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Compressible Euler system

Compressible Euler system

Oro + divy(ou) =0
Ot(ou) 4 divi(ou ® u) + V,p(p) =0
Energy (entropy) inequality

00 (3ol + P(0) ) + v | (ol + P(2) ) ut ploa] <0

P(9)=g/lgp(z)dz

Z2



Measure-valued solutions

Compressible Euler system

3,35 + dlvx(g_u) =0

d¢(ou) + divy(ou @ u) + V,p(o) = 0
Parameterized measure

%)
Viex € Lweak

((0, T) x Q;P([0,00) x RN), N=2,3

b(o,u)(t,x) = (Ve b(s,v)) for a.a. (t,x)
Young measure

b(o,u) = weak limit of b(g.,u.)
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Do we need measure valued solutions?

Existence

Measure-valued solutions may be the only global in time solutions
available for the compressible Euler system, cf. DiPerna and Majda
[1987]. In general false, there are “many” weak solutions, see
DelLellis, Székelyhidi and collaborators [2012]

Oscillatory data

Measure-valued solutions describe the behavior of systems with
oscillatory (measure-valued) data.

Measure-valued solutions are the right ones (?)

Measure-valued solutions are the physically relevant ones obtained in
the artificial viscosity approximations, cf. numerical experiments
Mishra [2013-2015]



Measure-valued solutions vs. weak solutions

Basic question

Can every measure-valued solution to the compressible Euler
equations be approximated by a sequence of weak solutions?

Incompressible Euler system
Székelyhidi, Wiedemann [2012]

m Any measure-valued solutions of the incompressible Euler
system is generated by a sequence of weak solutions

m If the initial data for a measure-valued solution are represented
by an L?—function, then the generating sequence can be chosen
in such a way that the initial energies are close and the energy
inequality satisfied

m There is a dense set of initial data (in L2) for which the
incompressible Euler system admits infinitely many solutions
satisfying the energy inequality



Subsolutions
New variables

O:0 + divy(ou) =0

. 1 1
9¢(ou) + divy (gu ®u— §g|u|2> + V, (p(g) + §g|u|2)

Measure valued subsolution

dro + div,m =0

om +div,U+ V,qg=0
Young measure

e € L (0, T) x @P([0,00); R, R

3x3

0,sym? R))
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Lifting

Measure-valued solution of the Euler system

(v; G(e,u))

Measure-valued subsolution

(1 f(o,m, U, q))

1 1
= <v; f(o, 0u, ou@u — §QIUI21L p(eo) + §9IU|2)>
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Abstract setting
Differential constraints

N
AZzZA’%zO

i=1 Yi

N
Aw) =) wid
i=1

Constant rank

rankA(w) = r for all w € SV~1
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A—quasiconvexity
Definition

A function F : RP — R is called A—quasiconvex if

F(Z) < / F(Z+w(x) dx

for all Z € RP and all w : TN — RP such that

w e C=(TV; RP), Aw =0, / w dx =0.

TN
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A result by Fonseca and Mueller

Theorem

Let A have the constant rank property, 1 < p < oo, and v, a weakly
measurable family of probability measures on RP, y € Q. Then there
is a sequence of p—equiintegrable functions {Z,} C LP(Q; RP),
AZ, = 0 generating the Young measure v, if and only if:

m Z(y) = (v,,Z) € LP(Q; RP) satisfies AZ = 0;

n fQ (vy; |ZIP) dy < o0;

L]

F((vy;Z)) < (v,; F(Z)) fora.a.y € Q

for any A-quasiconvex F satisfying the growth restriction

[F(Z2)| < C(1+1Z[P).



Wave cone

Wave cone associated to A

The wave cone of the operator A is the set of all Z € RP \ {0} for
which there is ¢ € RV \ {0} such that

Z(y)=h(y-£)Z

satisfies AZ = 0 for any h. B
Equivalently, Z € N\ if and only if Z # 0 and there exists

¢ € RN\ {0} such that A(€)Z = 0.



A—free rigidity
Theorem

Let

1Zsl|1o(ir0) < ¢, AZ, =0 in D'(Q)
generate a compactly supported Young measure vy,

supp[v,] C {A\Z1+ (1 —A)Z2; A€ [0,1]}
Then

Zy#£ 2y, Zy—Z1 €N

Z, — Z in LP(Q; RP),
where Z, is a constant,

Z, = )\0071 + (1 — )\00)72
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Negative result

Theorem E. Chiodaroli, E.F., O. Kreml, E.Wiedemann [2015]

There exists a measure-valued solution of the compressible Euler
system which is not generated by any sequence of LP-bounded weak
solutions (for any choice of p > 1).



Strategy

m Show that the linearized differential operator generated by the
compressible Euler system (subsolutions) enjoys the constant
rank property

m Apply the result by Fonseca and Mueller
m Find constant states Z;, Z; such that Z; — Z, ¢ A but

1 1
5521 + 5522

is a measure-valued subsolution obtained from a measure-valued
solution of the compressible Euler system by lifting

m Apply the abstract result



