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Weak vs. strong solutions



e time t € [0, )

@ position x € Q C R3

2
¥
=4

@ mass density o = o(t, x)

@ macroscopic velocity u = u(t, x)

EX(t’ X) = U(t,X(t, x)>7 X(0,x) = x

o>



Oro + divy(ou) =0

0¢(ou) + divy(ou ® u) + V,p(0) =0
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Solvability - classical way

Existence

Given problem is solvable for any choice
of (admissible) data

Uniqueness
Solutions are uniquely determined by the
oy data )
Jacques
Hadamard, [1865 - Stability
1963] Solutions depend continuously on the
data
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Solvability - modern way

Approximations

Given problem admits an approximation
scheme that is solvable analytically and,
possibly, numerically

Uniform bounds

Approximate solutions possesses uniform
bounds depending solely on the data

Jacques-Louis

Lions, [1928 - _ . -
2001] The family of approximate solutions

admits a limit representing a
(generalized) solution of the given
problem

Stability
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Singularities in nonlinear models

Blow-up singularities - concentrations

Solutions become large (infinite) in a finite time.
There is too much energy pumped in the system

Shock waves - oscillations

Shocks are singularities in “derivatives”.

Originally smooth solutions become discontinuous in a
finite time
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Weak vs. strong

@ Pointwise (ideal) values of functions are replaced by their integral
averages. This idea is close to the physical concept of measurement

@ Derivatives in the equations replaced by integrals:

ou .
x ~ @p+— — | udxp, @ asmooth test function

Dirac distribution: dg : ¢ — ©(0)

Paul Adrien Maurice Dirac
[1902-1984]
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Field equations - classical vs. weak formulation

Mass conservation - integral formulation

tr
[ty ax— [ ooy ax=— [ [ aunas,
B B t1 JOB

Mass conservation - Equation of continuity

0ro + divy(ou) =0

Mass conservation - weak formulation

//Qatcp + ou - Vi dxdt = 0 for any smooth ¢




Compressible Euler system - the state-of-art

Existence
Global-in-time solutions (in general) do not exist. Weak solutions
may exist but may not be uniquely determined by the initial data.

Mechanical energy

1 ¢ p(z
E= el + P, PO = [ 22 az
1

Admissibility criteria - mechanical energy dissipation

0:E + div,(Eu+ p(o)u) <[0

Eduard Feireisl Weak vs. strong solutions



Welt strebt einem Maximum zu

Die Energie der Welt ist constant; Die Entropie der

i d 1 _
classical: dt/2|u| + P(e) dx=0

d (1, .,
weak: a/§|u| + P(0) d
- Edvard Feireisl
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Bad or good news for compressible Euler?

Existence

Good news: There exists a global-in-time weak
solution of compressible Euler system for “any” initial
data.

Bad news: There are infinitely many...

Camiillo DelLellis [*1976]

V.

Dissipative solutions ¥
Good news: Most of the “wild” solutions produce z,‘
energy. L

Bad news: There is a vast class of data for which
there exist infinitely many admissible (dissipative)

weak solutions. Specifically, for any initial distribution Laszl6 Székelyhidi
of the density, there is a velocity field... [¥1977]

Viscosity solutions or maximal dissipation? J

The “correct” solutions are obtained as limits of the viscous system




Navier-Stokes system (compressible, viscous)

Mass conservation

Claude Louis Oro + divy(ou) =0
Marie Henri
Navier [1785-1836]

Momentum balance ﬁ

O(ou) + divx(ou ® u) + V,p(o) = George Gabriel
Stokes [1819-1903]

Newton’s rheological law

2
= t _ Z A8 H . ]I
Isaac Newton S= (qu + Viu 3d1VxU ) + ndiveu

[1643-1727]



and many, many others...
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Some good news to finish...

Numerical solution for the compressible Navier-Stokes system

Numerical schemes based on a combination of finite volumes - finite
elements schemes (Karlsen, Karper, Gallouet et al.)

Synergy analysis-numerics
@ Certain numerical schemes converge to weak solutions

@ Convergence is unconditional and even error estimates are
available of the limit solution is smooth

@ Bounded weak solutions are smooth

@ Bounded solutions of the numerical scheme converge (with
error estimates) to the smooth solution




