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ASPLUND SPACES CHARACTERIZED BY RICH FAMILIES AND
SEPARABLE REDUCTION OF FRECHET SUBDIFFERENTIABILITY

MAREK CUTH, MARIAN FABIAN

ABSTRACT. Asplund property of a Banach space X is characterized by the existence of a rich
family, in the product X x X™*, consisting of some carefully chosen separable subspaces. This
structural result is then used to add a lot of precision and simplicity to the known separable
reductions of Fréchet subdifferentials.

1. INTRODUCTION

A Banach space is called Asplund if every convex continuous function on it is Fréchet differ-
entiable at a point (equivalently, at the points of a dense set, yet equivalently, at the points of a
dense G5 set). An important, and widely used, equivalent condition for the Asplund property of a
Banach space is that every separable subspace of it has separable dual, see [Ph93, Theorem 2.34].
For several other characterizations of Asplund spaces see [F~11, Theorem 11.8]. Asplund spaces
occur quite frequently in the non-separable Banach space theory.

Section 2 offers a new structural result characterizing Asplund spaces— Theorem 2.3. This is
done in the nowadays modern language of rich families. This instrument is strong enough to get
almost immediately a vast bunch of linear projections in duals to Asplund spaces, in particular
projectional resolutions of the identity, or a modern substitute of it— projectional skeletons.

The Asplund spaces are of particular importance in infinite-dimensional variational analysis,
see [M06]. A reason for that is that a Banach space is Asplund (if and) only if every lower
semicontinuous function on it is somewhere Fréchet subdifferentiable [F89]. Section 3 is devoted
to the separable reduction, via a rich family, of a general, quite precise, assertion involving Fréchet
subdifferentials— see, Theorem 3.1. It serves as a common tool for getting immediately separable
reductions of several more concrete statements like non-emptiness of subdifferential, fuzzy calculus,
extremal principle, ..., all in the sense of Fréchet. The proof, based on Theorem 2.3, brigs a
novelty and more simplicity and precision when comparing with the so far existing technology, cf.
[F113, F115].

2. RICH FAMILIES IN ASPLUND SPACES

Let P be a set and let < be a partial order, see [E77, page 21]. Assume moreover that P is
(up)-directed by <, i.e., for every t1,ts € P there is t3 € P such that ¢; < t3 and t2 < t5. A subset
R C P is called cofinal if for every t € P there is » € P such that ¢ < r. R is called o-complete
if, whenever 1 < 79 < --- is an increasing sequence in R, then there is r € R such that r; < r for
every i € N and r < t whenever t € P and r; <t for every i € N. A set R C P is called rich if it
is both cofinal and o-complete. Note that the whole P is rich if it is o-complete.

Now, we are ready to provide a concrete example of the poset (P, <) that emerges naturally in
the framework of Banach spaces. Let Z be a (rather non-separable) Banach space. By S(Z) we
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denote the family of all separable closed subspaces of Z and we endow it by the partial order “C”.
Thus, we can consider rich families in the poset (S(Z), C). We then also say that they are rich in
Z. This example of rich family was first articulated in a paper [BMO00] by J.M. Borwein and W.
Moors. The power of rich families is demonstrated by the following fundamental simple fact (see
[BMO0O] and also [LPT12, page 37]).

Proposition 2.1. The intersection of two (even of countably many) rich families of a given Banach
space is (not only non-empty but again even) rich.

Let k € N be greater than 1, and let X,..., X; be Banach spaces. By a block we understand
any product Y7 X -+ x Y. Any family consisting of (some) blocks Y7 x -+ x Y where Y7 €
S(Xy), ..., Y, € S(X) is called a block-family in S(X1 x -+ X X) or just in X3 x -+ x Xp. If
k = 2, we speak about rectangles and rectangle-families and we denote by S(X1xX32) the maximal
rectangle-family in S(X; x X2). This So(X1 % X2) is clearly a rich family in S(X; x X2). For a
Banach space X, with dual X*, we will frequently work with rectangle-families in S—(X x X*).

It is fair to say a warning: If R is a rich rectangle-family in S—(X x X*) it may happen that
the “projection” of it on, say, the second coordinate, that is, the family {Y : VXY € R for some
Ve S(X)}, is not rich in S(X*). Such a situation can be arranged easily even in Hilbert space.
Fortunately, in one important case, the projection of R on the first coordinate is again rich; see
Theorems 2.3 a 3.1 below.

Let X be a Banach space. For a set A C X the symbols spA, 5p A, and spgA mean the linear
span of A, the norm-closed linear span of A and the set consisting of all finite linear combinations
of elements in A with rational coefficients, respectively. For A C X and B C X* we put Bl :=
{x*|A xt e B}; hence, if A is a subspace of X, then B|4 is a subset of the dual space A*. The
set of rational numbers is denoted by Q and we put QT := QN (0, +00). For an infinite set M the
symbol [M] <% means the family of all infinite countable subsets of M. Given a set M in a Banach
space, then M always denotes the norm closure (not the weak neither weak* closure) of it.

Next, we introduce a concept which serves as a link between X and X* (and exists right if and
only if X is Asplund).

Definition 2.2. By an Asplund generator in a Banach space X we understand any correspondence
G : [X]S¥ — [X*] =¥ such that

(a) (5pC)" = G(C)lssc for every C € [X]=¥;

(b) if C1, Cy, ... is an increasing sequence in [X]=“, then G(C;UCoU---) = G(C1)UG(Ca)U- - -;
(c) U{G(C) : C € [X]=¥} is a dense subset in X*; and

(d) if Cy,Cs € [X] =¥ are such that 5pC; = 5p Oy, then 5p G(Cy) =s5pG(Cy).

Now, consider a Banach space (X, || - ||), not being Hilbert. Let V' be a (closed) subspace of it.
We focus on a question whether there exists a linear isometric extension operator from the dual
V* into X*. (If there were so, then some arguments in the next section would become quite easy.)
There do exist situations when this happens. For instance, if X is ¢o(I") or £,(I'), 1 < p < +o0,
and V is ¢o(IN) or £,(N), where N C I'. However, we are afraid that for general X and V this may
not be true. Fortunately, and this is the content of the next structural theorem: If X is Asplund,
there are plenty of well behaving V’s. We think that this statement actually elucidates what the
Asplund property of a Banach space is. The proof of it gathers together ideas from several papers
ranging over half a century, see in particular [L65, T70, JZ74, G79, FG88, St96, CF15] .

Theorem 2.3. (Main) Let (X, ||-]|) be a (rather non-separable) Banach space. Then the following
assertions are mutually equivalent.

(i) X is an Asplund space.

(i) X admits an Asplund generator.
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(iii) There exists a rich rectangle-family A C S5(X x X*) such that Y1 C Yo whenever Vi x
Y1, VaxYs are in A and Vi C Vo, and for every V xY € A the assignment Y > z* — x*|y € V*
s a surjective isometry.

(iv) There exists a cofinal rectangle-family A C S(X x X*) such that for every V xY € A the
assignment Y 3 x* — a*|y € V* is a surjection.

Proof. (i)=(ii). In order not to get lost in the case of general Asplund space, assume first that
the norm || - || on X is Fréchet smooth, or more generally, that there exist an open set 0 € Q C X
and a smooth function f : Q@ — R, with continuous derivative f’ such that f'(V N Q)|y is dense
in V* for every subspace V of X; note that this easily implies that X is Asplund. Define then
G:[X]S¥ — [X*]=¥ by

[X]S¥ 3 Cr— f/(spgC N Q) = G(C) € [X*]=¥.

It remains to verify the properties (a), (b), (c), and (d) in Definition 2.2. As regards (a), fix any
C € [X]=% and any v* in the dual (sp C)*. Let any € > 0 be given. The properties of f provide
a v € spg 1) bch < e. But f’(v) belongs to G(C'). And, as ¢ > 0 was
arbitrary, we get that v* belongs G(C)|spc )| ssc . Thus (a) is verified. Concerning (b), let Cy,Cy,. ..
be as in the premise. Because our G is “monotone”, we have only to prove the inclusion “C”. And
for this it is enough to realize that spg(C1 UCa U---) = spg(C1) Uspg(C2) U ---. The claim (c)
follows immediately from the fact that f/(X) is dense in X* and from the definition of G. The
last property (d) is guaranteed by the continuity of f’.

If we are facing a general Asplund space (and we do not have at hand the function f as above),
we have to work harder. Either, we use the information from [FG88] (where Simons’ lemma is
needed!), or we profit from [CF15], based on Ch. Stegall’s ideas (and proved without use of Simons’
lemma). More concretely, let S be any nonempty set in Bx. By £(S) we denote the family of all
functions of the form

k
Bx-2>z* +—1-— 22_"|an — <,’E*,Sn>‘,

n=1

where k € N, aj,a9,...,a; are rational numbers in [—1,1], and sq, s2, . . ., S are elements from S;
note that #L(S) = #S + Ng. It is easy to check that each element of £(S) is weak* continuous
and has the maximum norm at most equal to 1. Thus £(5) is a subset of (the closed unit ball of)
the Banach space C(Bx-) of all weak* continuous functions on the closed unit ball Bx« in X*.
We can easily check that

(2.1) L(S) = L(S);

hence, the set above here is separable whenever S is separable.
Consider the multivalued mapping 9 : C(Bx~) — 2Bx* defined by

C(Bx+) > f+— 0(f) :=={2* € Bx+: f(2*) =max f(Bx~)}.

It is well known, and easy to check, that 0 is norm to weak* upper semicontinuous and weak*
compact-valued. Now, X being Asplund, its dual unit ball is weak* dentable, see [Ph93, Theo-
rem 2.32], [F~11, Theorem 11.8]. Thus, we are ready to apply the selection theorem of Jayne
and Rogers [JR85, Theorem 8], [F97, Theorem 8.1.2] to @ and get a sequence of norm to norm
continuous mappings A; : C(Bx~) — X*, j € N, such that for every f € C(Bx-+) the limit
lim; o0 Aj(f) =: Xo(f) exists in the norm topology of X* and moreover Ao(f) € 9(f), that is,
f(Xo(f)) = max f(Bx~). Now, we define the multivalued mapping

C(Bx+) 3 fr—={(f) Aa(f), -} = A(f) € X7



4 MAREK CUTH, MARIAN FABIAN

thus A : C(Bx+) — 2%". The continuity of the mappings \;’s and (2.1) then guarantee that

(2.2) A(L(S)) = A(£(9)) -

Hence, the set above is separable once S is separable.
Using the symbols £ and A introduced above, define

[X]=¥ 5 C+——=CspgA(L(spg C N Bx)) =: G(C) € [X*]=¥.

Let us check that G is an Asplund generator. As regards (a) in Definition 2.2, take any C' € [X]=%.

Put V :=3spC. By [CF15, Proposition 1], By- C A(L(By))|,,. Hence, using (2.2)

v
(BC)" = V" Cspg A(L(BY)), GO, (< (5C)).

(We actually got a stronger equality that (Sp C’)* =G(0) ’ s5c.) (b) follows easily from the very
definition of our G, the definition of A, £, and from the monotonicity of the sequence C1,Cs, ...
(c) follows immediately from [CF15, Proposition 1] saying also that By« C A(L£(Bx)). (d) follows
easily from (2.2) and from the definition of G. We thus proved that (ii) holds in a general Asplund
space.

(ii)==(iii). Let G : [X]=* — [X*] =% be an Asplund generator in X. Define A C S(X x X*)
as the family consisting of all rectangles 5p C' x5p G(C), where C' € [X] =%, such that the assignment

(2.3) spG(C) 32" +— z™|55¢c € (5pC)"

is a surjective isometry. We shall show that A is a rich family.

As regards the cofinality of A, fix any V x Y € §(X x X*). Since G is an Asplund generator,
the condition (c) guarantees that there is Cp € [X]<¥ so big that Cy D V and G(Cp) D Y.
Assume that for some m € N we already found countable sets Co € Cy C -+ C Cpp_1 C X.
Realizing that spoG(Cyn—1) is countable, we find C,, € [X] <@ 50 big that C,, D Cy,_1 and that
|z*|| = sup (z*, C, N Bx) for every z* € spgG(Crn—1). Do so subsequently for every m € N and
put finally C := CoUCy U---. Clearly C € [X] =¥ and also 5pC x 5pG(C) DV x Y. It remains
to show that the assignment (2.3), with our just constructed C, is a surjective isometry.

From the above we have that for every m € N and for every z* € spoG(Cr,—1)

l2*|| = sup (2", Ciy N Bx) < sup(a”,5pC N Bx) = ||2"[spc| < l|l2"]-

Hence, by (b) in Definition 2.3, we get that ||2*|s5c|| = ||z*| holds for every z* € SpG(C). We
proved that the assignment (2.3) with our C' is isometrical; denote it for a moment by R. Then,
using (a) from Definition 2.3 and the isometric property of R we have

()" C COwe € REE(C)) = REPG(C)) =S5 G(O) e

This shows the surjectivity of the assignment (2.3) with our C'. We thus proved that sp C' x5p G(C)
belongs to A, and hence, the family A is cofinal.

For checking the o-completeness of A, consider any increasing sequence Vi x Y7, Vo x Ys, ...
of elements in A. Then, clearly, V1 x Y7 U Vo x Yo U .- is of form V' x Y and this is an element of
S (X x X*). Also, clearly, V=V, UVoU---and Y =Y, UYo U - -. From the definition of A, for
every i € N find C; € [X] =% such that V; =spC; and Y; =5pG(C;). Put C := C;UC,U---; then
C €[X]S¥ and5pC = V. Since V; C Vo C --- for every i € N we have spC; =sp (C1 U ---UC;),
and hence by (d) Y; =spG(C1 U ---UC;). Then

Y:YluYgu---:@(G(Cl)UG(Clucg)u---)@@G(Clucgu---):@G(C)

Now, by (a), V* C Y|y .
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Further, we will verify that the assignment Y 3 a* — a*|y € V* is a surjective isometry. As
regards the isometric property, we recall that for every ¢ € N the rectangle V; x Y; belongs to A,
and so for every z* € Y; we have

[ = [l=* v ]| < [l v ]| < ll=*]-
It then follows, using the density of YUY, U- -+ in Y, that [|l2*| = ||z*|v
once having the information just proved, we have that Y|y = Y|y (C V*), and hence V* = Y|y.
Therefore, summarizing all the above, we are sure that our A is a rich family.
Finally, consider any Vi x Y7, Vo x Y5 in A such that V3 C V5. From the very definition of A
we find C1, Cy € [X] =% such that SpC; = V; and 5pCy = Vo. Then
Co CC1UC, CspCrUSp Uy = V1 UV, = Vo =35p(Ch,

and so 5p Cy C 5p (C1UC,) C 5p Cs. Now (d) in Definition 2.2 gives that 5p G(C2) = 5p G(C1UC%),
and so

’ for every z* € Y. Now,

Yo =SpG(C1 U Cy) 255 (G(C1) UG(CL U Cy)) DBG(C) = Vi,
We completely proved (iii).

(ili)=(iv) is trivial.

(iv)=(i). Assume (iv) holds. Let Z € S(X) be arbitrary. From the cofinality of A, find
V xY € Asuch that V xY D Z x {0}. Then V*, being the image of Y (€ S(X™)), is itself
separable. It then follows that Z*, the quotient of V*, must be also separable. Now it remains to
use the aforementioned characterization of the Asplund property, and thus (i) follows. O

Remark 2.4. Assume that the norm || - || on X is Fréchet smooth and define f := || - ||>. Then
for every subspace V' C X we get that V* C f/(V)|y but not V* C f/(V) |v. Indeed, this stronger
inclusion seems to be a privilege of only some V'’s; we can find such subspaces by playing a suitable
“volleyball” with countably many moves, see the proof of (ii)=-(iii) above. (Fortunately, these
“selected /better” V’s form a rich family in S(X).) From this, and from the proof of implication
(i)=(ii) above, it follows that using the Stegall’s approach here is somehow stronger and simpler,
see [CF15, Proposition 1]. Likewise, the whole Stegall’s approach [St96] is stronger and simpler

than that from [FG88], see [CF15, Remark 2].

It can be useful to extend Theorem 2.3 to the following statement.

Theorem 2.5. Let (Z,]-||) be a Banach space, (X,||-||) an Asplund space, T : Z — X a bounded
linear operator, and let z* € Z* be given. Then there exists a rich block-family Ap in Z x X x X*
such that Y1 C Y whenever Uy x Vi XYy, Uy xVoxYs € Ap and Vi C Vs, and that for every
UxV XY in Ap we have T(U) C V, the restriction assignment Y > x* — z*|y € V* is a
surjective isometry, and ||T*x* — z*|| = H(T|U)*(x*|v) - (z*|U)H for every z* € Y.

Proof. Tt is easy (and left to a reader) to check that the rectangle-family R consisting of all
UxVeS(Z x X) such that T(U) C V isrich in Z x X. Denote

R1:={UxVxY: UxV€Rr and Y € S(X*)},

Ry ={UxVxY: UeS(Z) and V xY € A}
where A is from Theorem 2.3. Clearly, both these families are rich, and therefore R := R NR2
is a rich block-family in Z x X x X*. Clearly, every triple UxV xY in R possesses the first two
properties from the conclusion of our theorem. Now, define the family
Ap = {UxVxY e R: |T*z* — 2*|| = |(T|v)* (z*|v) — (z*|v)|| for every z* €Y},

Clearly, Ar has all the three required properties. Thus, it remains to check that Ap is rich.
As regards the cofinality of Ay, consider any M € S(Z x X x X*). From the cofinality of R,
find Uy x Vy x Yy in R such that Uygx Vp xYy DO M. We shall construct an increasing sequence
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Up XV XYy, m € N, in R as follows. Let m € N and assume that we have already found
Up—1% V1 XYy, _1. Using the separability of Y;,_1 find C,,,_1 € [Z] =% such that C,,, 1 D Uy, _1
and ||T*a* — 2*|| = sup (T*z* — 2*,Cy,,—1 N Byz) for every a* € Y,,—1. Find U, XV, x Y, in
R so big that it contains (U,,—1 U Chp—1) X Vi1 X Yy —1. Doing so for every m € N, put finally
U:=UUn, Vi=UVm, and Y := JY,,. Clearly, UxV xY = JU, xV;uxY,, D M. The
o-completeness of R guarantees that U xV xY lies in R. Now fix any m € N and any z* € Y,,,_1.
We can estimate

|T*z* — 2| = sup(T*z* —2*,Cpi_1 N Bz) <sup(T*z* — z*, By)

sup {(z*|v, (T|v)u) — (z*|v,u) : w€ By}

|(Tlo)* (=*v) = 2*lo || < IT*z* = ()]

Thus | T*z* — 2*|| = H(T|U)*(:E*|V) - (z*)|UH for every x* from |JY;,, and finally, for every z*
from Y. We verified that U x V x Y € Ap, and hence Ar is cofinal.

As regards the o-completeness of Ar, consider any increasing sequence UpxVixY7, UsxVoxYs, ...
in Ar. Pt U:=U;, V.=V, and Y :=JY;. Clearly, UxVxY = JU; xV;xY;. As R was
rich, our UxV XY belongs to it. Take any ¢ € N and any z* € Y;. Since U; x V; x Y; € A, we have
that || T*z* — 2*|| = ||(T|v,)* (z*|v;) — (2*|u,)]||- But we can easily verify the following monotonicity

|(Tlw) (@) = )| < [(Tlo)*(@*v) = (F|o)|] < [T*z* = 2.

Thus [|[T*z* — 2*|| = ||(T|v)* (z*|v) — (2*|v)|| holds for every z* from JY;, and hence for every z*
from Y. We proved that U x V x Y belongs to Ap, and therefore this family is o-complete.

O

Remark 2.6. Of course, Theorem 2.5 can be easily extended to several spaces Zi,..., Zk, to
zi € Z7, and to operators T;; : Z; — X, i =1,... k.

3. SEPARABLE REDUCTION FOR STATEMENTS WITH FRECHET SUBDIFFERENTIALS

Separable reductions for Fréchet (sub)differentiability originated some three-four decades ago
in works by D. Gregory [Ph93, pages 23, 24, 37], D. Preiss [Pr84], and M. Fabian, N. V. Zhivkov
[FZ85]. In all these papers and in many subsequent ones until the recent contributions —see [P10],
[I11], [FT113], [FI15]— there was a common belief that for a successful performing separable re-
ductions of statements involving Fréchet subdifferentiability (like non-emptiness of subdifferential,
fuzzy calculus, etc.), it is necessary to first translate such statements completely into terms of the
Banach space X in question (with no use of its dual X*). The present approach below destroys
this longstanding taboo in the case when we restrict to the framework of Asplund spaces.! In-
deed, once we have at hand the deeper structural characterization of the Asplund property (see
Theorem 2.3), we can work with the original definition of Fréchet (sub)differentiability (“... there
exists an element of the dual X* such that ...”). This way, the separable reductions in Asplund
spaces can be substantially simplified and obtained results become exact (see Theorem 3.1); for
comparison see [FI15].

Let (X, -]|) be a Banach space, let f : X — (—o0, +00] be any proper function, i.e. f Z +oo,
and let € X be a point where f(z) < +00. The Fréchet subdifferential Op f(x) of f at x is the
(possibly empty) set consisting of all #* € X* such that f(zx+h)— f(z) — (z*,h) > —o(||h]|) for all
0 # h € X where o : (0,4+00) — [0, +0] is a suitable function with the property that @ — 0 as
t | 0; or in other words, if for every € > 0 there is § > 0 such that ”—iH (f(z+h)—f(z)— (2", h)) > —¢

whenever h € X and 0 < [|h| < 4.

1Separable reduction of Fréchet differentiability realized without any translation into terms of X was presented
recently in [LPT12, Sections 3.5 and 3.6].
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Theorem 3.1. (Main) Let (X,]|-||) be a (rather non-separable) Asplund space and let f : X —
(=00, +00] be any proper function. Then there exists a rich rectangle-family R C S(X x X*)
such that Y1 C Ys whenever Vi x Y1, Vo x Yy € R and Vi C Vo, with further properties that for
every V. xY € R the assignment Y > x* — x*|yy € V* is an isometry from Y|y onto V* and
for every v € V we have that

@Orf)NY)lv = (Orf()lv = 0r(flv)(v);
that is, in more detail, if v* € Op(f|v)(v), there exists a unique z* € 9pf(v) N'Y such that
a*ly = v* and "] = [[o*]

Remark 3.2. It is worth to compare the theorem above with what was proved in [FZ85, F89]: In
a general (possibly non-Asplund) Banach space X, there is a cofinal family C in S(X) such that
for every V € C and for every v € V the non-emptiness of O (f|v)(v) implies the non-emptiness

of apf(v)
Proof. We obviously have that

(3.1) @rf()NY)lv € (Orf(V)lv C Or(flv)(v)

for every V x Y € S5(X x X*) and every v € V.
Further for x € X, z* € X*, r € R, 0 < 61 < §2, and V C X we define

Iy (x,x*, 7, 61,09) := inf{ﬁ(f(x—i— h)—r—(z*,h)): he€V and & < |h| < 52}.
(A novelty here is that we operate also with x*, an element of the dual X*, which was “for-
bidden” for three decades, and that f(z) is replaced by r € R.) Further for each “cortege”
x,x*,r, 01,02 as above and for each v > 0 we find a vector v(z,z*,7,d1,02,7) € X such that
5 < |Jv(z,x*, 7, 01,02,7)| < 2 and
(3.2)

H’U((E e 51 62 '7)” (f(ZZT—FU({E,.I*,T, 51,52,’}/))—T—<$*,1}($,{E*,T, 5155277») < IX(.I,{E*,T, 51562)_'—7

if Ix(x,a*, 7 d1,02) > —o0, and

1
(33) (f(fE + U(.I,.I*,’I”, 5175257)) —-r-= <$*,U(5E,$*,T, 5155277») < _;

||U(.’L',.’I,'*,’r‘7 6175277)”
if Ix(x,a*, 7 d1,02) = —o0.
Let A C S5(X x X*) be the rich family found in Theorem 2.3. We define the family R as that
consisting of all V' x Y € A satisfying
(34) Ix(x,z*,7r 601,02) = Iv(x,z*,7,01,02) whenever z €V, 2* €Y, r e R, and 0 < d; < do.
We shall prove that R is cofinal in S(X x X*). Fix any Z € S(X x X*). Since A is rich, there
is Vo X Yy € A such that Vy x Yy D Z. Find countable sets Cy, Dy contained and dense in Vj and
Yy, respectively. We shall construct increasing sequences Yy x Vg, V1 x Y1, Vo x Yy, ... in A, and
Co x Do, Cy x Dy, Oy x Do, ...in [X x X*] <% such that C; = V;, D; =Y; for every i € N, and
having some extra properties described below. Let m € N be arbitrary and assume that we have
already found V,,,—1, Yin—1,Cm—1, Din—1. From the cofinality of A we find V;,, X Y,,, € A such that
Vi contains the (countable) set

6:: CmflU{U(I,I*,q,(Sl,(SZa'Y): HAES Omfla ZZ?* El)’rnfl? qe@; 515627’76@4’7 and 51 <62}

and Y;, contains Y,,_1. Find then a countable set C c C,, C Vi, such that C,,, = V,, and a
countable set D,,_1 C D,, C Y;, such that D,, = Y,,. Do so subsequently for every m € N. Put
V=VWuWhulWU--- and Y := YUY, UY5U---. The o-completeness of A guarantees that
V x Y belongs to A.
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We shall show that V x Y € R. This means that we have to verify (3.4). So, fix any cortege
z x*, 1, 01,02 as there. Consider any fixed h € X such that d; < ||h]] < J2. We have to show that
”h” (f(x—i—h) —(x*,h)) > Iy (z,2*,7,61,02). Pick some 07,05 € Qsuch that 61 < 8 < ||| < §5 <
02. It is easy to check that V =CoUC1 U - andY = DgU Dy U---. Find 29 € Cy, 21 € C1, ...
and z§ € Do, x7 € Dy, ... such that ||x; — x| — 0 and ||z} — 2*|] — 0 as ¢ — oo. Consider
any fixed v € Q4. Pick ¢ € Q such that |r — ¢| < 7||h]. Denote Ny := {i € N: |lz; —zf <
min{&] — &1, 02 — 05} }; this is a co-finite set in N.

Now, take any k € V, with §] < ||k|| < 5. For i € Ny we have é; < ||z; — x + k|| < d2 and then
we can estimate

itk ik
Petz—al 1 :
= . flat+(x;—z+k)—r—{(z",x;, —x+k)
s AT nk+m—xM )
' 1 r—gq
+—{a"z —x+ k) — (2] k) + ——
il )T
|z — ]| 1 P
> (14 si———— ) Iv(z, 2", 7,01, 02) — — (||=*||||z: — Sollx™ —
> (1 s v 1 01,82) = (s = ol + 82l = 51) =03
where s; = 1 if Iy (z,2*,7,61,d2) < 0 and s; = —1 otherwise. It then follows that
IV(xiaxraqv 156/2)
2 (1 s ) v 1 00,02) = - (s = ] + Gl = a71) =77

holds for every i € Nj.
Now, put

Ny:={i € N1: 6 <||h+z— ;|| <} and (], z — ;) + (x} — z*,h) > —|h[l7}

—this is still a co-finite set in N— and then put N3 := {i € Ny : Ix(z;,2},q,67,05) = —oo}.
First, assume that Nj is finite. Using (3.2), for every i € Ny \ N3 we can estimate

1
h) — * h
||z — z; + h 1 y
= : flai+ (@ —xi+h)—q—(zi,z -z +h)
IR )
1 _
+—((af,w —m) + (2 —a B)) + T
o) 7] 7]
Ol — w4 )
TIX(:EH zaqv 1)62) -
1]
|l — 2; + Al 1
* f.’L'i—f—’U— —q— ‘T;ﬁav_ - _27
Tl Hﬁmwm%%ﬁ&wﬂ(( () == {ah0(=)
T—x; +h
>M[IV($M 17q7 527) ]_2’77

I

here v(—) meant v(x;, z},q,97,05,7) (€ V). Now, plugging here (3.6), and then letting No \ N3 >
1 — 00, we get that
d2

1
||h||( (x+h)— <$*,h>) va(x,x*,r,51752)_37_pyé_i'
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And, realizing that v € Q4+ could be arbitrarily small, we get that ﬁ (f(z+h)—r—(a*,h)) >
Iy (z,x*,7,01,02). This, of course, implies that Ix(x,x*,r, d1,d2) > Iy (z,x*, 7,01, 02).

Second, assume that the set N3 is infinite. Take any 7" € Q4. For ¢ € N3 we have from (3.3)
that

1 1 * * *
? > ||1)($ CC* q 5/ 5/ ,Y/)H (f(xl + U($i,$i,q,5i,6/2,'7/)) - q - <:I:i7v(xi7xi7Q75176/27’7/)>)
1yt 4y Y19 Y2

izt o()] 1

lo(=)l Nz — 7+ ()] (fle+ (@i—z+uv(=) —r— (a5 z —z+uv(-)))
r—q 1 oy 2 o

ol T o (e e e e()

lei—e+ vl 0o, B AP
lo(=)]| Iy (z,z*,r, 81, 02) 5, (5"< i )+ ( (=)

here v(—) always meant v(z;, x}, q,d1,05,7") (€ V). And letting N3 3 i — oo, we get that — / >

Iy (z,2%,7,01,05) — - lq‘ Here 7' € Q4 could be arbitrarily small. Therefore Iy (z,z*,r, 51,52)
—o0, and hence for sure Iy (z,2*,r,01,02) > Iy (z,2*,r,01,02). Therefore V XY € R.

The proof of o-completeness of R is similar to (but a bit different from) the proof of cofinality.
Let V1, xY7, Vo x Ys, ... be an increasing sequence of elements in our R. We have to verify that
Vi xY1UVy xYoU--- also belongs to R. Clearly, this set is of form V' x Y. As A is o-complete,
VxY € A. Tt remains to verify (3.4). So, fix any cortege x,x*, 7,01, 02 as there. Consider any h € X
such that §; < ||h]| < d2. We have to show that thl (f(x4+h)=r—{(xz*, h)) > Iy (x,x*,1,d1,02). Pick
some 07,05 € R such that §; < &) < ||h]| < 65 < d2. It is easy to check that V =13 UV, U--- and
Y=Y1UYoU---. Find zy € Vi, 22 €V, ... and 2} € Y1, 25 € Y, ... such that ||a; — x| — 0
and ||z} — 2*|| — 0 as i — oo. Denote My := {i € N: |lz; — x| < min{d] — 61,02 — 05} }; this is
a co-finite set in N.

Now, take any k € V, with 8] < ||k|| < d5. For i € M; we have §; < ||z; — x + k|| < d2 and
then we can estimate (This chain is a bit simpler than (3.5) since we now do not need r replaced
by ¢ €Q.)

Ik + z; — x| 1

= T TVt @ e k) —r e - e 4 )

L rp—x — (z}
+m(<x y Lg +k> <zvk>)

i — 2 !
> R —
> (Ui a7, 81,02) = - (el =l + o = 71)

where s; = 1 if Iy (z,2*,7,01,02) < 0 and s; = —1 otherwise. It then follows that (This is a bit
simpler than (3.6).)

I\/(aji,f»k T, 07, 04)
> (1t s ) Iy 07,01, 62) = ([l — ] + 8o 2" — a7 )

holds for every i € M;.
Now, consider any v > 0 and put (This M; is defined exactly as Ny above.)

My:={i€ M : & <||h+z—z;|| < and (z],x — z;) + (z} — 2", h) > —y||h[|};
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this is still a co-finite set in N. Using (3.8), for every i € M3 we can estimate (The following chain
is different from (3.7).)

1

||h|| ( (x+h)—1r—(z, h>)
_ e ‘HI}ZHJF Ml ||:c—x1i+h|\ (F@i+ (@ — @i+ h) = — (@}, @ — 2+ b))
(i a —) + (o =", )
> 7”30_|£§Z|+hHIx(Iz‘,iEf,Tﬁi,(gé)—7
_ = _foZHJr h”m (zi,27,7,0,,8)) —v (as (z;,2%) € V; x Y; € R and (3.4) holds)
> =ttt o) -
Now, plugging here (3.8), and then letting Ms 3> i — oo, we get that
Hflzl\( (x+h) —r—(z",h) > Iv(x,2%,7,01,02) —

Finally, realizing that v > 0 could be arbitrarily small, we get that m (f(x +h)—r—(z*, h)) >
Iy (x,a*,7,61,02). This, of course, implies that Ix(x,a*, 7, d1,02) > Iy (z,2*, 7 061,d2), and so
V xY € R. We proved that R is o-complete, and therefore R is a rich rectangle-family in X x X*.

That Y7 C Y3 whenever V; x Y7, Vo x Y5 € R and V; C V4, follows immediately from the same
property shared by A.

It remains to prove that our R “works”, that is , that 9p(f|v)(v) C (9 f(v) NY)|y whenever
V xY € Rand v € V. So, pick any such V x Y. We know from Theorem 2.3 that Y > x* ——
x*|y € V* is an isometry onto. Fix any v € V. Assume there is v* in dp(f|v)(v). Find (a
unique) z* € Y such that z*|y = v*. We shall show that «* € 9pf(v). So, fix any € > 0.
Find § > 0 such that f(v+ k) — f(v) — (v*, k) > —¢|k|| whenever k € V and 0 < ||k]| < §;
then Iy (v,z*, f(v),01,0) > —e for every 61 € (0,6). Now, let h € X be any vector such that
0 < ||h|| < 4. Pick 81 € (0,]||A|]). Then we have

! ( (’U—I—h) f( ) <I*7h>) EIX(vvx*af(v)a(Slv(D :IV(vav*vf( ) 51,5) —€

[
by (3.4). We proved that z* belongs to df(v)NY, and so v* belongs to (9 f(v)NY)|y. Therefore
Ir(flv)(v) € (8rf(v)NY)]y. This together with (3.1) completes the proof. O

Corollary 3.3. Let (X,|| - ||) be a (rather non-separable) Asplund space and let f : X —
(—o00,4+00] be any proper function. Then there exists a rich family R C S(X) such that for
every V € R and for every v € V we have:

(i) 0 f(v) # 0 if (and only if) D (flv)(v) £ 0 (cf. [FS9)).

(i1) For t > 0 we have Op f(v) \ tBx+ # 0 if (and only if) Or(f|v)(v) \ tBv- # 0 (cf. [FM02]).
(iii) [ is Fréchet diﬁerentiable at v if (and only if) flv is Fréchet differentiable at v; and in this
case || f'(0)|| = ||(flv) (v)| (cf. [Pr84, Z12]).

Proof. Let R1 and Rs be rich rectangle-families found in Theorem 3.1 for the functions f and — f,
respectively. Let R be the “projection of R; N R2 on the first coordinate”, that is, put

R:={VeSX): VxY eR NRy forsomeY € S(X*)}.
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It is easy check that R is rich. It works. Indeed, (i) and (ii) follow immediately from Theorem 3.1.
As regards (iii), take any V € R and any v € V. Find Y € §(X*) so that V' xY is in R1NR2. Then
(i) and (ii) immediately follow from Theorem 3.1. Further, assume that f|y is Fréchet differentiable
at v and put v* := (f|v)’(v). This implies that v* € dp(f|v)(v) and —v* € Ip((—f)|v)(v). Find

the unique z* € Y such that z*|y = v* and ||z*|] = ||v*||; then (—z*)|y = —v*. Now, by
Theorem 3.1, z* € Op f(v) and —z* € Op(—f)(v). It then follows that f is Fréchet differentiable
at v, with f'(v) = 2™ and [|f"(v)[| = [lz*|| = [lo*[| = [|(f]v)" ()] O

Corollary 3.4. Let (X, | -||) be an Asplund space, let f : X — (—o00,+00] be a lower semicon-
tinuous function, and g : X — (—o00,4+00] be a function uniformly continuous in a vicinity of a
certain T € X. Then:

(i) The set {z € X : Opf(x) # 0} is dense in the domain of [ (see [F89)]).

(i) If x* € Op(f+9)(T), then for everye > 0 there are x1,x2 € X, 27 € Op f(21), and x5 € Opg(x2)
such that ||z1 — Z|| < e, ||xe — F|| < e, and ||z + 25 — z*|| < e (see [F89] modulo [I83]).

Proof. Assume first that X is separable. Find an equivalent Fréchet smooth norm, see e.g. [DGZ93,
pages 48, 43] arbitrarily close to || - ||. Then (i) can be easily obtained using Borwein-Preiss or
Deville-Godefroy-Zizler smooth variational principles [Ph93, Section 4]. As regards (ii), proceed
as in [I83], using the same smooth principles.

Second, assume that X is non-separable. As regards (i), combine the just proved separable
statement with Corollary 3.3 (i). To prove (ii), assume that * € Op(f + ¢)(Z) and let € > 0 be
given. By Theorem 3.1, find rich families R1, Ro corresponding to f, g, respectively, and put R :=
R1NR2. Find V XY € R so that it contains (T, z*). Using the validity of the separable statement,
find 1,22 € V, vf € Or(flv)(z1), and v3 € Or(g|lv)(x2) such that ||z1 — || < ¢, ||z2 — T <&,
and ||vf +v3 — 2*|v|| < e. Now, the conclusion of Theorem 3.1 provides unique z; € 9pf(z1)NY
and z5 € Opg(x2) NY such that xf|y = v, ¢ = 1,2. Hence, using the isometric property of the
restriction mapping Y 3 € — |y, we conclude that ||zf + 25 — a*|| = ||[v] +v5 —z*|v] <e. O

Let (X, ] -]|) be a Banach space, let Q@ C X, and let T € Q. The Fréchet normal cone Np(T, <)
of Q at T is defined as the Fréchet subdifferential of the indicator function to of 2 at T; note that
Np(z,Q) always contains 0. Let ©q, Qs be two subsets of X, with non-empty intersection, and fix
an T in it. If there are e > 0 and sequences (al), (a2) in X satisfying that (al + Q1) N (a2 +Q2) N
(T +eBx) = 0 for every n € N, then we say that T is a local extremal point of Q3 N Qs and the
triple {Q1,Qs,Z} is called an extremal system in X, see [M06, page 172].

Corollary 3.5. Let (X, | -||) be an Asplund space. Then:

(i) For every nonempty closed set Q C X the set {x € X : Np(x,Q) # {0}} is dense in the
boundary of 1 (see [FM99] ).

(i) For every extremal system (1,90, T) in X the “Fréchet” extremal principle holds, that is,
for every € > 0 there are x1,x2 € X such that ||z1 — T|| < €, ||x2 — T|| < € and there are
xf € Np(x;, Q) +eBx«, i =1,2, such that ||z3| + ||z5]| = 1, and ] + x5 = 0 (see [MS96]).

The proof is very similar to that of Corollary 3.4, once we have at hand the “separable” statements

IMS96].

Remark 3.6. Of course, (ii) in Corollary 3.5 is usually derived from (ii) in Corollary 3.4 with help
of Ekeland’s principle. We thank the referee for this comment. It should be also noted that (ii) in
Corollary 3.4 and 3.5 were obtained in [FM02] via a much more complicated separable reduction.

We finish by deriving easily a strengthening of the main result of the paper [FI15] from Theo-
rems 2.5 and 3.1 in the framework of Asplund spaces.

Theorem 3.7. Let k € N, let X be a non-separable Asplund space, let Zi,...,Z, be Banach
spaces, let z{ € Z7, ...,z € Z§, letT; : Z; — X, i = 1,...,k, be bounded linear operators,
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and let f : X — (—o0,+00] be a proper function. Then there exists a rich block-family R in
Z1 XX Z x X such that, for every Uy x -+ - XU xV € R we have Ty (U1) CV, ..., Tp(Uy) CV
and there is Y € S(X*) such that:

(i) The assignment Y > x* — x*|y € V* is an isometry onto V*;

(it) (O f(0)NY)|v = (0rf())|lv = Or(f|v)(v) for every v € V; and

(iii) ||Tya* — 27 || = H(T1|U1)*(9C*|V) — (27]v,)|| for every a* €Y andi=1,...,k

Proof. Putting together Theorem 2.5 and Remark 2.6, we find a rich block-family Ap, . 7, in
Z1 X -+ X Zj, x X x X* with similar properties as the family A7 in Theorem 2.5 has. Let R’ be
the rich family in X x X* found in Theorem 3.1. Define

R = {U1><---><U;€><V: Upx- - xUgxVxY e Ap . 1 andeYER’forsomeYES(X*)}.

Clearly, R is cofinal. And from the “monotonicity” property of Ar, . 1, we easily get that R is
o-complete. That (i) and (iii) are true follows directly from Theorem 2.5. (ii) comes immediately
from Theorem 3.1. (|

Remark 3.8. From the theorem above we immediately get a strengthening of [FI15, Corollary
4.5] and afterwards [FI15, Theorem 4.6], provided we are in the framework of Asplund spaces.

Remark 3.9. There are at least two methods of proving separable reduction theorems. One is
“the method via rich families” presented above. An alternative to this is a set-theoretical approach
called “the method of suitable models”. On one hand, proofs using the latter method, require some
knowledge of set theory or logic, on the other hand it seems that this approach is more powerful and
less technical. All the statements from this paper can be formulated and proved in the language of
“suitable models”. The proofs would be shorter; however, for a reader not familiar with set theory
or logic, less readable. This is why we have chosen to present the proofs using the first mentioned
method. We refer a reader interested in the second mentioned method to the paper [C12] where
basics of this alternative way is explained, to [CK14] where the relation between the both methods
is investigated, and to a forthcoming paper [C16] where it will be proved (among other things)
that in Asplund spaces the both methods are in some sense equivalent.
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puter Science (KNOW-MNSzW). The second author was supported by grant P201/12/0290 and
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