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Abstract eigenvalue problem

Find \; e Rand u; € V, u; #0:
a(uj,v) = A\ib(uj,v) VveV

a ... symmetric, continuous, V-elliptic
b ... symmetric, continuous

Solution operator:
S:V—=V
Sz=y, wherey € V:

a(y,v) =b(z,v) YveV

Assumption: S is compact



Symmetric elliptic eigenvalue problem

Find A; € R and u; # 0:

— diV(AVU,') + cu; = APy in Q
(AVU,') ‘n+ auj = \jfou; only
u=20 onp

Weak formulation:
» V={ve HQ):v=0o0nTp}
» a(u,v) = (AVu,Vv) + (cu,v) + (au, v)ry
> bu,v) = (Bru,v) + (Baut V)i
Assumptions:
» A € R9*? uniformly positive definite, ¢ >0, a > 0

» A c, «a, 51, B> piecewise constant

Y



Finite element method m

Find Al € R and uf' € V*, ul £ 0:
a(ulf vy = Arp(ul vy vl e vh

where
» VI ={vhe v :vhk e PH(K) VK< Ty}

Courant—Fischer-Weyl min-max principle:

A < AP

Babugka, Osborn (1989):

A — Al < ch?
llui — ]l < Ch



Lower bound A/ < \; ? @

(A) Kuttler, Sigillito (1978):
If S compact, Af’ eR, u;’ €V, and |u,4’|17 =1.
w; € Vi a(w;,v) = a(ul',v) — Arb(ul v) YveV

Then
min A~ )\’h < |w;]
i w;
j Y A
(B) Friedrichs—Poincaré inequality:
il < Casll il Cob = ——
ilb > “abl||Willas ab — \/H
(C) Complementarity estimate:
[willa < Ai + CapBi
Hence .
A=A 1 1
min L < A+ —B;
j Aj VA1 A1




Lower bound A" < ), @

Relative closeness assumption:
Let the (relatively) closest eigenvalue to A/ be ;.
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Complementarity estimate:

Flux reconstruction q”:

> qf’ € H(div, Q),

» qf|k € RT1(K) VYK €T

> qf’ solves local problems on patches w,

> divqﬁ’ = cu;’ — )\;’Blu;’ in Q

> qf -n=—aul +\'Bul onTy
Theorem
w; € Vi a(w;,v) = a(ul',v) — Arb(ul,v) VYveV
Then

|willa < Ai 4+ CapBi,

where
> A= |[Vuf — Alqf]|4



Numerical example

Ip
—div(AVuy;) = Nju;  in Q 1 A*
(AVu))-n=0 on Iy S
ui=20 onp A* 1
5
- Q= (-L1p

_ 1 for xy <0
>A_{A* for xy >0

» Adaptive algorithm driven by nx = ||Vu,h — .A_qu’||A7K



Smooth case (A* = 1) @

3.03115 < A1 < 3.08512 36.9745 < Ao < 37.6392
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Singularity (A* = 1000) @

12.0944 < )\ < 12.3214 89.3918 < A19 < 91.1678
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Conclusions @

Highlights
» Upper bound by the (conforming) FEM
» Lower bound by postprocessing
» Mixed boundary conditions (includes Steklov eigenvalue problem)
» Efficiency of the error indicators

» Convergence of the adaptive algorithm

Future work
» Indicator for the relative closeness assumption

» Estimates of the error in eigenvectors
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