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The Robin problem for the scalar
Oseen equation
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We study the Robin problem for the scalar Oseen equation in an open n-dimensional set with compact Ljapunov
boundary. We prescribe two types of Robin boundary conditions, and prove the unique solvability of these problems as
well as a representation formula for the solution in form of a scalar Oseen single layer potential. Moreover, we prove the
maximum principle for the solution to the Robin problem of the scalar Oseen equation. Copyright © 2013 John Wiley &
Sons, Ltd.
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1. Introduction

The Dirichlet, Neumann, and Robin boundary value problems for second order partial differential equations are important model
problems in mathematical physics [1]. Traditionally, the Dirichlet and Neumann problems for the Laplace equation in domains with
smooth boundary have been studied by the method of integral equations long time ago. Later, also the Robin problem for the Laplace
equation in smooth and Lipschitz domains has been investigated by this method [2-7].

Recently, also the boundary value problems for the scalar Oseen equation

—AU+2001u=0 INnQCR3 L1eR, (1

=

have been studied by the method of integral equations [8, 9]. Here, the authors study the Dirichlet problem, that is, they prescribe the
boundary condition

u=g onad,

and the Oseen Neumann problem, prescribing the boundary condition

ou
— —Amu = on JQ.
on 1 g
Here n = n% is the outward (with respect to ) unit normal vector on 9<2.
In the present paper, we study the Robin problem for the scalar Oseen equation in an open set 2 C R3 with compact boundary 9Q
of class C'"®, & > 0, that is, the scalar Oseen problem (1) with prescribed boundary condition

ou
— 4+ hu= 092, 2
8n+ u=g on (

where h denotes a positive function, and the Robin problem corresponding to the Oseen Neumann condition studied in [8, 9], that is,
we prescribe the boundary condition

—

0
a—:—kn1u+hu:g on 092 (3

with h > 0. We prove unique solvability of these problems, a representation of the solution in form of a scalar Oseen single layer
potential, and the maximum principle for the solution of the Robin problem for the scalar Oseen equation.
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2. The maximum principle for the Robin problem

Let @ C R3 be an open set with boundary of class C'. Denote by Q the closure of Q, and by n = n¥(z) the outward (with respect
to ) unit normal vector in z € 9Q. Let g,h € C°(9Q) and 1 € R be given. Then we call u a classical solution of the Robin problem
for the scalar Oseen Equations (1) and (2), if u € C2(2) N CO(R), if there exists du(z)/dn at each z € 32, and if Equations (1) and (2)
are satisfied.

The following result holds true for general 2 <m € N.

Proposition 2.1

Let G C R™ be an open set with bounded boundary 9G. Let g and a > 0 be functions defined on 3G, and let A € R. Letu € C2(G)NC°(G)
be given with —Au + 2A4d1u = 0in G,and let 8 = (0s,...,6n) be a unit vector function on dG. Suppose that for z € dG with a(z) # 0
the function 6 = 6(z) satisfies {z +t0; -6 <t <0} C Qand {z+t0;0 <t < §} N Q2 = @ for some § > 0, and suppose that there exists

au(z) — lim u(z+to) — u(z).

a0 t—0_ t

If a(z) = 0 set a(z)(du(z)/d0) = 0. Now assume that a(du/d0) + u = g on dG. If G is unbounded suppose moreover that u(x) — 0 as
|x| = oco. Then the following estimate holds true:

inf g(x) < inf u(x) <supu(x) < sup g(x).
x€4G x€G x€G x€0G
Proof
The maximum principle ([10], Chapter 3, Theorem 3.1) gives that there exists z € G such that u < u(z). If a(z) # 0 then du(z)/36 > 0
because 6 is an outward pointing vector and u < u(z). Thus

sup U = (@) < a(2) "9 1 u(z) = g(2) < sup g(x).
XEG X€IG

Now, for v = —u, we have

inf g(x) = — sup (—g(x)) < —supv(x) = inf u(x).
x€dG x€dG x€G x€G

3. Potentials

Let X €R, |x| := y/x? + x5 + x2,and let

e~ (Axl=2x1)

B 00 = 4

denote the fundamental solution of the scalar Oseen Equation (1). Note that Eg(x) = 1/(4x|x|) is the fundamental solution of the
Laplace equation —Au = 0. Because @ C R3 is an open set with bounded boundary of class C'"%, 0 < &, and ¢ € C°(3R2), then the
scalar Oseen single layer potential

8000 = [ Exc—y)p) doy
Q
is well defined. Easy calculations yield E&(p € C®(R3\ Q) and —AE%(p +2A01u = 0inRR3\ 3 [9]. Moreover, for A = 0, we find
ESo(x) =0(1/Ix), |VESp()|=00/x?)  as|x| > oo. )
If A # 0, then

ES, 000 + IVES; 000 = 0 (7172 /1) s Jx] — oo 5)

Because E% is an integral operator with weakly singular kernel, it is a compact linear operator on C°(9R2) (see, for example, [11]).

Lemma 3.1
Let @ C R™ be an open set with bounded boundary 99 of class C'"*,a > 0. Let k(x,y) be defined for [x,y] € R™ x d2;x # y and
k(x, y)| < C|x—y|1_’"+/3 with positive constants C, 8. Suppose that k(x, -) is measurable, and k(-, y) is continuous. Let f € L°°(9€2). Then

kf(x) = / k(x,y)f(y) doy
0

is a continuous function in R™.
_______________________________________________________________________________________________________________________________________________|
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(See [12] or [13], Lemma 3.2)

Lemma 3.2
Let A € R. Define Ry (x) = E»j (x) — Eo(x). Then

Ros(¥) =0(1), [VRy ()l =0(x|"")  |x|—0.
If @ € R3 is an open set with bounded boundary of class C'*, 0 < « < 1, ¢ € C°(3R2), then for
R0 = [ Roxtx =)o) doy
Q2
we find R%go e C'(R3).
Proof
Put f(t) = (e! — 1)/tfort # 0, f(0) = 1. Then f is continuous. So, there is a constant C such that |f(t)] < Cfor |t| < 1.1f0 < |t] < 1 then
|F/(t)| = |e!/t — (et — 1)/t?| < (C + e)/t. Clearly,

—(|Ax| = Ax7)

Raa (9] = A= =) ==

Thus, |Ry (x)| = O(1) as |x| — 0. Moreover,

[8A(|AX| — Ax1)|
IVR4 ()] < If (=(|Ax] = Ax1))| T1 + [F(=(1Ax] = Ax1))[O(1/|x]) = O(1/|x]), x| = 0.
Using Lemma 3.1 for RS} and 9;RS% , we obtain RS} ¢ € C'(R3). O

Proposition 3.3
Let @ C R3 be an open set with bounded boundary of class C'*,« > 0, 1 € R. Forx,y € dQ, x # y set

LSE (%, y) = nS(x) - Vi (x — y).

For ¢ € C°(0Q) define

12 p(x) = / 12, (x,y)e(y) doy.
0Q

Then L% is a compact linear operator on C°(92).

Proof

It is well known that ng is a compact linear operator on C°(99) (see, for example, [11] or [14]). Because L% - ng is an integral operator
with weakly singular kernel (Lemma 3.2), it is a compact linear operator on CO(BQ) (see, for example, [11]). O
Proposition 3.4

Let @ C R? be an open set with bounded boundary of class C'*, & > 0,1 € R, ¢ € C°(3Q). Then ES} ¢ € CO(R3). Putu = ES} o in Q.
Then

d
U0 — 2000 + 15000,

Here n = n(x) is the exterior unit normal with respect to Q2 in x € 9Q.

Proof
The proposition is well known for A = 0 (see, for example, [11] or [14].) By virtue of Lemma 3.2, we obtain the result for arbitrary . O

Corollary 3.5
Let @ C R3 be an open set with bounded boundary of class C'"*,« > 0, 1 € R, ¢ € C°(3Q). If E%(p =00n 0L, thenp = 0.

Copyright © 2013 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2013, 36 2237-2242
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Proof

Putu=E2¢inQ,v=ER¢inG=R3\Q.Proposition 3.4 gives that £5% ¢ € C°(R3). Moreover, ES} ¢ is a solution of the scalar Oseen
equation in R3\ 9Q and £ A‘/’(X) — 0 as x — oo. The maximum prlnaple ([10], Chapter 3, Theorem 3.1) gives that E (p =0inR3.
Fix x € 0€2. Let n be the unit outward normal of 2 at x. According to Proposition 3.4, we have

au(x) dvix) 1

I o = 2060+ L5000 + 3060 + L5000 = 400

0=

Proposition 3.6
Let © C R3 be an open set with bounded boundary of class C'*,a > 0, 1 € R, ¢ € C°(3Q). Then

/(E&@( o +1% g~ AmEM(p) doy—/|VE 0| dy.
o

Proof
If 2 = 0, [15]. Let now A # 0. Suppose first that 2 is bounded. We know that [VE§t¢| € [2(R). Lemma 3.2 gives that RS ¢ € C' (R3).

Thus |VE ,1‘/’| € L%(Q). For ¢ > 0 denote I'c = { —enQ(x);x S BQ}, and by Q¢ an open set such that 0Q¢ = T'¢, Q¢ C Q. We

know that EQ 3@ Is continuous in R3. Because 8E(§2<p ( X —en (x)) /0n2(x) —> o(x)/2 + nggo as € — 0 uniformly with respect to

2
a2 ([16], Chapter XV, §3 or [11], §28 or [14], §1.2, Theorem 2), we deduce that BEu(p ( — enQ(x)) /on — AmES2 ) (x— enQ(x)) —

ox)/2 + L 1900 —AmE A‘/’(X) as € — 0 uniformly with respect to d<2. By virtue of Green’s Formula, we find by the same way like for
the Neumann problem for the Laplace equation (compare [11,12,16])

Q
! Q Q ; o \ e Q \?
/ (Eu(p) (Etp +L2A(p—ln1E2A(p) doy = 5@0/ {(Eugo) an —Am (Euw) doy

aQ Te
-, [ (50) (35e) 1785082 () oo o
Qe
= lim /{WE o2+ (ELe) (AR 9 — 20018 0 )| dy=/|VE%<p|2dy.
o

(We can also prove this equality by approximating 2 from inside by [17], Theorem 1.12.)
Now, let 2 be unbounded. Set G(R) = {x € Q; |x| < R}, and define ¢ = 0 outside of I2. Then we obtain

/IV el dy = lim [ IVEG el oy

G(R)
o G(R) GR G(R)
_RI_|)moo (EZ)L (p) (2g0—|—L @ —AmE); w) doy
dG(R)
Q
! Q Q - o \ 95 Q )2
/ <Eu(p) (Ego + L3559 —AmEu(p) doy + RI_I)mOO / (Euw) on (sz‘P) doy.
aQ {IxI=rR}

With help of Equations (5) and (4) and Lebesque’s Lemma, this implies

{w

A(p) % doy| < / Ce—2(AxI=Ax1) || —2 doy

x|=R} {IxI=R}

_ / Ce=2RIMI=A0) 4o,
{IxI=1}

as R — oo. Thus the proposition is proved. O
|
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4. The boundary condition (2) withh > 0

We shall look for a solution of the problems (1) and (2) in the form of a single layer potential E Je with g € C°(dRQ). According to
Proposition 3.4, the function Eu‘/) is a classical solution of the problems (1) and (2) if and only if

1
5¢+L§3¢+h£§3¢=g on 9. 6)

Theorem 4.1
Let @ C R be an open set with bounded boundary of class C'*, @ > 0, A € R.Ifh € C°(9R), h > 0, then T = (1/2)/ + LS} + hES: isa

continuously invertible operator in C°(3Q). Assume g € C°(IQ).

e If Q is bounded, then there exists a unique classical solution u of the problems (1) and (2).
e If Q is unbounded, then there exists a unique classical solution u of the problems (1) and (2) such that u(x) — 0 as |x| — oc.

Moreover, u = E% T~ 'gand

g(x) g(x)
VA B = e 00 = SUp UG < sup oS-

Proof
If u is a solution of problems (1) and (2), then u satisfies the boundary condition h='(du/dn) + u = g/h on 3. Proposition 2.1 gives
uniqueness and the estimate (7).

Now, let ¢ € C°(9Q) satisfy T = 0. Then u = E%(p is a classical solution of problems (1) and (2) with g = 0. We have proved that

E%(p =u=0on Q. Corollary 3.5 gives that ¢ = 0.

L% is a compact linear operator on C°(32) by Proposition 3.3. Because Eﬁ is an integral operator with weakly singular kernel, it
is a compact operator on C°(3S2), see, for example, [11]. Thus, the operator T — (1/2)/ is compact, too Because T is one to one, the
Riesz-Schauder theory gives that T is a continuously invertible operator on C°(dQ). Hence, u = EQ T~ 'g s a classical solution of the
Robin problems (1) and (2). O

Corollary 4.2
Let @ C R3 be an open set with bounded boundary of class C'*, o > 0, A € R. Let u € C2() N C°(Q) such that there exists du(z)/dn
ateach z € 9%, du/dn e C°(3Q), and Equation (1) holds true. If Q is unbounded suppose in addition that u(x) — 0 as |x| — co. Then

there exists ¢ € C°(3Q) such that u = ESZ 3. #- Moreover, we find

/u(%—)&mu) doy:/|Vu\2dy<oo. ®)
Q

aQ
Proof
Seth =1,g = du/dn+u.Then u s a classical solution of the Robin problems (1) and (2). Theorem 4.1 gives that there exists ¢ € C%(9Q)
such thatu = E%(p. Then Proposition 3.4 and Proposition 3.6 prove Equation (8). O

5. The boundary condition (3) withh > 0

In this section, we shall look for a solution of problems (1) and (3) in the form of a single layer potentlal 2¢withg € C%(3R2). According
to Proposition 3.4, the function E 4. is a classical solution of the problems (1) and (3), if and only if

1
E(p—l—L%(p—/\mE%go—khE%(p:g on 9. 9

Theorem 5.1
Let @ C R3 be an open set with bounded boundary of class C'*, @ > 0, € R\ {0}LIfh € C°(0Q), h = 0, then T =
(1/2) + LS} — AmES} @ + hES) is a continuously invertible operator in C°(0). Fix g € C°(9Q).

e |If Q is bounded, then there exists a unique classical solution u of the problems (1) and (3).
e If Q is unbounded, then there exists a unique classical solution u of the problems (1) and (3) such that u(x) — 0 as |x| — oc.

Moreover, u = E% T~ 'gand

SUPIU(X)I =C sup 1901,

X€ED

where the constant C depends only on € and A.

Copyright © 2013 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2013, 36 2237-2242
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Proof
Suppose first that u is a classical solution of the problems (1) and (3) with g = 0. According to Corollary 4.2

9
0:/u(a—g—kn1u+hu) day:/|Vu|2dy+/hu2d0y.
Q2 Q IQ

Thus, Vu = 0in Q and hu = 0 on 092. Because Vu = 0 in £, the function u is constant on each component of 2 and
0 = du/dn — Anqiu + hu = —Anju on 0. Because u is constant on each component of 92, we infer that u = 0 on 9. Because u
is constant on each component of Q, we deduce that u = 0.

If p € C°(Q), Tp = 0, then E%(p is a classical solution of problems (1) and (3) with g = 0. We have proved that E%(p = 0 on dL2.
Corollary 3.5 gives that ¢ = 0.

The operator L% is a compact linear operator on C°(9Q) by Proposition 3.3. Because E% is an integral operator with weakly singular

kernel, it is a compact operator on C%(92) (see, for example, [11]). Thus, the operator T — (1/2)/ is compact. Because T is one to one,
the Riesz-Schauder theory gives that T is a continuously invertible operator in C°(3%2).If g € C°(02) then u = E%T“g is a classical
solution of the Robin problems (1) and (3).

The operator 2 T~ is a linear operator from C°(9Q) to C°(<Q). Suppose that ¢, — ¢ in CO(9R), ESX T~pp — ¥ in CO(Q). If x € Q,

an easy calculation gives that Eg1 T on(x) — E% T~ Tp(x). Hence, E% T~'¢ = v, and the operator E% T~ is closed. The closed graph
theorem ([18], Theorem 11.1.9) gives that the operator E% T~ " is bounded. So, there exists a constant C such that

sup [ES, T~"9(0)| = C sup |g)|
x€Q X€0Q2

for each g € CO(3Q2). O
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