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A posteriori error estimates

Error
€= Uu— up

Upper bound (reliability)

llell <=

Local efficiency
Cnk < [lellx



Reaction-diffusion problem @
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Arbitrary dimension
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Mixed boundary conditions
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Robust upper bound on error
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Explicit bounds on trace constants

[M. Ainsworth, T. Vejchodsky, Comput. Methods Appl. Mech. Engrg.
281, 2014, 184-199.]



Model problem

Weak formulation:

veV: B(uv)=(f,v)g YveV

Linear FEM on d-dimensional simplices:

up € Vi@ B(uh, Vh) = (f, Vh)Q Vv, € Vp

Notation:
V={veHY(Q):v=0o0nTp}
B(u,v) = (Vu,Vv)q + (k%u, v)q
(f,v)a = [qfvdx

Vi ={vy, € V:vlk € PL(K),K €Ty}



Main result

Upper bound:
2
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Main result

Local efficiency:

Cik(y) < lu — unll + min{h, ki HIF = NF||, 7

—+ min{hK, ffgl}l/zHgN - n»’;gNHO,BKﬂFN for a special y
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Flux reconstruction @

» Compute robust inter-element fluxes gk

» gk = Vu-ngon dK

[Ainsworth, Babugka, 1999], [Ainsworth, Vejchodsky, 2011]
( ).
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Flux #1: for all elements K with kxpk < 1 construct y

> y&) Nk =8k on oK

» [f — FJKUh —|—d|vy( ) — =0

Flux #2: for all elements K with kkpk > 1 construct yﬁ?):

> y&) ng =gk onJdK

» Correct asymptotic behavior w.r.t. h and kg
yS(l) if KKPK < 17

ylk = { @ .

Y& if kkpk > 1,

v
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Flux reconstruction #1

Definition:
1
y& = Vuy +yk +y¢
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Notation:

R =gk — Vup-nkg

r="nkf — /-i%(uh

An ... barycentric coords in K
tmn = Xm — X, ... edge vector
Xk ... barycentre of K
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Flux reconstruction #2 @

Definition:

2
Y§<) = Vup +yg

1
y,?\KW = —e "KX(x — xk)R(x1,...,x4—1) forally C OK
PK

Notation:

R =gk — Vup-nkg
XK ... incentre of K
PK - .. inradius of K
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Example: k = const.

Q=(-1,1)3Tp =09

Error estimators Effectivity indices
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Example: piecewise constant @

Q= (-1,1)3 'p = 99, H:{ r1 ifx <0

Ky ifx>0
Error estimators Effectivity indices
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Trace constants

Neumann oscillations: B
oscokrry (gn) = min{Cr, Cr}llen — N5 gnllo.oknry

Trace theorem: For all v € H(K) we have
(1) lIvllon < Crflviik  for £k >0,
— —= _ 1
@) =¥, lag < Crlvlic where 7, = = [ vax.
.

where

> G2 = d'% =\ J@h )+ (d/rn)?

> fgf d||7!|<\ min{hx /7, K"} (2hk + d min{hx /7, K ' })



Conclusions

Highlights

» Guaranteed upper bound on error (reliability)

v

Robust for all values of xy (efficiency)

v

Fast flux reconstruction (easily parallelizable)

A bound on the total error

v

Generality
» Linear reaction-diffusion problems
> Piecewise constant k
> Arbitrary dimension

» Mixed boundary conditions
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