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A posteriori error estimates

Error
e = u − uh

Upper bound (reliability)

|||e||| ≤ η

Local efficiency
CηK ≤ |||e|||K



Reaction-diffusion problem

−∆u + κ2u = f in Ω ⊂ Rd

∂u

∂n
= gN on ΓN

u = 0 on ΓD

I κ = κ(x) ≥ 0 piecewise constant

I Arbitrary dimension

I Mixed boundary conditions

I Robust upper bound on error

I Explicit bounds on trace constants

[M. Ainsworth, T. Vejchodský, Comput. Methods Appl. Mech. Engrg.

281, 2014, 184–199.]



Model problem

Weak formulation:

u ∈ V : B(u, v) = (f , v)Ω ∀v ∈ V

Linear FEM on d-dimensional simplices:

uh ∈ Vh : B(uh, vh) = (f , vh)Ω ∀vh ∈ Vh

Notation:
V = {v ∈ H1(Ω) : v = 0 on ΓD}
B(u, v) = (∇u,∇v)Ω + (κ2u, v)Ω

(f , v)Ω =
∫

Ω fv dx

Vh = {vh ∈ V : vh|K ∈ P1(K ),K ∈ Th}



Main result

Upper bound:

|||u − uh|||2 ≤
∑
K∈Th

[
ηK (y) + oscK (f ) + osc∂K∩ΓN

(gN)
]2

∀y ∈ H(div,Ω): y · n = ΠK
γ gN on all γ ⊂ ∂K ∩ ΓN

div y = −ΠK f on K where κK = 0

I η2
K (y) = ‖y −∇uh‖2

0,K + κ−2
K ‖ΠK f − κ2

Kuh + div y‖2
0,K

I oscK (f ) = min
{
hK/π, κ

−1
K

}
‖f − ΠK f ‖0,K

I osc∂K∩ΓN
(gN) = min{CT,CT}‖gN − ΠK

γ gN‖0,∂K∩ΓN

I ΠK f ∈ P1(K ) : (f − ΠK f , ϕ)K = 0 ∀ϕ ∈ P1(K )

I ΠK
γ gN ∈ P1(γ) : (f − ΠK

γ gN , ϕ)γ = 0 ∀ϕ ∈ P1(γ)



Main result

Local efficiency:

CηK (y) ≤ |||u − uh|||K̃ + min{hK , κ−1
K }‖f − Πf ‖

0,K̃

+ min{hK , κ−1
K }1/2‖gN − ΠK

γ gN‖0,∂K∩ΓN
for a special y

I η2
K (y) = ‖y −∇uh‖2

0,K + κ−2
K ‖ΠK f − κ2

Kuh + div y‖2
0,K

I oscK (f ) = min
{
hK/π, κ

−1
K

}
‖f − ΠK f ‖0,K

I osc∂K∩ΓN
(gN) = min{CT,CT}‖gN − ΠK

γ gN‖0,∂K∩ΓN

I ΠK f ∈ P1(K ) : (f − ΠK f , ϕ)K = 0 ∀ϕ ∈ P1(K )

I ΠK
γ gN ∈ P1(γ) : (f − ΠK

γ gN , ϕ)γ = 0 ∀ϕ ∈ P1(γ)



Flux reconstruction

I Compute robust inter-element fluxes gK
I gK ≈ ∇u · nK on ∂K

[Ainsworth, Babuška, 1999], [Ainsworth, Vejchodský, 2011]

I Flux #1: for all elements K with κKρK ≤ 1 construct y
(1)
K :

I y
(1)
K · nK = gK on ∂K

I ΠK f − κ2
Kuh + div y

(1)
K = 0

I Flux #2: for all elements K with κKρK > 1 construct y
(2)
K :

I y
(2)
K · nK = gK on ∂K

I Correct asymptotic behavior w.r.t. h and κK

I y|K =
{ y

(1)
K if κKρK ≤ 1,

y
(2)
K if κKρK > 1,



Flux reconstruction #1

Definition:

y
(1)
K = ∇uh + yLK + yQK

x1

x2x3

x4

t12

yLK = −
d+1∑
n=1

λn

d+1∑
m=1
m 6=n

R|γm(xn) |∇λm| tnm

yQK =
1

d + 1

d+1∑
n=1

d+1∑
m=2
m>n

λmλntmnt
T
mn∇r(xK )

Notation:
R = gK −∇uh · nK
r = ΠK f − κ2

Kuh
λn . . . barycentric coords in K
tmn = xm − xn . . . edge vector
xK . . . barycentre of K



Flux reconstruction #2

Definition:

y
(2)
K = ∇uh + yOK

yOK |Kγ =
1

ρK
e−κK xd (x− xK )R(x1, . . . , xd−1) for all γ ⊂ ∂K

Notation:
R = gK −∇uh · nK
xK . . . incentre of K
ρK . . . inradius of K

x1

x2

x3 xK

ρK

Kγ

γ



Example: κ = const.

Ω = (−1, 1)3, ΓD = ∂Ω

Error estimators Effectivity indices
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NDOF = 29791 h = 0.03125 Ieff =
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Example: piecewise constant κ

Ω = (−1, 1)3, ΓD = ∂Ω, κ =

{
κ1 if x < 0
κ2 if x ≥ 0

Error estimators Effectivity indices
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Trace constants

Neumann oscillations:
osc∂K∩ΓN

(gN) = min{CT,CT}‖gN − ΠK
γ gN‖0,∂K∩ΓN

Trace theorem: For all v ∈ H1(K ) we have

(1) ‖v‖0,γ ≤ CT|||v |||K for κK > 0,

(2) ‖v − vγ‖0,γ ≤ CT|||v |||K where vγ =
1

|γ|

∫
γ
v dx .

where

I C 2
T =

|γ|
d |K |

1

κK

√
(2hK )2 + (d/κK )2

I C
2
T =

|γ|
d |K | min{hK/π, κ−1

K }
(
2hK + d min{hK/π, κ−1

K }
)



Conclusions

Highlights

I Guaranteed upper bound on error (reliability)

I Robust for all values of κK (efficiency)

I Fast flux reconstruction (easily parallelizable)

I A bound on the total error

Generality

I Linear reaction-diffusion problems

I Piecewise constant κ

I Arbitrary dimension

I Mixed boundary conditions
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