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Abstract

We show the relative energy inequality for the compressible Navier-Stokes system driven by
a stochastic forcing. As a corollary, we prove the weak-strong uniqueness property (pathwise
and in law) and convergence of weak solutions in the inviscid-incompressible limit. In particular,
we establish a Yamada—Watanabe type result in the context of the compressible Navier-Stokes
system, that is, pathwise weak—strong uniqueness implies weak—strong uniqueness in law.
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1 Introduction

The concept of weak solution was introduced in the mathematical fluid mechanics to handle the
unsurmountable difficulties related to the hypothetical or effective possibility of singularities ex-
perienced by solutions of the corresponding systems of partial differential equations. However, as
shown in the seminal work of DeLellis and Székelyhidi [4], the sofar well accepted criteria derived
from the underlying physical principles as the Second law of thermodynamics are not sufficient to
guarantee the expected well-posedness of the associated initial and/or boundary value problems in
the class of weak solutions. The approach based on relative entropy/energy introduced by Dafermos
[3] has become an important and rather versatile tool whenever a weak solution is expected to be,
or at least to approach, a smooth one, see Leger, Vasseur [17], Masmoudi [18], Saint-Raymond [21]
for various applications. In particular, the problem of weak-strong uniqueness for the compressible
Navier-Stokes and the Navier-Stokes-Fourier system were addressed by Germain [10] and finally
solved in [7], [8].

All the aforementioned results apply to the deterministic models. Our goal is to adapt the
concept of relative energy/entropy to the stochastic setting. As a model example, we consider the



Navier-Stokes system describing the motion of a compressible viscous fluid driven by stochastic
forcing;:

do +divy(pu) dt = 0, (1.1)
d(pu) + [divg(ou ® u) + Vup()] dt div,S(Vzu) dt + G(o, ou)dW, (1.2)

2
S(Vzu) = M(qu + Viu - gdivxu]l> + ndivgul, (1.3)

where p = p(p) is the pressure, u > 0, n > 0 the viscosity coefficients, and the driving force is
represented by a cylindrical Wiener process W in a separable Hilbert space i defined on some
probability space (€2, F,P). We assume that W is formally given by the expansion

Z 6ka

where {Wj}r>1 is a family a family of mutually independent real-valued Brownian motions and
{er}x>1 is an orthonormal basis of Y. We assume that G(p, ou) belongs to the class of Hilbert-
Schmidt operators Lo(4; L?(73)) a.e. in (w,t). The precise description will be given in Section 2.
The stochastic forcing then takes the form

G(o, ou)dW = ZGk (0, ou) AWy
k>1

Our main goal is to derive a relative energy inequality for system (1.1-1.3) analogous to that
obtained in the deterministic case in [8]. For the sake of simplicity, we focus on the space-periodic
boundary conditions yielding the physical space in the form of the “flat” torus

TV = ([_1’ 1]‘{—1,1}>N°

Moreover, we restrict ourselves to the physically relevant case N = 3 seeing that our arguments can
be easily adapted for N =1, 2.
We proceed in several steps:

e Revisiting the existence proof in [2] we derive a weak differential form of the energy inequality
associated to system (1.1-1.3):

o [ e mo] ) s [T [ svw: vudea
<u0) [ [Ww(a(o il dx+1/ of [,y Cute el d)dt (1.4)

P >1
T
+ / YA Mg
0



holds true P-a.s. for any deterministic smooth test function ¥ > 0, ¢(T") = 0, where
)
p(z
H(o) =0 / % dz
0 z

is the pressure potential, and Mg is a real-valued martingale satisfying

o] ] = (1 [ (M50 + a0 ) o))

for any 1 < p < 00, see Section 3.

e We introduce the relative energy functional
1
¢ (o.ulr,U) = / 5ol —UP + H(g) = H'(r)(e— ) — H(r)] da, (1.5)
T3

that may be viewed as a kind of distance between a weak martingale solution [p, u] of system
(1.1-1.3) and a pair of arbitrary (smooth) processes [r, U]. In view of future applications, it
is convenient that the behavior of the test functions [r, U] mimicks that of [p, u]. Accordingly,
we require 7 and U to be stochastic processes adapted to {F;}:

dr = Dirdt + DirdWw,  dU = D¢Udt 4+ DU dW. (1.6)

We assume that Dfr, D{U are functions of (w, ¢, z) and that Dfr, DfU belong to Lo (4; L2(T3))
a.e. in (w,t). Both with appropriate integrability and pace-regularity. Under these circum-
stances, the relative energy inequality reads:

_ /0 o € (ou]r0) ar + /0 " [ 67w =S(V.1): (Veu-V,U) dodt  (L7)

T

< Y(0)E (,Q,u r,U) (o)+/OT¢dMRE+/O R (g,u}r,U) dt,

for any 1 belonging to the same class as in (1.4). Here, similarly to (1.4), Mgg is a real-valued
square integrable martingale.

The remained term is

R (g, u)r, U) = | S(¥.0): (VoU = Vow) de + Lg Q(D;lU tu- va) (U - u) dz

" / ((r — Q) H(r)Df'r + V. H'(r)(rU — pu)) da — / div,U(p(o) — p(r)) da
T3

G 2

4= Z/ Gilo ou) ]DfU(ek)’ do
k>1

+ - Z/ oH" (r)|Dir(eg)|? dz + = Z/ ) Dir(eg)]? da. (1.8)
k>1 k>1

The relative energy inequality is proved in Section 3. The main ingredients of the proof are
the energy inequality (1.4) and a careful application of Itd’s stochastic calculus.



e As a corollary of the relative energy inequality we present two applications: The weak-strong
uniqueness property (pathwise and in law) for the stochastic Navier-Stokes system (1.1-1.3)
in Section 4, and the singular incompressible-inviscid limit in Section 5. In particular, we
establish a Yamada—Watanabe type result that says, roughly speaking, that pathwise weak—
strong uniqueness implies weak—strong uniqueness in law, see Theorem 4.4.

Remark 1.1. A weak martingale solution satisfying the energy inequality in the “differential form”
(1.4) may be seen as an analogue of the a.s. super-martingale solution introduced by Flandoli and
Romito [9] and further developed by Debussche and Romito [5] in the context of the incompressible
Navier-Stokes system.

It follows from (1.4) that the limits

1 1
ess lim [fg]u\2 + H(g)} (1) dz, ess lim / [fg\u|2 + H(g)} (1) do
T3 2 T—=t— )13 2

T—8+

exist P—a.s. for a.a. 0 < s <t <T including s =0,

Jim [ [Gell? + #(@)](7) dz = [ [Folu? + H(@)] 0) a.

[ e+ a0]@ras] 4 [ s v a

1t G 2
< 2/ / ZM dz dt + Mg(t) — Mg(s) P-a.s.
s JT3 k>1 o

and
(1.9)

Finally, in view of the weak lower-semicontinuity of convex functionals,
R 1 2 1 2
lim inf —olu|*+ H(o)| (7) dz > —olul*+ H(o)| (t) dz for any t € [0,T) P-a.s.
Tot— T3 2 T3 2

Similar observations hold for the relative energy inequality (1.7) that can be rewritten as

5<Q,u

r, U) (t) + / t [[ (8(Vu) = 8(V,U) : (Vou = V,U) da dr

. (1.10)
<& (Q,u)r, U) (s) + Mrp(t) — Mgp(s) +/5 R (Q,u

T, U) dr,

forany 0 <t <T, a.a. 0 < s <tincluding s =0 P-a.s.

2 Mathematical framework and main results

Throughout the whole text, we suppose that the pressure p = p(0) belongs to the class p € C1[0, 00)N
C3(0,00) and satisfies

(o) 3
1 = Poo >0, 7> 7 (2.1)

p(0) =0, p'(0) >0if o> 0, lim
000
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Next we specify the stochastic forcing term. Let (€, §, (§¢)t>0,P) be a stochastic basis with a
complete, right-continuous filtration. The process W is a cylindrical Wiener process, that is,

k>1

where {W}},>1 is a family a family of mutually independent real-valued Brownian motions and
{er}r>1 is an orthonormal basis of Y To give the precise definition of the diffusion coefficient G,
consider p € LY(73), p > 0, and v € L*(T?) such that \/pv € L*(73). We recall that we assume
v > 3. Denote q = pv and let G(p,q) :  — L'(7T3) be defined as follows

G(p, a)er = Gy (-, p(-). d())-
The coefficients G, : 72 x R x R* — R3 are C''-functions that satisfy uniformly in x € 73

G(-,0,0) =0 (2.2)
10,G| + |VqGr| < o, Zak < 0. (2.3)

k>1

As in [2], we understand the stochastic integral as a process in the Hilbert space W~*2(73),
A > 3/2. Indeed, it can be checked that under the above assumptions on p and v, the mapping
G(p, pv) belongs to La(4; W~2(T3)), the space of Hilbert-Schmidt operators from & to W~=%2(73).
Consequently, if!

p€L7(Qx(0,T),P,dP & dt; L (T?)),
Vv € L2(Q x (0,T),P,dP @ dt; L*(T?)),

and the mean value (p(t))7s is essentially bounded then the stochastic integral

t t
| Gleow aw =3 [ Gt oon) i
0 0

k>1

is a well-defined (§;)-martingale taking values in W~*2(73). Note that the continuity equation
(1.1) implies that the mean value (o(t))7s of the density g is constant in time (but in general
depends on w). Finally, we define the auxiliary space $y D 4l via

Uy = {v:Zakek; ZZE < oo},

k>1 k>1

endowed with the norm

2
(07
HUHELO = Z FI;’ v = Zakek-

E>1 k>1
Note that the embedding U — $ly is Hilbert-Schmidt. Moreover, trajectories of W are P-a.s. in
C([0, T); o).

Here P denotes the predictable o-algebra associated to (:).




2.1 Weak martingale solutions

The existence of (finite energy) weak martingale solutions to the stochastic Navier-Stokes system
(1.1-1.3) was recently established in [2]. We point out that the stochastic basis as well as the Wiener
process is an integral part of the martingale solution. In particular, a martingale solution attains
the prescribed initial data only in law, specifically, if A is a Borel probability measure on the space

L(T3) x L%(T:)’; R3) then we may require that
Po (9(0), 0u(0))™" = A. (2.4)

Denote (-,-) the standard duality product between WA2(73), W~*2(73) that coincides with
the L? scalar product for A = 0. Let us recall the definition of a weak martingale solution.

Definition 2.1. A quantity
(2.5, (81} n0 P) 50,0, W]

is called a weak martingale solution to problem (1.1-1.3) with the initial law A provided:
° (Q,S, {&}QO,P> 18 a stochastic basis with a complete right-continuous filtration;

o W is an {Ft}t>0-cylindrical Wiener process;

e the density o satisfies 0 > 0, t — (o(t,-),y) € C[0,T] for any ¢ € C®(T3) P—a.s., the
function t — (o(t,-), ) is progressively measurable, and

E{ sup |o(t, ')lev(f«"))} < oo foralll <p < oo;
te[0,7

the wvelocity field u is adapted, u € L?>(Q x (0,T); Wh2(T3; R3)),

T p
E[(/ ||UH%;V1,2(73;R3) dt) } < oo foralll < p < oo
0

the momentum ou satisfies t — (ou, ¢) € C[0,T] for any ¢ € C°(T3; R?) P—a.s., the function
t — (ou, ) is progressively measurable,

E

sup |lou||” 4, | < oo foralll <p < oo;
t€(0,T] LATT

A =TPo(p(0), Qu(O))_17

for all test functions 1 € C®(T3), ¢ € C°°(T3; R®) and all t € [0,T] it holds P-a.s.:

d<97¢]> = (quvxw dt,
d{ou,¢) = (QU®u,Vx¢>—(S(VxU),Vm)Jr<p(9),divx¢>]dt+<G(@,@u)7¢>dW;

The following existence result was proved in [2]:



Theorem 2.2. Let the pressure p be as in (2.1) and let Gy be continuously differentiable satisfying
2
(2.2), (2.8). Let the initial law A be given on the space LY (T3) x Lrﬂzl('f?’; R3) and

Mlea) e LU(T?) x LINTHEY), 020,
0<M1§/ odr < Ms, q = 0 a.e. ontheset{gz()}}zl,
T3

for certain constants 0 < My < Ma,

/ 1lal*
LY x L2v/(v+1)

20
for any 1 < p < oco.
Then the Navier-Stokes system (1.1-1.3) possesses at least one weak martingale solution with

the initial law (2.4). In addition, the equation of continuity (1.1) holds also in the remormalized
sense

+ H(o) dA(o,q) < ¢(p) < o0

LY(T?)

d (b(0), ) = (b(e)u, Vo) dt — ((b(e) —V'(0)e) divyu,v) dt

for any test function ¢ € C*°(T3), and any b € C*[0,00), V() = for 0 > o4. Moreover, the energy
estimates

IELGSB%} (L) ['g‘erH(g)} dx)p] + E[(/OT [ S(Vew): Vo da dtﬂ (2.5)
< cpe|( [ 1800 1 prp0,)] ar) +1]

hold for any 1 < p < oo. Because of (2.5) this solution is called finite energy weak martingale
solution.

Remark 2.3. Note that the energy

is a priori defined only for a.a. t € (0,T) while

lo,q] —

s a convex function of its arguments and the composition

/73 <|92‘;|2 +H(Q)> dz

is therefore defined for any t € [0,T] P—a.s. Moreover, we have

Lo+ H(o) ) do = oul +H(o)) dz a.e. in (0,T)
/73 (2 73\ 20

and

|(f, (s eon) ) =

for any martingale solution with the initial law A.

Lal* !

3 0 + H(o)

dA(e,q)
L1(T3)




2.2 Energy inequality

The piece of information provided by (2.5) is not sufficient for proving the relative energy inequality
in the form suitable for applications. Our first goal is therefore to prove a refined version of (2.5).
Revisiting the original existence proof in [2] we deduce the following result proved in Section 3.1
below.

Proposition 2.4. Under the hypotheses of Theorem 2.2, let ((Q,%, {&}tzo ,IP) , 0,1, W) be the

finite energy weak martingale solution constructed via the scheme proposed in [2]. Then there exists
a real-valued martingale Mg, satisfying

EL:[%PT”MEyp} < c(p) (1 +E[/T3 <W —|—H(g(0,-))> dxr>

for any 1 < p < oo such that the energy inequality (1.4) holds for any spatially homogeneous
(x-independent) deterministic function 1,

T
¥ e W0, T], ¥ >0, ¥(T) =0, / 0] dt < oo. (2.6)
0

Definition 2.5. A weak martingale solution of problem (1.1-1.3) satisfying the energy inequality
(1.4) will be called dissipative martingale solution.
2.3 Relative energy/entropy inequality

Our main result is the following theorem.

Theorem 2.6. Under the hypothesis of Theorem 2.2, let

[(Q $, {8thizo 71@) Lo, W]

be a dissipative martingale solution of problem (1.1-1.3) in [0,T]. Suppose that functions r, U are
random processes adapted to {§t}i>0,

re C([0,T); Wh(T?)), UeC([0,T]; Wh(T3,R?)) P-a.s. forall 1< q< oo,
2 / 2 !
E[ sup HTHWL«;(T:S)] +E[ sup ’UHWLq(’T?’;R3):| < c(q),
te[0,T] t€[0,T7]
O0<r<r(tz)<7T P-as., (2.7)
Moreover, r, U satisfy (1.6), where

Dir, DU € LI(Q; L9(0, T; WH(T?))), Dir, DU € L3(Q; L2(0,T; Lo(8h; L2(T?)))),

S D (el g ST IDUenl?) " € LR L0, T LY(T?))).
( ) ( )

k>1 k>1

Q=

Then the relative energy inequality (1.7), (1.8) holds for any v satisfying (2.6), where the norm
of the martingale Mg depends only on the norms of r and U in the aforementioned spaces.



Remark 2.7. Hypothesis (2.7) seems rather restrictive and even unrealistic in view of the expected
properties of random processes. On the other hand, it is necessary to handle the compositions of the
non-linearities, in particular the pressure p = p(r). Note that (2.7) can always be achieved replacing
r by 7, where

7(t) =r(t Amr),

where 7,7 s a stopping time,

Tr7= 1Inf <infr(t,-) <r or supr(t,-) >7,.
o te[o,T]{T3 ) <r e (&) }

Remark 2.8. For the sake of simplicity, we prove Theorem 2.6 in the natural 3D-setting. The
same result holds in the dimensions 1 and 2 as well.

Theorem 2.6 will be proved in the next section.

3 Relative energy inequality

Our goal in this section is to prove Theorem 2.6.

3.1 Energy inequality - proof of Proposition 2.4

The main objective of this section is the proof of the energy inequality (1.4) claimed in Proposition
2.4. To this end, we adapt the construction of the martingale solution in [2]. First, let us briefly
recall the method of the proof of [2, Theorem 2.2]. It is based on a four layer approximation scheme:
the continuum equation is regularized by means of an artificial viscosity eéAp and the momentum
equation is modified correspondingly so that the energy inequality is preserved. In addition, an
artificial pressure term 6V,0% to (1.2) to weaken the hypothesis upon the adiabatic constant ~.
The aim is to pass to the limit first in € — 0 and subsequently in § — 0, however, in order to solve
the approximate problem for € > 0 and § > 0 fixed two additional approximation layers are needed.
In particular, a stopping time technique is employed to establish the existence of a unique solution
to a finite-dimensional approximation, the so called Faedo-Galerkin approximation, on each random
time interval [0, 7) where the stopping time 7p is defined as

t
TR = inf {t € [O,T], HllHLoo > R} A inf {t € [O,T], / (G}N(Q7 Qu) dw
0

> i
o>

(with the convention inf ) = T'), where G is a suitable finite-dimensional approximation of G. It is
then showed that the blow up cannot occur in a finite time so letting R — oo gives a unique solution
to the Faedo-Galerkin approximation on the whole time interval [0, 7']. The remaining passages to
the limit, i.e. N — 00, ¢ — 0 and § — 0, are justified via the stochastic compactness method.

First approrimation level:

To simplify notation, we drop the indexes N, ¢, and d and denote p, u the basic family of
approximate solutions constructed in [2, Subsection 3.1], specifically, they solve the fixed point



problem [2, (3.6)] on a corresponding random time interval [0,7g). Inspecting the proof of [2,
Proposition 3.1] we deduce

d </7 [%g\uﬁ + Hy(o) dx) + ( [ s(vu): vu dx> dt
< (/Tgu GN (0, ou) dx) AW + = <Z/73 ‘G“’QQ“)' dx)dt,

k>1

where 5
— v B
Hylo) = H(e) + 50",

and G" (p, ou) is the approximation of G(p, pu) introduced in [2, formula (3.2)]. It follows from [2,
Corollary 3.2] that (3.1) holds on the whole time interval [0, 7.
Now we may apply It6’s product formula to compute

a[ (zelP + Hs(0)v)],
where 1) is a spatially homogeneous test function satisfying (2.6):
A(v [ [etal + Hsto)] a)
_ ( | [eha + Hs(0)] ¢z atw) dt + v ( | [ea + s(o)] dx>
< (/TS [%g|u]2 + Hg(g)} da atq/}) dt — (/TS S(Vu) : Vu dz 1/;> dt

+<w /Tu GV (o, ou) d:v)dW—i— <Z¢/ ‘G“”Q“)’dx>dt.

k>1 0

Thus we may integrate with respect to time to obtain

! . [(ow)(0,)]?
/0 (G - S(Vu) : Vu dz dt < ¢(0) /73 [W + Hjs(o(0, ))} dz

; /0 Y < | el + Hsto)] o ) & (32)
+/0Tw</T3u GN(Q,Qu)dx>dW—I— / <Z/T3‘Gk 0 o) d>dt

k>1

Second approximation level:

Our goal is to let N — oo in (3.2). First, we modify the compactness argument of [2, Subsection

4.1] as follows: Setting
Z// u- GN (0, 0u) dedW
k>1 73

10



and X); = C[0,T], we denote by pps, the law of My. Due to the uniform estimates obtained in
[2], each process My is a martingale and the set {par, fn>1 is tight on Xjs. Therefore we may
include the sequence {Mp }n>1 to the result of [2, Proposition 4.5] to obtain, after the change of
probability space, a new sequence { My} ~N>1 having the same law as the original {My}y>1 and
converging to some M a.s. in Xj;. Moreover, the space of continuous square integrable martingales
is closed we deduce that the limit M is also a martingale. Besides, it follows from the equality of
joint laws that (3.2) is also satisfied on the new probability space.
Next, by virtue of hypotheses (2.2), (2.3), the function

G 2
[0,q] — Z M is continuous,
k>1 S

and

|G (0,q)? g
et ()

k>1 S

is sublinear in ¢ and |q|?/¢ and as such dominated by the total energy
11
—| = H 1.
5 (el + 1)) +
Thus following the arguments of [2, Section 4] we may let N — oo in (3.2) to conclude

r _ |(0u)(0,-)[?
/O " . S(Vu) : Vu dz dt < 4(0) /73 [W + Hs(o(0, -))} dx

+/0Tat¢ (/Ts [%Q|U|Q+H5(9)] dz ) dt (3.3)
+/OT¢dM+;/OTw(Z/TBW d$>dt-

k>1

Third and fourth approximation level:

Repeating exactly the same arguments we may let successively ¢ — 0 and 6 — 0 in (3.3) to
obtain (1.4) thus proving Proposition 2.4

3.2 Relative energy inequality - proof of Theorem 2.6

We start with the following auxiliary result.

Lemma 3.1. Let s be a stochastic process on (Q,{S’, {&}tzo ,IP’) such that for some \ € R,
5 € Cueak ([0, T, WA(T3) N L®(0,T; LY(T?)) P-a.s.,
E{ sup ||3||’£1(73)] < oo foralll <p < oo, (3.4)
te[0,7)

ds = Dlsdt 4+ DsdWV. (3.5)

11



Here Dfs,]D)fs are progressively measurable with

Dis eLP(Q; LY (0, T; W=M(T?)), Dis e LE(Q; L0, T; Ly (8 W™2(T3)))),

T
> [ Iptsenl e @) 1<p<oc, 30
k>170
for some ¢ > 1 and some m € N.
Let r be a stochastic process on (Q,&, {St}i>0 ,P) satisfying
reC(0,T); WM NC(T?) P-as.,
P <
ELES[%%] HTHWM’OC(TS)] <00, 1 <p<oo, (3.7)
dr = Dir + Dgr dW. (3.8)
Here Dir,Dr are progressively measurable with
Dir e LP(Q; L}0,T; WM N C(T?)), Dir e LA(Q; L*(0,T; Lo (4 W™2(T3)))),
> [ It dte (@) 1<p< 39
tT\€Ek W/\,q/mc(f]-g) sp Q.
k>1"0
Let Q be [A + 2]-continuously differentiable function satisfying
@) ()P — <
E[tes[%%] 1Q (T)||kaq,mc(73)] <oo j=0,1,2, 1<p<oo. (3.10)
Then
1
d (/ sQ(r) dx) - (/ [S(Q/(T‘)Dfr +55°Q"(r) |D§r(ek)|2)} dz + <Q(r),Dfs> )dt
73 T3 2
k>1
(3.11)
+ (Z/ D s(ex) Dir(er) dx)le— dM,
T3
E>1
where .
M=% / / [5Q (Dir(ex) + QUi s(er)| dar W, (3.12)
Proof:

In accordance with hypothesis (3.7), relation (3.8) holds point-wise in 73. Consequently, we
may apply It0’s chain rule to obtain

AQ(r) = Q'(r) [Dfrdt +Dir W] + 1 3 Q" () IDir(ex)? (3.13)
k>1

pointwise in 773.

12



Next, we regularize (3.5) by taking a spatial convolution with a suitable family of regularizing
kernels. Denoting [v]; the regularization of v, we may write

d[sls = [Df's]; dt + [Dfs]sdW
pointwise in 73. Thus by Ité’s product rule

a([s15Q(r)) = [s]; AQ(r) + Q()dls]s + D_[Djss(ex) Dir(er) dt

k>1

= s (Qintr+ ;X @ pir(e0? ) +QUIDE) e gy

k>1

+ [181sQ (D3 + Q) D5 | AW + 3 (D3] (ex) Dir(en)
k>1

pointwise in 73. Integrating (3.14) we therefore obtain

d/TS[S](SQ(T) dz = /T3 [[ Js (Q( )Dir + é@" |Dtr(ek)|2> +Q(r) [Dfsh} dzdt .
+A3 [[ 15Q'(r)Dir + Q(r) D s], } dxdW—i—Z/ [D3s)s (er) Dir(ex) da dt. '

k>1

Finally, using hypotheses (3.4), (3.6), (3.7), (3.9), and (3.10) we are able to perform the limit
0 — 0 in (3.15) completing the proof.
O

Remark 3.2. The result stated in Lemma 3.1 is not optimal with respect to the regularity properties
of the processes r and s. As a matter of fact, we could regularize both r and s in the above proof to
conclude that (3.11) holds as long as all expressions in (3.11), (3.12) are well defined.

Now, we are ready to complete the proof of the relative energy inequality (1.7). We start by
writing

e (ou|rv)= [ Bg\uﬁ +H(g)] d
—/TB ou-U dx+/73 %Q‘UF dx—/TS oH'(r) dx—/TS [H'(r)r — H(r)] da.

As the time evolution of the first integral is governed by the energy inequality (1.4), it remains to
compute the time differentials of the remaining terms with the help of Lemma 3.1.
Step 1:

To compute d [5 ou - U dz we recall that s = pu satisfies hypotheses (3.4), (3.6) with [ =1
and some ¢ < co. Applying Lemma 3.1 we obtain

d(/ngu-Uda;) - (/Ts [g(u-DfU—i—u-VU-u)—i—divap(g)—S(qu):VU} dx)dt

+Z/ D;U(ex) - Gi(o, ou) dzdt + dMy,
k>1

(3.16)
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where . .
Ml(t)—/ U - G(p, ou) d:):dW+/ / ou-D;U dzdW
0o J73 0o J713
is a square integrable martingale.
Step 2:

Similarly, we compute

1
d(/ —o|UP? dm)z/ ou-V,U. U dzdt
T3 T3

+/ oU - DU dzdt + = 2/ o|DiU (ep)|? da dt + dMy,
T3

k>1

(3.17)

t
MQZ// oU - DjU dx dW,
T3

d</T3 [H'(r)r — H(r)] dx) :/ P (r)Dér dz dt+= 2/ D57 (eg)|? da dt+dMs, (3.18)

k>1

t
M3:/ / p'(r)Dir dz dW,
0 J7T3
and, finally,

d (/TS oH' (7) daz) = +/T3 oV H'(r) - u dz dt

+/ oH"(r)Dir da dt + = Z/ oH" (1) |D¢r(ex)|? dz dt + dMy,
73 k>1

t
:// oH" (r)Dir dzdW.
0o J73
Step 3:

Now, we can derive a “differential form” of (3.16-3.19) similar to (1.4) by applying Lemma (3.1)
to the product with a test function . Summing up the resulting expressions and adding the sum
o (1.4), we obtain (1.7). We have proved Theorem 2.6.

(3.19)

4 Weak—strong uniqueness

As the first application of Theorem 2.6 we present a weak-strong uniqueness result. To this end,
let us introduce the following notion of strong solution to the stochastic Navier-Stokes system.

Definition 4.1. Let (Q, §:{8tti>o0 ,]P’) be a stochastic basis with a complete right-continuous filtra-

tion, let W be an {&g}tzo—cylmdm'cal Wiener process. A pair (o,u) and a stopping time t is called
a (local) strong solution system (1.1)—(1.3) provided

14



e the density 0 > 0 P-a.s., t — o(t,-) € W3%(T3) is {8t}i>0-adapted,

E

sup | o(t, ')H];I/&?(ﬂ)] < oo forall1 < p < oo;
te[0,7

e the velocity t — u(t,-) € W32(T3; R3) is {8t}i>0-adapted and,

E

sup ||u(t, -)H"';V&Q(T?,;RS)] < oo forall1l <p < oo;
te[0,7

e forallt €[0,T) there holds P-a.s.
At
otA ) =00) ~ [ div,(ou) dt
0

(w70 = (o)) - [ " diva(eu @ u) dt

tAt
+/ div,S(Vzu) dt — Vap(o) dt + G(p, ou) dW.
0 0 0

Remark 4.2. To the best of our knowledge, there is no existence results for the stochastic com-
pressible Navier-Stokes system in the class of strong solutions. The reqularity hypotheses imposed
in Definition 4.1 are inspired by the deterministic case studied by Valli [22] and Valli, Zajaczkowski

4.1 Pathwise weak—strong uniqueness
We claim the following pathwise variant of the weak—strong uniqueness principle.

Theorem 4.3. The pathwise weak-strong uniqueness holds true for system (1.1)—(1.3) in the fol-
lowing sense: let [(2,F, (§t),P), 0,u, W] be a dissipative martingale solution to system (1.1)—(1.3)
and let (9,01) and a stopping time t be a strong solution of the same problem defined on the same
stochastic basis with the same Wiener process and with the initial data

@<O7 ) = Q<O7 ')7 @(07 ')ﬁ<07 ) = (Qu)(ov ) P-as,
0(0,-)>0>0 P-as. (4.1)
Then o(- At) = o(- A t) and pu(- At) = pu(- A t) a.s.

Proof of Theorem 4.3:
Step 1:

We start by introducing a stopping time
v = int{t € (0,T) ‘ I[85, ls2 (o) > M}
As (g,10) is a strong solution,

P[lim TM:T:|=1;

— 00
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whence it is enough to show the result for a fixed M.
Step 2:
Given M > 0, we get, as a direct consequence of the embedding relation W22(73) — C(T?),

sup ||vxﬁHLoc(7'3;R3><3) < 0(1\4)7
tG[O,TM]

and, as ¢ satisfies the equation of continuity on the time interval [0, t] and hypothesis (4.1),
0<o,, <o(tAt) <oy forte|0,m]
Next, it is easy to check that for any 6 > 0 (small enough)
lo —r|? for anyé < r,0 < 071,
H(g)—H'(r)(r)(e—r)—H(r) = c(0) (4.2)
1+ o whenever § <r < 5%, o€ (0,00)\ [6/2,2].
This motivates the following definition. For
Py € C3°(0,00), 0< Py <1, &(r) =7 forallr € [0, /2,201,
we introduce
[Aless = ®ar(0)h, [Rlres = B — ®ar(0)h for any h € L (Q x (0,T) x T3).
It follows from (4.2) that
& (o |z 0) = (M) [l Welaro,p + e = Hesslzcrs) | (4.3)
and similarly

€ (Q7 u (0, ﬁ) > (M) [H\/E[u e [ Qy]resHLl(T:”)] ‘ (4.4)

whenever t € [0, 7a7].
Step 3:

Our goal now is to apply the relative energy inequality (1.7) to r = g, U = 1 on the time
interval [0, 737 A t]. To this end, we compute

N )
dit = d (Qf‘> ~ Lagea) - %04 ar;
0 0 0

whence we can deduce from (1.7) that

¢ (o.ufa.n) (tAm A ) + /O vt [[ (S(Vu) ~ (Vi) (Vo — Vo) dr ds

tATM AL (45)
SM(t/\TM/\t)—M(O)—i—/ R(Q,u‘@,ﬁ) dt,
0
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with

R(g,u

0, ﬁ) = /TSS(vxﬁ) (Ve — Veu) do

— [,5 g<8t§ﬁ+diVx(~fl® ﬁ)) (0 —u) dz

+ [[ ou- Vi(a— ) do + /T 3 %(divxS(Vxﬁ) - pr(é)) (8 —u) dz
+ [ (@ 0" @05+ V.1 (9)(gi - ow) do— [ div,ao(e) ~p(2) do

1 / 1 1 o
+ = Q’*G 0,0u) — =Gg(g, ou
2% 5 k(0, ou) ; k(0, 00)

_ / Lo = )divaS(V,id) - (i — u) dz
73 0

2
’da:

—i—/TgQ(u—ﬁ)-Vxﬁ.(ﬁ—u)dx— gvzp(é)-(ﬁ—u)dx

T3
+ / ((6—0)H"(8)010 + VH'(3)(6u — ou)) da — / div,a(p(e) — p(2)) dz
T3

1 1 1 2
:/ ~(o— D), S(Va) - (@ - w) dfv+/ o(u — 1) - Vit - (it — ) dar
73 0 -
v, 0 (@) e 0) - la L L L
_/T3 lexll<p(Q) —p(2)(e—2) —p(Q)) dx+2];/TSQ‘QGk(Q, ou) — EG’“(Q’ o) dz
=T+ D%+ T+ T (46)

The goal is to estimate the terms .77, ...,.7; and to absorb them in the left-hand-side of (4.5) via
Gronwall’s lemma. Repeating the estimates from [8], we deduce that

Fi+ Ty + 75 < e(M)E ([0l [2.1]). (4.7)
Now we estimate the part arising from the correction term and decompose
1 (G, 0u)  Gg(o,00)\?
‘%_2;/T3X9<S‘Q< o b ) do

1 Gk(Q,Qu) Gk(é’éﬁ) 2
*2;/T3XSSQS2@Q( i K
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Using (2.2), (2.3) and (4.2) there holds

T < eM) [ Xpeg (15 oluf + olitP)da
78 °72

< o(M) /T Xpegde + c(M)IE/T3 olu — |2z
<o) [ xpeg (B0~ H(@(e =0~ H@)da + (1) [ ol
<

(M) € (To,ul|[2, )]

Similarly we gain by (4.2) and the mean-value theorem

1 Gi(o,0u)  Gg(0, 0u)\2
2 B k\E) _ )
Tr <y Z/T?, Xg§g§2@9< ) dz

1Y T
k>1

< o) | Xgepens(le= 0RO+ louP) + o — i )da
<o) | gyl = BP0+ [8) + lofu = @) da

) [ Xgeperlo= o+ [ olu—ifs

| (H(0) ~ H'(@)(0~ 0) ~ H(@))dw + & ([o, w12,

lovul2. 1))

IN
o

IN
E
S

IN
N
=
tn
—~

Finally, (4.2) yields
TP < (M) /Td xgzz@(g + olu® + Q\ﬁ!2>dx

| Xeo=2 (Q + olu—a* + Q|1~1\2>d$

IN
E
—

IN

(1) [ xzao( 21+ 5) + ol — 5o
<o) [ (1100 = 1@ e =) = 1H)do + € (lo.ul]12.5])
< (M) & (o] [2.9))-

Plugging everything together we deduce that

€<Q,u

tATMNE
@,ﬁ) (EATM AE) < M(EA T A L) —M(O)—i—c(M)/O £ <Q,u @,ﬁ) dt.

Averaging over (2 and applying Gronwall’s lemma we conclude the proof.
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4.2 'Weak—strong uniqueness in law

Strictly speaking, the strong and weak martingale solutions of problem (1.1-1.3) may not be defined
on the same probability space and with the same Wiener process W. As a consequence of Theorem
4.3 we obtain the weak-strong uniqueness in law.

Theorem 4.4. The weak-strong uniqueness in law holds true. That is, if

[(917317 (gtl)’Pl),Q17u17W1]
is a dissipative martingale solution to system (1.1)—(1.3) and

[(92732’ (S?),PZ),gz,uz,Wz]
1§ a strong martingale solution of the same problem such that

A =P o (0'(0), 0'u'(0)) ™" =P o (0%(0), *u?(0)) ",
then
Plo (0!, o'ul) ™t = P2 o (02, o*u?) 1. (4.8)

Proof. The proof is based on the ideas of the classical result of Yamada—Watanabe for SDEs as pre-
sented for instance in [14, Proposition 3.20], however, we need to face several substantial difficulties
that originate in the complicated structure of system (1.1)—(1.3).

Let R' := o' — 0'(0), R? := ¢* — 0*(0), Q' := o'u' — (¢'u')(0), Q? := ¢’u’® — (¢*u?)(0). Let M'
be the real-valued martingale from the energy inequality (1.4) of the dissipative solution (o', o'u')
and let M2 = 0. Set

©:=1L)x L}Q% x C([0,T7; 49) x C([0,T]; R)

2y
x Cyw([0,T); L) x Co([0,T); LiT) x L*(0,T; Wa?)
We denote by 6 = (r9,qo, w,m,r,q, V) a generic element of ©. Let Bp(©) denote the o-field on O
given by

2y

Br(©) : = B(L3) ® B(L:™) @ B(C([0,T]; th)) @ B(C((0, T}; R))
© By (Col[0,T); L)) © By (Co((0.T]: L2°7)) @ B(L2(0, T3 W2)),

where for a separable Banach space X we denote by B(X) its Borel o-field and by Br(C,,([0,T]; X))
the o-field generated by the mappings

Cw([0,T]; X) = X, hw h(s), s €10,T].

The discussion in [19, Section 3] shows that (C\,([0,T]; X), Br(Cy([0,T]; X)) is a Radon space, i.e.
every probability measure on (Cy,([0,T]; X), Br(Cw([0,T]; X)) is Radon. Since the same is true for
any Polish space equipped with the Borel o-field and since the topological product of a countable
collection of Radon spaces is a Radon space, we deduce that (0, Br(0)) is a Radon space. Due to
[16, Theorem 3.2], every Radon space enjoys the regular conditional probability property. Namely,
if P is a probability measure on (0, Br(0)), (E,£) is a measurable space and

T:(0,Br(0),P)— (E,E)
is a measurable mapping, then there exists a regular conditional probability with respect to T": that

is, there exists is a function K : E' x Bp(©) — [0, 1], called a transition probability, such that
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(i) K(x,-) is a probability measure on Br(©), for all x € F,
(ii) K(-,A) is a measurable function on (E, ), for all A € Bp(0),
(iii) for all A € By(®©) and all B € £ it holds true

P(ANT Y(B)) = /BK(x,A) (T.P)(dx),

where T, P denotes the pushforward measure on (E,&).

Let j € {1,2} and let i/ denote the joint law of (¢7(0), (¢’u’)(0), W7, M7, R/, Q/,u’) on O, let
PY be the Wiener measure on C([0, T; tfy) which also coincides with the projection to w of u/. The
law of (rg,qo) is A and the law of (ro, qo,w) is the product measure A @ PV since (¢7(0), (¢/u’)(0))
is §3-measurable and W7 is independent of §). Furthermore,

17 [(r(0),q(0)) = 0] =1.

Now, we have all in hand to bring the two solutions (o', u!, W) and (¢?, u%, W?) to the same
probability space while preserving their joint laws. To this end, we recall that on (0, By (0), )
there exists a regular conditional probability with respect to (rg,qg,w), denoted by K7. Besides,
since © is a product space and (79, qo,w) is the projection to the first three coordinates, we may
regard K7 as a function on

2y
[Lg x LI x C([O,T];ﬂo)}
2y

X [B(C([o, T]; R)) ® Br(Cu ([0, TT; L)) ® Br(Co ([0, T; La™)) @ B(L*(0, T5 W, %))

and the property (iii) above rewrites as follows: let

A e B(L))® B(Lﬁ) ® B(C([0, TT; o))

and
Ay € BO(0.T) B)) @ Br(Cul(0, T 1) @ Br(Cul(0, T L)) © B0, T3 W)2)),
then
W [Ar x Ay] = ; K7 (ro, qo, w, A2)A(d(ro, qo))P" (dw). (4.9)

Finally, we define
A
Q:=0 x C([0,T); R) x Cy([0,T); L]) x Co([0,T); Li™) x L*(0,T; W,H?)
and denote by § the o-field on 2 given as the completion of
2y
Br(0) ® B(C((0,T]; R)) ® Br (Cuw ([0, T1; L)) ® Br (Cu([0,T); L)) @ B(L*(0,T: W, %))
with respect to the probability measure

P(dw) == K" (ro, qo, w, d(m1, 71, a1, v1)) K*(ro, do, w, d(m2, 72, a2, v2) ) A(d(ro, o) ) P (dw),
(4.10)
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where we have denoted by w = (19, qo, w, m1,71,q1, V1, M2, 72,2, Vo) a canonical element of Q. In
order to endow (2, F,P) with a filtration that satisfies the usual conditions, we take

&, := o((ro, o, w(s), m1(s),r1(s), d1(s), vi(s), ma(s), 72(s), a2(s), va(s)); 0 < s < 1),
& :=0(&U{N;P(N)=0}), Fr= [) &ue, te[0,7).
e€(0,7—t)
Then due to (4.10) and (4.9) it follows that

P[w S Q; (ro,qg,w,mj,rj,qj,vj) S Al X AQ}

= / K] (7007 q0, W, d(mja T5,d5, Vj))A(d(’rO? qo))PW(dW)
A1><A2

:/A K7 (r0, a0, w, A2) A(d(ro, qo))P" (dw)

= Iuj [Al X AQ]
=P/ [(¢/(0), (¢'w)(0), W/, M/, R/, Q) w) € Ar x As]

hence the law of (rg,qo, w, mj,rj,q;,Vv;) under P coincides with the law of
(' (0), (¢w?)(0), W’ M7, R, @, )

under P/ and, as a consequence, the law of (rg + rj,do + qj,Vj,w, m;) under P coincides with the
law of (¢’, 0’w’/,w/, W7 M’) under P/. In particular, w is an (§;)-cylindrical Wiener process.

To summarize, we have defined a stochastic basis (2,3, (§¢),P) with random variables (r¢ +
rj,do + qj, vy, w) that have the same law as the original solutions (Q], oFul,w, Wj), ji=1,2. Asa
consequence,

Plao +q; = (ro +75)v;] =1
and (ro + 75,90 + q;,Vj,w) solves (1.1)—(1.3) in the weak sense. This can be verified for instance
by the method of [2, Proposition 4.11]. Besides, since the law of (¢?,u?) is actually supported
on a space of functions with higher regularity (see Definition 4.1) and ¢?> > 0, we deduce that
(ro + r2, vo,w) is a strong solution to (1.1)—(1.3).

By the same reasoning as in Remark 1.1 we obtain the following version of the energy inequality
(1.4) which holds true for all 0 <t < T, a.a. 0 < s < t including s = 0 Pl-as.

¢
/ [191‘111’2 + H(Ql)] (t) dz +/ S(Vul) - Vu! dx dr
T3 2 s T3

S/T3 [(@;zIESHQ +H<91(3))] dw+;/:<x,32 !Gk(@lg,lglul)!2 dx)dr

E>1
+ M (t) — M (s)

hence the equality of joint laws of (rg + 71,qo0 + q1,vi,m1) and (o', o'ul,ul, M') implies the
corresponding inequality satisfied by (r¢o + 71,90 + q1,v1,m1). Since in view of Remark 1.1 this is
exactly the version of (1.4) that is used in the proof of pathwise weak—strong uniqueness, Theorem
4.3 then applies and yields

Plro+ri =r0+72, Qo+aq =qo+aqi] =1
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or equivalently

P[W = (70,90, W, M1,71,d1, V1, M2,72,q2, V2) € 5 11 =12, q1 = qQ] =1

2y
Hence, for all A € Br(Cuw((0,T]; L3)) @ Br(Cu([0, T); Li™)),

P'[(o", 0'ut) € A] =P[w € Q; (ro+ 71,90 + a1) € 4]
=Plw € Q; (ro + 72,90 + q2) € 4]
= P*[(0% 0*u?) € A]

and (4.8) follows.

5 Incompressible-inviscid limit

As the second application of the relative energy inequality, we examine the inviscid, incompressible
limit for the system

do +divg(ou) dt = 0 (5.1)
1
d(ou) + |divz(ou ® u) + 62Vﬂ)(g)] dt = div,S:(Vzu) dt + G(p, pu) dW (5.2)

2
Se(Veu) = pe (qu + Viu— 3dinguH) + nedivyul,, (5.3)

where
He, Me — 0ase — 0.

The scaling in (5.1-5.3) reflects the situation when the Mach number is low and the Reynolds
number is high, meaning the fluid is in a highly turbulent almost incompressible regime, see e.g.
Klein et al. [15]. Under these circumstances, the motion is expected to be governed by the incom-
pressible Euler system

divev = 0 (5.4)
dv+ [v Vv + V,II[dt = G(1,v)dW. (5.5)

To compare the primitive and limit systems, we need that

e the Navier-Stokes system (5.1-5.3) possesses a dissipative martingale solution
|:(Q7 S? {'St}tzo 7P> ; 0,4, W:| )
and the Euler system (5.4), (5.5) a (strong) solution on the same probability space (Q, S {8thi>0> IP’)

and with the same Wiener process W;

e both v and the pressure VIl are smooth enough in the x—variable so that » =1, U = v can
be taken as test functions in the relative energy inequality (1.7).

We address these issue in the following two sections.
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5.1 Solutions of the Navier-Stokes system

Given the initial data 2
00 € LY(T?), (o). € L1 (T?; RP),

with the associated law A. satisfying the hypotheses of Theorem 2.2 problem (5.1-5.3) admits a
dissipative martingale solution

[(QE, 5, {3;:}%0 ,]P’E> , Oc, Ug, Wa} .

In addition, in view of the representation theorem of Jakubowski [13] and the way the weak solu-
tions are being constructed in [2], we may assume, without lost of generality, that stochastic basis

(Q,&, {&}QO ,P) as well as the Wiener process W coincide for all € > 0.

5.2 Solutions of the Euler system

Assume that we are given the stochastic basis <Q, 5, {St}tzo ,IP’) and the Wiener process W iden-

tified in the preceding section. Similarly to Definition 4.1, we introduce the (local) strong solutions
of the Euler system (5.4-5.5):

Definition 5.1. Let (Q, 3, {gt}tzo ,]P) be a stochastic basis with a complete right-continuous filtra-

tion, let W be an {§:},~q-cylindrical Wiener process. A stochastic process v with a stopping time t
is called a (local) strong solution to the Euler system (5.4), (5.5) provided

e the velocity v € C([0,T); W32(T3;R3)) P-a.s. is {St}i>0-adapted,

IE[ sup |[v(t, ')"]{.;[/3v2(7’3-R3):| <oo forall 1<p<oo;
te[0,T7] ’

e There holds P-a.s.

div,v = 0,

V(EAE) = v(0) — /0 Py Vavldi 4 /0 N By G V)] W, (56)

a.e. in (0,T) x T3. Here Py denotes the standard Helmholtz projection onto the space of
solenoidal functions.

The existence of local-in-time strong solutions to the stochastic Euler system was established by
Glatt-Holtz and Vicol [12, Theorem 4.3] under certain restrictions imposed on the forcing coefficients
G. Here, we assume a very simple form of G, namely that it is an affine function of the momentum

G(1,v) =F + vH, where F = {Hg}r>1, H = {Hg}i>1, (5.7)

where Fj, Hj, are real numbers such that ), |Fi| < oo and ), |Hg| < co. The advantage of
such a choice is that the pressure II can be computed explicitly from 5.6. Indeed seeing that

Pp [G(1,v)] = G(1,v),
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we get

V.1 = —Pylv-V,v] = =V, A dive (v @ v). (5.8)
Accordingly, the second equation in (5.6) reads
tAL tAL tAL
V(EA L) = v(0) — / vovvdi— [ vadi+ [ G, v)dw (5.9)
0 0 0

5.3 Relative energy inequality

Now, we are ready to apply the relative entropy inequality. Suppose that v, with a stopping time t
is a local strong solution of the Euler system (5.4), (5.5). For each M > 0 let

mi = inf {IVev(t ) ey > M)

be another stopping time. In view of the existence result [12, Theorem 4.3] we may assume, without
loss of generality, that

™ <.

With the ansatz of test functions r = 1, U(t) = v(t A Tay),

£ (Q,u ( 1,v) = /T [;g|u—v|2—|— é_% (H(o)— H'(1)(0— 1) —H(l))} da

the relative energy inequality reads
TATM
& <Q,u ‘ 1,v) (T A7ar) —i—/ / <SE(VIV) — Sg(VIu)) : (va — Vmu> dz dt
0 T3
<& (o] 1,v) (0) + Ma(r Arar) = Mg(0)
TATM
—/ / olu—v)-Vyv-(u—v)dedt
0 73

TATM
+/ / Se(Vgv) 1 (Vgv — Vgu) do dt
0 73

TATM
/ / oV Il (v —u) dz dt
0 T3

1 TATNM 1 2
— -G — Gp(1 dz dt.
+2Z/0 /’1’3 Q)Q k(QaQu) k( ,V)‘ L

k>1

(5.10)

We show that, similarly to the proof of Theorem 4.3, the terms of the right-hand side of (5.10)
can be “absorbed” by means of a Gronwall type argument. To see this, we first observe that

TATM TATM
/ / olu—v)-Vyv:(u—v)de dt‘ <c sup |[|Vavlreo(7s, g8 / & (Q,u ‘ 1,v> dt
0 T3 tG[O,T]W] 0

T/\T]W
SCM/ 5<Q,u‘1,v) dt.
0

(5.11)

24



Similarly,

T/\T]\/[
—Vzu) dz dt‘
’]’3
TATM TATM 9
< / / Sa(qu)> : (va - qu> do dt+c/ / IS(V,v)[? dz dt
73 0 T3
TATM
< / / Se(Vgv) — Sa(qu)> : (va — qu> da dt + (pe + n:)cTM?; (5.12)
2 0 T3

whence (5.10) reduces to

E (Q, ) 1 v) TATM)+ /TATM /73 SE(qu)) : (va - qu> dz dt
<& (o.u | 1.v) (0) + Ma(r A7) — Mr(0)

TATM 2
+ CM/O £ (g,u ‘ 1,v> dt + (pe +ne)cTM (5.13)

TATM
—/ / oV, Il (v —u)dzdt
T3

1 TATM
5 / / Q‘ Gy (0, 0u) — Gi(1, V) dx dt
k>1

Next, the integral containing the pressure can be written as

TNATM TATM
/ / QVzH-(v—u)dxdt:/ / oV Il -v dx dt
0 T3 0 T3
TATM
—/ / oV Il -udz dt
73
TATM
- L

Z/ Q‘ Gy (0, 0u) — Gi(1, v)’ dz.

k>1

TATM
/ / oV Il -u dz di.
T3

Finally, we handle the integral

Motivated by the specific form of G(1, v) introduced in (5.7), we restrict ourselves to
G(o, ou) = oF + ouH;

whence

Z/ g‘ Gr(0, 0u) — Gg(1, V)’ dx
k>1
_Z/ ol(u —ka| d$<cg(g, ‘1v)

k>1

25



using > > |H}|?. Consequently, the relation (5.13) gives rise to

E [5 (g,u ’ 1,V> (1 /\TM):| < c¢(M,T) <IE [5 (g,u ’ 1,V) (0)} + pe —|—77€> (5.14)

TATM 0— 1 TATM
—l—EE[/ / VxH-vdmdt}—E[/ / oV Il-udzx dt|.
0 73 € 0 73

In order to control the last two terms in (5.14), we evoke again (1.7), this time for r =1, U =0
obtaining

B| [ |5el + 5 (#) - # e 1) - #O)| dotr )]
<e| [ [Jau+ % (10 - 10— - HW)] as0)].

Thus, if the right-hand side of the above inequality is bounded uniformly for ¢ — 0, we deduce from

(5.8) that
TATAM 0— 1
’E[/ / VmH-Vdmdtﬂgc
0 T3 g

0eu: — v weakly in L%((O,T) x T3 x Q).

uniformly for ¢ — 0, and

In particular, the last two terms on the right-hand side of (5.14) vanish for € — 0.
We have proved the following result.

Theorem 5.2. Let G be given as

G(o, 0u) = oF + ouH, Y (|Fy| + [Hyl) < oo.
k>1

Let (Q, 5, {&}QO ,IP’) be a stochastic basis with a complete right-continuous filtration. Let the initial
data o, (ou)oe be given such that

1
’00’85’ <4(e), [(ew)oe—vo| < 6(e) P—as.

2
00, (o € LV(T?) x L7#1 (T%R?) | go. > 0> 0,

where
d(e) =0 ase — 0,

and where v is an §o-measurable random variable,

vp € W3’2(T3; R3)7 divyvg=0 P-a.s.,

E [\Ivo\l%m(ﬂ;m) <oo forall 1<p< oo
Then the scaled Navier-Stokes system (5.1-5.3) with

pe >0, e 20, pte =0, ne = 0 ase — 0,
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admits a family of (weak) dissipative martingale solutions

[(Q@, {ét}tzo P, 0c, 0u, W]

e>0

defined (0,T) x T3 and with the initial law

Ac =P [QO,sa (Qu)O,a]_l 5

such that

L —v|? ! - H —-1)— x —
o 8| [ [Sodue = v+ L (0 8'0) (0= 1)~ 1) | dstenn] —0 a9

as € — 0, where v, with a positive stopping time t, is a local reqular solution of the Euler system
(5.4), (5.5), with the initial velocity v(0,-) satisfying

P[v(0,-)] ™" = P[vo] "

Remark 5.3. It follows from (5.15) that

TAt
E [/ |lue — v||%2(7—3.R3) dt| — 0 ase — 0.
O k)

Remark 5.4. The situation considered in Theorem 5.2 corresponds to the so-called well-prepared
data. The ill-prepared data generating fast frequency acoustic waves will be treated elsewhere.

Remark 5.5. e Note that the inviscid limit in the purely incompressible setting was studied by
Glatt-Holtz, Sverdk, and Vicol [11] in the two-dimensional setting.

o We studied the incompressible limit of the compressible Navier—Stokes with stochastic forcing
in our previous paper [1].
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