets fails.

Section 5 contains decomposition results for some special classes of Polish groups,
in particular all Banach spaces or the group Z“: Such groups can be decomposed
into a Haar meager set and a Haar null set. It is well known (and easy to see) that
Fuclidean spaces can be decomposed into a meager set and a set of measure zero;
our results are the ‘non-locally compact versions’ of this statement.

Finally, in Section 6 we provide other examples showing the differences between
the studied o-ideals, this time with the help of the group of permutations of integers.

2. HAAR MEAGER SETS IN NON-ABELIAN GROUPS

We are going to prove that the notion of a Haar meager set behaves well even
in the nonabelian setting, namely that the collection of such sets forms a o-ideal
contained in the o-ideal of meager sets. The proofs are of a similar nature as those
given in the abelian case in [4]. Since there does not necessarily exist a complete
left invariant metric on a Polish group (e.g. S, see [1, p. 8]) we need to be more
careful. In the proof of Theorem 3 we are following the ideas from [3] where the
authors corrected the wrong proof from [13] that Haar null sets in a Polish group
form a o-ideal.

Definition 1. Let G be a Polish group. A set A C G is said to be Haar meager
if there are a Borel set B C G such that A C B, a compact metric space K, and
a continuous mapping f: K — G such that f~1(gBh) is meager in K for every
g,h €@G.

We call f a witness function for A and B is called a (Borel) hull of A. We
denote the collection of all Haar meager sets by HM.
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Lemma 2. Let G be a Polish group with a compatible metric p and L be a compact
subset of G. Then for every € > 0 there is a neighborhood U of 1 such that p(x -
u,z) < € for everyx € L andu € U.

Proof. By the continuity of the function (z,u) — p(x - u, z), for every x € L there
are neighborhoods V. of x and U, of 1 such that the image of V, x U,, is a subset of
[0,¢). Let F' C L be a finite set such that L C J,p Ve. We define U =, U,.
It is easy to check that this choice of U works. O

Theorem 3. Haar meager sets in a Polish group form a o-ideal.

Proof. Let G be a Polish group. Let us fix a compatible complete metric p. Clearly
a subset of a Haar meager set is Haar meager. Thus it is enough to prove that the
system of Haar meager sets is closed under countable unions. Suppose that A,
n € w, are Haar meager sets in G. For n € w, there exists a Borel set B, D A,
and a continuous mapping f,: K,, = G defined on a compact space K, such that
1 (gB,h) is meager in K, for every g,h € G. Without loss of generality we may
suppose that 1 € f,(K,,) for every n € w.

Let L, = fi(K1) ... fo(Ky). The set L, is compact in G because it is
a continuous image of K X ... x K,, under the mapping f; - ...  f,. For any
fixed n € w we get by Lemma 2 that there is a neighborhood U,, of 1 such that
p(x - u,z) < 27" for every x € L, and u € U,. Let K/, be the closure of f,1(U,).

Claim 4. For every n € w, the mapping fn |k witnesses that By, is Haar meager.

Proof. Letusfixn € wand g, h € G. Theset £, (U,)is openin K,, and f; (9B, h)
is meager in K,,, and so f, (gB,h) N f,;*(U,) is meager in f,;1(U,). Since each
open subset of G is comeager in its closure, the set f,, *(gB,h) N K/, is meager in
K. O

Define K =[], ., K], and ¢,: K — G by
on(@) = fi(@1) - fa(@2) oo ful@n).

All the mappings ¢, are clearly continuous and K is compact. Moreover, by the
choice of U,, we obtain p(@, (), pnt1(x)) < 27™ and hence the sequence of map-
pings ¢, converges uniformly. Let f = lim ¢,; then f: K — G is continuous, being
the uniform limit of continuous mappings.

We claim that f witnesses that A ={J, ., A, is Haar meager. To that end, note
that B = (J,,c,, Bn is Borel and it contains A, and take arbitrary g,h € G and
i € w; we aim to show that f~'(gB;h) is meager. Fix x; € K for every j # i.
Now,

necw

{.’Ei € K; f((El,...,ifi,...) S gBZh}
= [N (@) - fima(@ie) T gBib(fisn (i) - )T N K]
is meager in K because it is the inverse image under f;| & of a translate of the set
B;. Hence, by the Kuratowski-Ulam theorem (see e.g. [11, Theorem 8.41]) applied
in the product space ([, Kj) x Kj, the Borel set f~Y(gB;h) is meager. Thus
f~1(gBh) is meager for every g,h € G, which implies that A is Haar meager. [

In the proof of the next theorem we follow [4] where the abelian case was proved.

Theorem 5. Fvery Haar meager set in a Polish group is meager.
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Proof. Let A be a Haar meager subset of a Polish group G, and let us have a Borel
set B D A together with a continuous mapping f: K — G witnessing the Haar
meagerness of A. Define S = {(g,2) € G x K: f(x) € gB}; then S is Borel. For
any fixed g € G the set {z € K: f(x) € gB} is meager in K and it is a section
of S. Hence, by the Kuratowski-Ulam theorem, S is meager in G x K. Using
the Kuratowski-Ulam theorem again we conclude that there are comeager many
x € K for which {g € G: f(x) € gB} is meager. Since K is compact, there is at
least one such z. The last set is equal to f(x)B~!, and can be mapped onto B by
an automorphism of the group G and hence B is meager as well. Thus also A is
meager. (I

The following question has a positive answer in the abelian case ([10, Corol-
lary 1]).

Question 6. Are compact sets in a non-locally compact Polish group Haar meager?
What about the special case G = Soo ?

3. SOME NOTES ON THE DEFINITION OF HAAR MEAGER SETS

It was shown in [4] that in any abelian Polish group, the collection HM forms
a o-ideal (see [4, Theorem 2.9]) which is contained in the o-ideal of all meager sets
(see [4, Theorem 2.2]) and these two o-ideals coincide if and only if G is locally
compact (see [4, Theorem 2.4, Corollary 2.5 and Example 2.6]). Therefore we are
mostly interested in the case where the group G is not locally compact.

It was explained in [4, Example 2.3] that some sort of definability condition (the
Borelness of the set B in the definition) is necessary to ensure that every Haar
meager set is meager. However, it may be appealing to replace Borelness by the
Baire property which seems to be better related to the Baire category. So let us
denote by HM the class of all sets satisfying Definition 1 where we only require B
to have the Baire property (instead of being Borel). Even then, all relevant results
from [4] still remain true for the class HM (with the same proofs). In particular,
HM is a o-ideal which is contained in the o-ideal of all meager sets, and these
two o-ideals coincide if and only if G is locally compact. Nevertheless the following
example shows that HM is consistently a bigger o-ideal than HM.

Example 7. Assume the Continuum Hypothesis. Let G be any abelian Polish group
which is not locally compact. Then there is A C G such that A € HM \ HM.

Proof. Let K be an arbitrary perfect compact subset of G and let {K,: o < w}
be an ordering of all translates gK, g € G, of the set K. Let {By: a < w1} be
an ordering of all Borel subsets of G which are in HM. By [10, Corollary 1], each
compact subset of G is in HM, and so we have B, U |J{K3: 8 < a} € HM
for every @ < wy. By [4, Example 2.6], there is a closed meager subset F' of G
such that F' ¢ HM. Then for each o < wy, the set F\ (B, UU{Kp: 8 < a})
is not in HM, in particular it is nonempty. So for every a < w;, we can pick
Pa € F\ (Ba UU{Kpg: 8 < a}). Finally, we put A = {pa: o < ws}.

The set A is meager since A C F, in particular A has the Baire property.
Moreover, A intersects each translate of K in at most countably many points, in
particular in a meager subset of the translate. It easily follows that the identity
mapping id: K — G witnesses that A € HM. On the other hand, we have
A ¢ HM since A is not contained in any B,, a < w;. (]
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In spite of the previous example, it is possible to replace Borelness by analyticity
in Definition 1. This follows from the following proposition which is a straightfor-
ward modification of the proof of an analogous proposition from [15] (which deals
with Haar null sets instead of Haar meager sets).

Proposition 8. Let G be a Polish group and A be an analytic subset of G. Let
K be a compact metric space and f: K — G be a continuous mapping such that
f~1(gAh) is meager in K for every g,h € G. Then A is Haar meager.

Proof. During this proof, whenever Z C X x Y (for any sets X,Y) and z € X, we
denote Z, ={y € Y: (z,y) € Z}. Let

®={XCG: X% and f'(gXh) is meager in K for every g,h € G}.
We verify that the family ® is II} on 31, i.e. that for any Polish space Y and any

Y1 set PCY x G, theset {y € Y: P, € &} is [I]. To that end, let Y be a Polish
space and P CY x G be ¥1. Define PC G x G xY x K by

(g,h,y,2) € Pozc fﬁl(gPyh) (@ (g7 f(x)h ™t y) € P) .

Then P is obviously %1, and so by Novikov’s theorem (see e.g. [11, Theorem 29.22]),
the set {(g,h,y) € G x G X Y': P is meager in K} is IT}. Therefore the set

{yeY: Ij’(gﬁ’y) is meager in K for every g,h € G} ={y € Y: P, € ¢}

is also I1}.

Since A € ®, it follows by (the dual form of) the First Reflection Theorem (see
e.g. [11, Theorem 35.10 and the remarks following it]) that there exists a Borel set
B € ® such that A C B. O

We do not know whether the Borel hull from Definition 1 of Haar meager sets
can be replaced by an F, hull (even in the abelian setting).

Question 9. Is every Haar meager set contained in an F, Haar meager set?

In [7] it is shown that in every non-locally compact abelian Polish group, there
is a Borel Haar null set which does not have a G hull. This is a negative answer
to what looks like an analogy of the previous question in case of Haar null sets.

The next natural question posed in [4] asks whether it is true that for every Haar
meager set A in an abelian Polish group, there is a witness function f for A which is
the identity function defined on some compact subset of the corresponding group.

Question 10 ([4, Problem 2]). Let G be an abelian Polish group and A C G be a
Haar meager set. Is there a compact set L C G such that gA N L is meager in L
for every g € G?

Although we do not know the answer, we do know that it is not possible to pick
an arbitrary witness function f: K — G (where K is a compact metric space) for
A and simply put L = f(K). This is shown by the following example.

Example 11. There exist a Gs Haar meager set A C R, a compact metric space K
and a witness function f: K — R for A such that AN f(K) is comeager in f(K).

Proof. By [12], there is a compact set M C R with Hausdorff dimension 1 such
that for every z € R, the intersection (z + M) N M contains at most one point.
Let L be a perfect compact subset of M. Then for every z € R the intersection
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(z+ L)N L also contains at most one point. Let {U;: i € w} be a basis of nonempty
open subsets of L. For every i € w, we fix a perfect set C; C U; which is nowhere
dense in U;. We define

K = U {(m,}l):xe OC’i}U{(Js,O):xEL}gLX[0,1],
new =0

so that K is a compact metric space. We also define f: K — R to be the projection
to the first coordinate, i.e. f(z,t) = x for every (z,t) € K. Finally, we define

A=1L\ U C; CR,
ieN
which is obviously a Gs subset of R.
Let us check that f witnesses that A is Haar meager. Take an arbitrary z € R.
If z =0 then

le+A)=f14A) = {(w,O) eK:zxzelL\ U C’Z} C L x {0}.
€W
And if z # 0 then (using the fact that A C L = f(K)) we have
FUe+ ) = (E+ AN C I (+ DN D),
which is a preimage of either singleton or empty set. In both cases, we easily
conclude that f~!(z + A) is nowhere dense in K.

On the other hand, L\ A is the union of nowhere dense subsets C;, i € w, of L,
and so A is a comeager subset of L = f(K). O

The remainder of this section is concerned with the notion of naively Haar meager
sets:

Definition 12. Let G be a Polish group. A set X C G is called naively Haar
meager if there is a continuous map f of a metrizable compact space K into G such
that f~1(gXh) is meager in K for every g,h € G.

The set K is called a witness compact for X.

The following Lemma is a topological analogue of the measure theoretic one [8,
Lemma 3.2].

Lemma 13. Let G be an abelian Polish group. Let P C G be a perfect set and
C C G a comeager subset. Then there exists g € G such that |C N gP| = .

Proof. Let B be a Borel comeager subset of C. We will prove that |BNgP| = ¢ for
some g € G. Suppose for a contradiction that there is no such g € G. This means
that |B N gP| < ¢ for every g € G. Since Borel sets are either of size continuum or
at most countable and the set BN gP is Borel it follows that it is at most countable.
Hence also gB N P is at most countable for every g € G. Thus gB N P is meager
in P. It follows that B is Haar meager and thus by [4] B is also meager. This is a
contradiction, since B was supposed to be comeager. ([l

The following is shown in [8, Lemma 3.4] to be an easy consequence of [9].

Lemma 14. Every uncountable Polish group has an uncountable Borel subgroup of
uncountable indez.

The following can be found in [1, p. 5].
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Lemma 15. Let G be an abelian Polish group and let H be a meager subgroup of
G. Then there is a perfect partial transversal of G/H (i.e. there is a perfect subset
of G which intersects each coset of H in at most one point).

The next Theorem answers a question of Darji ([4, Problem 1]). We follow some
ideas of [8].

Theorem 16. Let G be an uncountable abelian Polish group. Then there is a set
X C G which is naively Haar meager but not Haar meager.

Proof. Let H be an uncountable Borel subgroup of G with an uncountable index
in G (such a subgroup exists by Lemma 14). Since H has the Baire property and
is of an uncoutable index it is easy to see that it is meager. Thus by Lemma 15
there is a perfect partial transversal P of G/H. Since H is uncountable and Borel
there is a perfect set K C H which will be used as a witness compact. Note that if
T is an arbitrary partial transversal of G/H then T is naively Haar meager.

Let {F,: o < ¢} be the collection of all meager sets in G which are of type Fy.
We will construct by induction a set X = {x,: o < ¢} C G such that

To & Fo U U xgH.
B<a

To verify that this is possible it is enough to show that for a fixed o < ¢ the set
F, U Uﬁ«x xgH is a proper subset of G. Suppose that it equals G. Then the set
C =g, zpH is comeager. Moreover |C'NgP| < |a| < ¢ for every g € G. This is
a contradiction with Lemma 13.

Since X is a partial transversal it follows that it is naively Haar meager. Moreover
X is not meager because it is not contained in any F, for a < ¢. Hence X is not
Haar meager. O

It can be easily shown that under the Continuum Hypothesis, for every uncount-
able group G there is a naively Haar meager set X C G x G such that (G x G)\ X
is naively Haar meager as well. In fact it is enough to consider X C G X G as a
well-order of G which is of type w;. It follows that all vertical sections of X are
countable and similarly for the horizontal sections of G \ X. It follows that under
the Continuum Hypothesis naively Haar meager sets do not form an ideal in the
groups of the form G x G.

The reasoning from the preceding part is known in the context of naively Haar
null sets [8]. In the following Proposition we are, however, able to show that this
does not hold only for the squares of groups. Note that the Proposition can be
analogously stated and proved also for naively Haar null sets.

Proposition 17. Assume the Continuum Hypothesis. Let G be an uncountable
abelian Polish group. Then there exists a naively Haar meager set X C G such that
G\ X is naively Haar meager as well. In particular, naively Haar meager sets do
not form an ideal in G.

Proof. By Lemma 14 there exists an uncoutable Borel subgroup H C G of an
uncountable index. Since H has the Baire property and its index in G is uncountable
it follows that H is meager. Thus by Lemma 15 there is a perfect partial transversal
of G/H. Let us index {go: o < w1} = G and let {H,: o < wy} be all the cosets of
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H in G. Simply let

X={J (9P\ | Hs
a<wi B<a
If we fix an arbitrary perfect set K C H it is a witness compact for X (as gX N K
is at most countable for every g € G) and thus X is naively Haar meager. On the
other hand for an arbitrary g € G there is @ < w; such that g = g, and then

(G\X)NgP =gaP\ X CgoaP\ [ 9aP\ |J Hs | = 9PN | J Hp.
B<a B<a

Since the last set is countable it follows that any translation of G \ X intersects P
in a countable and thus meager set. It follows that G \ X is naively Haar meager
as well. ]

4. CARTESIAN PRODUCTS AND HM

The Cartesian products of (non-)Haar meager sets were already studied in [10].
It was asked in [10] whether the Cartesian product of two non-Haar meager Borel
sets is non-Haar-meager. We affirmatively answer this question by proving Theorem
18 (note that the easier implication (ii)=(i) from Theorem 18 was already proved
in [10, Theorem 3]). We remark that the question was stated for abelian groups
only, but our theorem works also in the non-abelian setting.

Theorem 18. Let G1,Go be Polish groups, and let Ay C G1 and As C Go be
analytic sets. Then the following are equivalent:

(i) Ay and As are non-Haar meager in their respective groups;
(i) A1 x As is non-Haar meager in G X Gs.

To prove Theorem 18, we need a simple lemma:

Lemma 19. Let G be a Polish group and A C G an analytic set which is non-Haar
meager. let K be a compact metric space and f: K — G be a continuous mapping.
Then for any nonempty open set U C K there exist g,h € G such that f~(gAh)NU
1S mon-meager.

Proof. Assume the contrary, i.e. there exist a compact metric space K, a contin-
uous mapping f: K — G, and an open set U C K such that for each g,h € G,
f7H(gAh) N U is meager in K. It is then easy to see that (f|z) '(gAh) is meager
for any g, h € G, and Proposition 8 now gives that A is Haar meager. O

Proof of Theorem 18. To prove implication (i)=-(ii), let us observe that A; x As
is analytic, and so we can again use Proposition 8 to free us of the obligation to
consider Borel hulls.

Take any f: K — G x G2 continuous where K is a compact metric space; we
shall find pOiIltS (gl,gg), (hl, hg) € Gl X G2 such that fﬁl((gl, gg)(Al X Ag)(hl, hg))
is non-meager in K, showing that f does not witness Haar meagerness of A; x A,.

Of course, there are continuous mappings fi1: K — G; and fo: K — G5 such
that f = (f1, f2). Since A; is not Haar meager in Gy, there exist ¢1,h1 € G
such that f; 1(91A1 h1) is non-meager in K. From the facts that A; is analytic and
f1 is continuous we obtain that f;'(g1Ajhy) is analytic; in particular it has the
Baire property by the Lusin-Sierpiniski theorem (see e.g. [11, Theorem 21.6]). Thus
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there is an open set U C K such that fl_l(glAlhl) NU is comeager in U. We now
apply Lemma 19 to As, fo and U, obtaining gz, hy € Gy such that f, ' (g2 Ashs) is
non-meager in U. We have:

S (g1, 92) (A1 x Ag)(h1, ha))
FH ((g1A1h1) X (g2Ashs))
FH(g1A1h1) x G2) N f7HGh % (g92A2h2))
S (g1 Arhy) N f5 (g2 Azhs).
The last set is clearly non-meager in U, so it is non-meager in K.
To prove the opposite implication, let us assume that A; is Haar meager, take
a witness function f: K — G; and fix any point h € G5. Then one can readily see

that the mapping f: K — Gy x Gy defined by a — (f(a), ) witnesses the Haar
meagerness of A; x As. O

Although Haar meagerness behaves nicely with respect to Cartesian product, a
Fubini type theorem cannot hold as shown by the next example (which is known
to work also for the o-ideal of Haar null sets).

The example was pointed out to one of the authors by M. Elekes for which he
has our thanks. The example seems to be rather standard, but we failed to find
it in the literature, and so we state it for the sake of completeness. Note that the
example works also for Haar null.

Example 20. There exists a non-Haar meager set C' in Z* x Z* such that in
one direction all its sections are Haar meager, and in the other direction there are
non-Haar meager many sections which are non-Haar meager.

Proof. Let us go straight to the definition of the desired set C:
C={(s,t) € Z¥ X Z%: t, < s, <0 for every n € w}.

Now, take any ¢t € Z*“; we want to observe that the corresponding horizontal section
of C' is Haar meager. We have

CN(Z® x{t}) ={seZ”: t, <s, <0 for every n € w} x {t}.

But this set is easily seen to be compact (it is even empty if there is n € w such
that ¢, > 0), and therefore it is also Haar meager (see [10, Corollary 1]).

To see our claim about the sections in the other direction, observe that the set
of all (coordinatewise) non-positive s € Z“ contains a translate of each compact set
in Z*. Therefore this set is not Haar meager and it suffices to show that for any
(coordinatewise) non-positive s € Z*, the corresponding section of C' is non-Haar
meager. We have

CN{s} xZ% ={s} x{te€Z: t, <s, for every n € w},

so the corresponding section of C, being a translate of the set of all (coordinatewise)
non-positive ¢t € Z“, is not Haar meager.

Finally, let us prove that the set C' is not Haar meager by proving that C' contains
a translation of each compact set. For (s,t) € Z¥ x Z*, let us define the continuous
projections

7l (s,t) = s,, and

72 (s,t) = ty.

n
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Now, let K C Z“ x Z* be compact; we claim that (a,b) + K C C if we define for
each n € w,

an = —max7:(K) and b, = —max7?(K) — diamn}(K).

Indeed, let (3,%) € K and set s = §+a and t = £ + b. We want to verify that
(s,t) € C. But from the definitions it is clear that for each n € w we have s(n) <0
and

t(n) = t(n) — max 72 (K) — diam 7} (K)

<0 — (max 7} (K) — min 7} (K))
< 3(n) —maxn)(K)
= s(n).
Therefore (s,t) € C, and it follows that (a,b) + K C C. O

5. DECOMPOSITIONS OF GROUPS INTO SMALL SETS

By classical results, any uncountable locally compact abelian Polish group can
be decomposed into two sets, one of them meager and the other Haar null (see
e.g. [14, Theorem 16.5]). Recall that in the locally compact case, the family HM
coincides with the o-ideal of meager sets. The following question was posed in [10].

Question 21 ([10, Problem 4]). Let G be any abelian Polish group which is not
locally compact. Can G be decomposed into two disjoint sets A and B where A is
Haar meager in G and B is Haar null in G?

It was noted in [10] that the answer is positive if G is one of the sequence spaces
o, corl,, p > 1. Theorem 22 is a straightforward generalization of this observation.
In Theorem 25, we show that such a decomposition is also possible in several other
cases.

Theorem 22. Let G be a Polish group and H < G be an uncountable closed
subgroup of the center of G. Let H be the union of a Haar null set in H and a
Haar meager set in H. Then G is also the union of a Haar null set in G and a
Haar meager set in G.

In particular, this holds for G = R¥ or G = X where X is a Banach space.

Proof. Note that without further reminders, we repeatedly use the fact that H is
a subset of the center of G.

There exist sets A, B C H such that A is Haar null in H, B is Haar meager in
H and AU B = H. We can assume that A and B are Borel. Thus there exist a
compact set K, a continuous function f: K — H and a Borel probability measure
p on H such that for all € H we have u(xA) = 0 and f~!(zB) is meager in K.
By [11, Theorem 12.17] we can find a Borel set M C G meeting every coset of H in
exactly one point. This means that M H = G and that for x,y € M, x # y we have
zHNyH = (. Thus the group operation is a continuous bijection of set M x H onto
G. We set A= MA and B = MB. By [11, Theorem 15.1], continuous injective
images of Borel sets are Borel. Thus A and B are Borel. Clearly, AUB = G. Thus
it remains to prove that A is Haar null and B is Haar meager. Let 41,72 € G be
arbitrary. Then there exist x; € H and m; € M such that y;, = m;x;, i = 1,2.
Clearly, there exists exactly one n € M such that yynHy, N H # () and there exists
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z € H such that nz = mflmz_l. Thus (y1 M Ays)NH = (y1nAys) NH = 202 LA,
So,

w1 Ayz) = p((y1 M Ays) N H) = p(zrzzz"" A) = 0.
Similarly,
F N By2) = (M Bya) N H) = [~ (13927 ' B).
Thus ffl(legyg) is meager in K. a
For the rest of this section, we need to introduce some notation.

Notation 23. We denote by 2<% the set of all finite sequences of elements of
{0,1}. For our purposes, it is convenient to exclude the empty sequence, so
we suppose that each s € 2<% has a strictly positive length, denoted by I(s).

For s = (s0,...,8(s)—1) € 2<% and i € {0,1}, we write s"i for the sequence
(505, 813s)—1,1) € 2% For a = (a;)i2, € 2* and [ > 1, we denote by a [;
the restriction (ag,...,—1) € 2<% of a. For s € 2<¥  we denote by I, the set

{a €2 afyqy=s} C 2% If s € 25 and « € 2¥ we write s C « if s is an initial
segment of a. We use analogous notation for the sets 3<% of all finite sequences of
elements of {0,1,2} and Z<* of all finite sequences of elements of Z.

If (G,+) is a group and g € G then by 0g we mean the identity element of G. If
moreover z’, 2" € Z are such that z” < 0 < 2’ then by 2’¢g we mean

g+...+g
—_—
z’-times
and by z”¢g we mean

—g—...—g.
(—z'")-times
For A C G, we denote by (A) the smallest subgroup of G containing every element
of A.
For z,Z € 7, we write par(z, Z) as a shortcut for the statement ‘z and Z have the

same parity’.

Example 24 is a particular case of Theorem 25. We still include it here as the
main idea of the proof seems to be much more transparent in this simple setting.

Example 24. The group Z% is the union of a Haar null set and a Haar meager
set.

Proof. Let (8y)new be an enumeration of the set Z<“. We define
r={r€Z”: s, Cxand x(i) is even
for every I(s,) <i <l(sp)+n+k}, nkeEuw,
Ae=J A% kew,

new
A=) Ak
kEw
We will show that (a) A is Haar null while (b) Z* \ A is Haar meager.
(a) Let K = 2% C Z* and let p be the natural ‘half-half’ measure on Z“ sup-
ported by K. For an arbitrary z € Z“ we want to show that pu(A+ 2z) = 0. To this
end, it clearly suffices to show that for every k& > 1 we have u(Ay + 2) < 2k1_1. So
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fix k > 1. For every n € w and every l(s,) <1 < I(sn) +n + k, the parity of x(7)
does not depend on the choice of z € A} + 2. So we clearly have

1
1( Z+z)§Wa
and so
n 1 1
N(Ak+Z)SZN( k+Z)SZW:2,€7_1,
new new

as we wanted.

(b) Since Haar meager sets form a o-ideal, it suffices to show that Z“ \ Ay is
Haar meager for every k € w. Let again K = 2 C Z% and fix k € w and z € Z¥
arbitrarily. We want to show that ((Z“ \ Ax) + 2) N K is meager in K. The set
((Z“\ Ar) + 2) N K is a closed subset of K, and so it suffices to show that its
complement (Ay + z) N K is dense in K. So let us fix ¢t € 2<¥; we want to find
r € (A +2) N K such that t C 2. Let n € w be such that s, =t — 2z[;4+). Then we
have

t+z={x € Z”: t Cx and par(z(i), 2(i)) for every I(s,) < i < l(s,)+n+k}.
Let us define z € Z“ by
t(i) if i <lI(¢),
if I(sp) <i<l(sp)+n+kand z(7) is even,

0
1 if I(sy) <i<l(sp)+n+kand z(3) is odd,
0 ifi>1(sy) +n+k.

Then t C z and « € (A} +2) N K C (Ay + z) N K, which concludes the proof. O

Theorem 25. Let G be an abelian Polish group such that its identity element has
a local basis consisting of open subgroups. Then G is the union of a Haar null set
and a Haar meager set.

Proof. Let {G,,: n € w} be a local basis of the identity element of G consisting of
open subgroups such that G = Go 2 G1 2 G2 2 .... For each n € w we fix some
Zn € Gy \ Gpi1. By passing to a subsequence, we may assume that either

(1) Tp + Tn € Gy for every n € w
or
(2) Tp + Xy & Gpoyq for every n € w.

Suppose first that (1) holds. For each s = (s, ..., s;5)-1) € 2<%, we denote

I(s)—1
Ks = Gl(s) + Z S T4
i=0
and then we define

K:ﬂ U K,.

121 se2<v
1(s)=l
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For each s € 2<%, the set K is closed (this follows by the well-known fact that
every open subgroup of a Polish group is closed). For every s € 2<% and ¢ € {0,1},
we also have
i(s)—1 I(s)—1
Koni = (Gis)y+1 + imys)) + Z sizi C Gys) + Z siw; = K.
i=0 i=0

Finally for any invariant compatible complete metric on G (recall that such a metric
exists since G is an abelian Polish group) and for every o € 2¢, the diameter of
K, tends to zero as | — oco. By these considerations it immediately follows that
for each a € 2¢, the set [, Kq, contains precisely one element. So there is a
unique mapping ¢: 2¢ — K such that ¢(a) € Ni>1 Kq, for each o € 2. Then
@ is clearly a homeomorphism of the Cantor set 2 onto K. In particular, K is a
compact set.

For each n > 1, fix a selector T,, of the subgroup (G, U {z,,_1}) (i.e. ix T, CG
such that it contains precisely one element from each coset of (G,, U {x,,_1})) and
define

Sn=Gpn+ T,

Note that G is covered by (pairwise disjoint) cosets of (G, U {x,_1}). Note also that
(1) easily implies that each coset of (G, U {z,—1}) is a disjoint union of precisely two
cosets of G,. So the cosets of G,, are organized into pairs (G, + g,Gp + Tp—1 + g),
g € G, and the union of the cosets from each such pair is a coset of (G, U {x,—1}).
Obviously, precisely one coset of G,, from each of the pairs intersects 7). Since
S, is the union of all cosets of G,, intersected by T,,, it follows that S, contains
one coset of G,, from each of the pairs while being disjoint from the other. This is
clearly true also for any set of the form S, + g where g € G.

Claim 26. Let g € G, n>1, s = (80,...,8n-1) € 2" and m > 1. Then there is
t € 2™ such that

n+m
(3) ot (Ksﬂ ( ﬂ S; —i—g)) = 1I.
i=n—+1

Proof. We proceed by induction on m. Suppose first that m = 1. The set S, 1 +
g — ZZZOI s;x; contains one of the sets G411, Gni1 + T, and is disjoint from the
other. In other words, the set S, 11 + g contains one of the sets Ksng, Ksna1 and is
disjoint from the other. So =1 (K;N(S,+1+g)) equals either to ¢~ (Ksng) = Isng
or to ¢ L (Kgny) = Isny.

Now suppose that m > 1 and ¢! (KS N ﬂjjﬁ;l(sl + g)) is of the form I; for

some t € 2771 The set Sy, +9— z;:om_Q t;x; contains one of the sets G, 1,
Gptm + Tntm—1 and is disjoint from the other. In other words, the set Sy,4+m + ¢
contains one of the sets Kyrg, K;a1 and is disjoint from the other. So the set

n+m
9071 (Ks N ( n Si +9>> =1 m‘»071(‘Sn+rn +9)

1=n—+1
equals either to 01 (Kirg) = Iing or to o 1 (Kny) = Iaq. O
Let {B,,: n € w} be an enumeration of the open basis {G,, +¢g: m > 1,9 € G} of

G (this basis is countable as it consists of cosets of countably many open subgroups).
For each n € w, let 1(n) > 1 be such that B, is a coset of Gy(,,). Note that for each
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n € w, the preimage p~*(B,) is either empty or of the form I, for some s € 2¢(").
We define

P(n)+n+k
R=B.n (] S nkecw,
i=y(n)+1
Ap=J A}, kew,
necw
A=) Ak
kew

We will show that (a) A is Haar null while (b) G \ A is Haar meager.

(a) Let u be the image of the product measure on 2 under the homeomorphism
p: 2¢ — K. We consider u as a measure on G (supported by K). Let us fix g € G
arbitrarily, we want to show that u(A 4+ ¢g) = 0. To this end, it clearly suffices
to show that for every k > 1, we have u(A4x + g) < %%1 So let us fix £ > 1.
For each n € w let k, € w be such that B, + g = Bi,. If n € w is such that
0 1 (Bg,) = 0, then also ¢! (A7 +g) C ¢ (Bg,) = 0, and so p(A7 +g) = 0.
Otherwise ¢~ (By,) is of the form I, for some s € 2% ) and so

P(kn)+n+k Y (kn)+ntk
e (AR +9) = LN ™" ﬂ Si+g|=¢ ' | Ksn ﬂ Si+g
i=(kn)+1 i=tp(kn)+1

By Claim 26, this set is of the form I; for some ¢t € 2¥(#=)+n+k Tt immediately

follows that
1 1

and therefore

. 1 1
M(Ak+g)§ZM(Ak+g)<ZW:F

new new

as we wanted.

(b) Since Haar meager sets form a o-ideal, it suffices to show that G'\ A, is Haar
meager for every k € w. Fix k € w and g € G arbitrarily. We want to show that
((G\ Ag) + g) N K is meager in K. The set ((G\ Ax) +¢) N K is a closed subset
of K, and so it suffices to show that its complement (A; 4+ ¢g) N K is dense in K.
So let us fix s € 2<% arbitrarily, we want to show that (A, +g) N K N K, # 0. Let
n € w be such that B, = K; — g (so that ¢¥/(n) = l(s)); then we have

P(n)+n+k
ptg=K.n| () Si+g
i=t(n)+1

By Claim 26 it follows that there exists t € 2¥(")+7+k guch that
D#£ply) CAF+9gNKNK; C(Ar+9 NKNK;

as we wanted.
Now suppose that (2) holds. The proof is very similar in this case, we just have
to use the Cantor set 3“ instead of 2¥ (see Remark 29 for an explanation). So for
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each s = (0,...,8(s)—1) € 3% we denote

I(s)—1
K =Gy + Z 8iT;

i=0
and then we define
K= ﬂ U K,.
>1 se3<w

1(s)=l
Similarly as above, there is a (unique) homeomorphism ¢: 3 — K of the Cantor
set 3“ onto K such that ¢(«) € (>, Kq, for each a € 3“.

For each n > 1 we do the following. Fix a selector T}, of the subgroup (G,, U {x,,_1}).
Let 2], be the smallest positive integer such that G, 4+ 2z, x,_1 = G, or let z/, = 00
if such a natural number does not exist. (Note that by (2) we have z/, > 3.) Next
we define 2! = —1if 2/, < 0o and z]] = —occ if 2], = oo. It easily follows that each
coset of (G, U{x,_1}) is a disjoint union of at least three (maybe infinitely many)
pairwise disjoint cosets of G,. If the considered coset of (G, U{x,_1}) is of the
form (G, U{x,_1}) + g where g € T, then the corresponding cosets of G,, are
Gn+9g+zxp_1, 2! < z< z,. We define

Sn = Gn + T, + U ZTp—1

" ’
Z, '<z<zn
Z 1S even

(so that S,, contains precisely those cosets of G, which are on the ‘even positions’).

Claim 27. Letn > 1 and g € G. Then either one or two of the sets G, Gy, +Tp_1
and Gy, +xp—1+xn_1 are subsets of Sy, + g, while the rest of these sets are disjoint
from S, +g.

Proof. 1t is clear that each of the sets G,,, G, +x,_1 and G, + X1 + T, 1 1S either
a subset of S, +g or is disjoint from S, +g. So it suffices to show that at least one of
them is a subset of S,, + ¢, and at least one of them is disjoint from S,, +g. Let h be
the unique element of T, N((G,, U {xr,—1}) — g). Then G,,—g C (G, U{xn_1})+h,
and so there is 2!/ < z < 2}, such that G,, — g = G,, + z2,—1 + h. Then we have
G, =G+ ht+zr, 1 +g,
Gn +Tp_1 = Gn + h+(Z + 1>$n71+g7
Gn+Tp1+xn1=G,+h+(z+2)z,—1+9.
If z+1 < z/, then one of the sets G,, and G, + x,_1 is a subset of S, + g while the
other is disjoint from S, + g. Otherwise z+1 = z/,. Then G, + z,—1 =G+ h+g
and G, +z,_1+xy-1 = G, +h+2x,-1+g, and so one of these two sets is a subset
of S,, + g while the other is disjoint from S,, + g. O

Claim 28. Letge G, n>1, s = (sp,.-.,5,-1) € 3" and m > 1. Then

o (Ksm (ﬁ Si+g>> =

i=n+1 teT

where ) # T C 2"™ has at most 2™ elements.
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Proof. We proceed by induction on m. Suppose first that m = 1. By Claim 27, the
set Sp+1+9— Z?;Ol s;x; contains either one or two of the sets G411, Gni1 + Tn
and Gy 41 + @, + T, and is disjoint from the rest of these sets. In other words, the
set Sp+1 + ¢ contains either one or two of the sets Ksng, Ksa1 and Kgng, and is
disjoint from the rest of these sets. So ¢~} (Ks N (Spe1+ g)) is equal either to one
of the sets Isng, s~ and Igng, or to the union of two of them.

Now suppose that m > 1 and

o1 (KS N (Mﬁ_lsi —|—g>> =

i=n-+1 teT

where () # 7 C 2"t™~1 has at most 2! elements. By Claim 27, we have for
every t € T that the set Spim +9g — Z?:Jromﬂ t;x; contains either one or two of the
sets Gpim, Gnim + Tnem—1 and Guim + Tnim—1 + Tntm—1, and is disjoint from
rest of these sets. In other words, the set S, 4., + g contains either one or two of

the sets Kirg, Kia1 and Kiag, and is disjoint from the rest of these sets. So the set

n+m
e <K5ﬁ< ) Sﬁg)) = 1,09 (Snim +9)

i=n—+1

is equal either to one of the sets I;rg, I;a1 and Iag, or to the union of two of them.
Since this holds for every ¢ € T, the conclusion easily follows. O

Let {By: n € w} be an enumeration of the open basis {G,, + g: m > 1,9 € G}
of G. For each n € w, let ¥»(n) > 1 be such that B, is a coset of Gy,). Then
for each n € w, the preimage ¢ ~!(B,,) is either empty or of the form I, for some
s € 3% As in the previous part of the proof, we again define

P(n)+n+k
r=DB.N ﬂ Si, n,k€ew,
i=t(n)+1
Av=J AR kew,
new
A=) Ak,
kEw

and we will show that (a) A is Haar null while (b) G \ A is Haar meager.

(a) Let p be the image of the product measure on 3* under the homeomorphism
p: 3¥ — K, considered as a measure on G (supported by K). Let us fix g € G
arbitrarily; we want to show that u(A + ¢g) = 0. It suffices to show that for every
k > 1 we have pu(Ax +g) < 3- (%)k So let us fix k¥ > 1. For each n € w let
k, € w be such that B, + g = By, . If n € w is such that ¢! (B, ) = 0, then also
o (A% +g) C o Y (Bg,) =0, and so u(Ay + g) = 0. Otherwise ¢! (By,,) is of
the form I, for some s € 3¥(k») and so

P (kn)+n+k P(kn)+n+k
¢ (AR +9) = LNyt (| Sitg]|=¢ 'K (| Si+y
i=p (k) +1 i=t(kn)+1
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By Claim 28, this set is of the form |J I, where () # 7 C 2¢(F2)+7+k has at most
teT
27t% elements. It follows that

ok 1 9 n+k
HAR+g) <2 s < <3>

and therefore

WA+ 9) < 3 ul z+g><z(§)n+k= (;)k

new new

which is the desired conclusion.

(b) Since Haar meager sets form a o-ideal, it suffices to show that G \ Ay is
Haar meager for every k£ € w. Fix any k € w and g € G. We want to show that
((G\ Ag) +g) N K is meager in K. The set ((G\ Ai)+ ¢g) N K is a closed subset
of K, and so it suffices to show that its complement (A + g) N K is dense in K.
So let us fix an arbitrary s € 3<“; we want to show that (Ax +g) N K N Ky # 0.
Let n € w be such that B, = K; — g (so that ¢(n) = I(s)). Then we have

P(n)+n+k
Z +g9=K:N ﬂ Si+g],
i=(n)+1

and by Claim 28, it follows that there is ¢t € 31)+7+F such that
0#e(l) C(Ar+9)NKNK, C(Ax+9)NEKNK,.

This completes the proof. ([

Remark 29. The reason why we used the Cantor set 3“ instead of 2 in the second
part of the proof of Theorem 25 is that the ‘binary analogy’ of Claim 27 does not
hold (and thus Claim 28 is a little more complicated that Claim 26). Indeed, it
could happen e.g. that go + go + go € G1 and Gy = (G1 U {z0}), so that G = G is
the union of three (pairwise disjoint) cosets of Gy. (The obstacle is hidden in the
degree three, and any finite odd degree would cause similar problems.) The cosets
G1 and Gy + 29 + ¢ intersect S; (while G + xg is disjoint from S7). Then S; + x¢
is disjoint neither from G nor from G + xg. Of course, this phenomenon could
occur also at higher levels of the construction.

Of course, a straightforward application of the proof of Theorem 25 to the group
Z* would lead to the branch of the proof where (2) holds, and so we would have
to use the Cantor set 3“. However, as it is shown in Example 24, in this particular
case the ‘binary’ Cantor set works as well, and seems to be more natural.

6. GROUP OF PERMUTATIONS

In this last section, we provide a natural example of a set which is meager but
not Haar meager, and of a set which is Haar null but not Haar meager. This is
motivated by Problem 4 and Problem 5 from [4].

By [6], a typical permutation with respect to the ideal of Haar null sets contains
infinitely many infinite cycles and finitely many finite cycles. The authors moreover
proved that their result is the best possible in a certain sense.
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Example 30. Let S, denote the group of permutations of natural numbers equipped
with the group operation given by pg = p o q for p,q € Se.

It follows by [6] that the set F' of all permutations with only finite cycles is Haar
null. On the other hand the set F' is easily seen to be comeager (as also noted in
[6]) and hence it is not Haar meager. Also the set P = Sy \ F is meager but as we
will prove it is not Haar meager. The reason is that it contains a translation of an
arbitrary compact subset of S..

Note that P is the set of all permutations in S, with an infinite cycle. We
claim that P contains a shift of any compact set in S.. Let K be a nonempty
compact set in S,,. The n-th projection 7,(p) = p(n) to the n-th coordinate is
continuous and thus m,, (K) is finite. Also the mapping p,,(p) = p~!(n) is continuous
and thus p,(K) is finite. We denote a,, = minm,(K) and b, = maxm,(K). It
follows that a,, as well as b,, converge to infinity. Let A, = min{a,,any1,...},
B, = max{by,...,b,}. Again A, and B,, converge to infinity. (Roughly speaking
the compact set K consists of those permutations whose graphs lie between the
nondecreasing sequences A, and B,,.)

We are going to construct a permutation p € S, such that pK C P. By
induction we are going to define sequences of positive integers ., =, yn, y,,, such
that

T, < 2l

Yn < U,

A !
LTy —Tn =Yy —Yn
$n+12${n+2
Yn+1 Zy;z+2

such that A4, > x) +2. Let 21 = 1,27 = B;1. Let y; be big enough such that
Ay, > +2. Let yf = y1 — a1 + 2.

Suppose that z,, z),, Yn,y, have been constructed. We define z,, 11 = A4,, and
x4 = By . We define y,, 41 such that A, ., >z, +2and Y1 >y, +2. We
PUb Y1 = Ynt1 — Tpt1 + Ty

All the intervals [z, )] are pairwise disjoint. All the intervals [y,, y,,] are pair-
wise disjoint. Let us denote X,, = [zn,2),], Y, = [yn,y,] We define partially the
permutation p in such a way that it maps X,, to Y,, bijectively for every n > 1. By
the properties of the sequences %, 2}, Yn, y,, we have infinitely many gaps in the
domain (e.g. the points 2], + 1) and also in the range of p (e.g. the points y}, + 1)
so we can enlarge the partial bijection p to a bijection of the whole set N.

Observe that by the construction for every ¢ € K we get that ¢(k) € X,,41 for
k € Y,. Hence we have ¢(1) € X1, pq(l) € Y1, qpq(1) € Xa, pgpq(1) € Yo, ....
Since the sets Y,, are pairwise disjoint it follows that the permutation pg has an
infinite cycle. Hence pK C P.

n+1
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