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Abstract. There are four kinds of scalars in the n-dimensional pseudo-Euclidean geometry
of index one. In this note, we determine all scalars as concomitants of a system of m 6 n

linearly independent contravariant vectors of two so far missing types. The problem is
resolved by finding the general solution of the functional equation F (Au

1

, Au
2

, . . . , Au
m

) =

ϕ (A) · F (u
1

, u
2

, . . . , u
m

) using two homomorphisms ϕ from a group G into the group of real

numbers R0 = (R \ {0} , ·).
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1. Introduction

For n > 2 consider the matrix E1 = [eij ] ∈ GL (n,R) where

eij =











0 for i 6= j,

+1 for i = j 6= n,

−1 for i = j = n.

Definition 1. A pseudo-orthogonal group of index one is a subgroup of the

group GL (n,R) satisfying the condition

G = O (n, 1,R) =
{

A : A ∈ GL (n,R) ∧ AT · E1 · A = E1

}

.

The class of G-spaces (Mα, G, fα) where fα is an action of G on the space Mα

constitutes a category if we take as morphisms equivariant maps Fαβ : Mα −→ Mβ,
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i.e. the maps which satisfy the condition

(1)
∧

α,β

∧

x∈Mα

∧

A∈G

Fαβ (fα (x, A)) = fβ (Fαβ (x) , A) .

This category is called a geometry of the group G.

If we denote A =
[

Ai
j

]n

1
∈ G then there exist exactly four homomorpisms of the

group G in the group R0 , namely 1 (A) = 1, ε (A) = sign (detA) , η (A) = sign (An
n)

and ε (A) · η (A) (see [3]). In the pseudo-Euclidean geometry of index one there are

the G-space of contravariant vectors

(2) (Rn , G, f) , where
∧

u∈Rn

∧

A∈G

f (u, A) = A · u,

and four G-spaces of objects with one component and a linear transformation rule

(3) (R, G, h) , where
∧

x∈R ∧

A∈G

h (x, A) =























1 · x for 1-scalars,

ε (A) · x for ε-scalars,

η (A) · x for η-scalars,

ε (A) · η (A) · x for εη-scalars.

Every equivariant map F of a system of linearly independent vectors u
1
, u
2
, . . . , u

m

with m 6 n into R satisfies the equality (1), which by applying the transformations
rules (2) and (3) may be rewritten in the form

∧

A∈G

F (Au
1
, Au

2
, . . . , Au

m
) = 1 · F (u

1
, u
2
, . . . , u

m
) for 1-scalars,(4)

∧

A∈G

F (Au
1
, Au

2
, . . . , Au

m
) = ε(A) · F (u

1
, u
2
, . . . , u

m
) for ε-scalars,(5)

∧

A∈G

F (Au
1
, Au

2
, . . . , Au

m
) = η(A) · F (u

1
, u
2
, . . . , u

m
) for η-scalars,(6)

∧

A∈G

F (Au
1
, Au

2
, . . . , Au

m
) = ε(A) · η(A) · F (u

1
, u
2
, . . . , u

m
) for εη-scalars.(7)

For the pair u
1
, u
2
of contravariant vectors the mapping p(u

1
, u
2
) = u

1

T ·E1 ·u
2
satisfies

(4), namely

p(Au
1
, Au

2
) = (Au

1
)T · E1 · (Au

2
) = u

1

T (AT · E1 · A)u
2

= u
1

T · E1 · u
2

= p(u
1
, u
2
).

In [7] it was proved that the general solution of the equation (4) is of the form

(8) F (u
1
, u
2
, . . . , u

m
) = Θ(p(u

i
, u

j
)) = Θ(pij)
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for i 6 j = 1, 2, . . . , m 6 n, where Θ is an arbitrary function of 1

2
m(m + 1) variables

pij .

The invariant p allows us to decompose the space of contravariant vectors (2) into

invariant subsets Rn =
+

V ∪ (
−

V ∪
0

V ) ∪ {0} =
+

V ∪
∗

V ∪ {0}

where
+

V = {u : u ∈ Rn ∧ p (u, u) > 0} is the set of Euclidean vectors,
−

V = {u : u ∈ Rn ∧ p (u, u) < 0} is the set of pseudo-Euclidean vectors,
0

V = {u : u ∈ Rn ∧ p (u, u) = 0 ∧ u 6= 0} is the set of isotropic vectors,
∗

V =
−

V ∪
0

V is the set of non-Euclidean vectors.

The isotropic cone
0

V is, moreover, a transitive set. Let Kn−1 denote a ball in the

hyperplane qn = 1, namely

Kn−1 =

{

q =
[

q1, q2, . . . , qn−1, 1
]T

:
n−1
∑

i=1

(

qi
)2

6 1 = qn

}

.

Lemma 1. For every point q ∈ Kn−1 and arbitrary matrix A ∈ G we have

(9) sign (w (q, A)) = sign

( n
∑

i=1

An
i qi

)

= sign (An
n) = η (A) .

P r o o f. From the condition AT ·E1 ·A = E1 and the Cauchy-Schwarz inequality

we get

An
n −

Ã

[(An
n)

2
− 1]

n−1
∑

i=1

(qi)
2

6 w (q, A) 6 An
n +

Ã

[(An
n)

2
− 1]

n−1
∑

i=1

(qi)
2
,

which proves the lemma. �

From u ∈
∗

V it follows that un 6= 0 and for an arbitrary matrix A ∈ G we have

also A · u ∈
∗

V . Then

u =
[

u1, u2, . . . , un
]T

= un
[u1

un
,
u2

un
, . . . ,

un−1

un
, 1

]T

= un
[

q1, q2, . . . , qn−1, 1
]T

= un · q,

where q ∈ Kn−1. The point q is called the direction of the non-Euclidean vector u.

The last coordinate of the vector A · u is equal to

(10) (Au)
n

=

n
∑

i=1

An
i ui = un

( n
∑

i=1

An
i qi

)

= un · w (q, A) .
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In accordance with (9) and (10) we get

(11)
∧

u∈
∗

V

∧

A∈G

sign [(Au)n] = η (A) · sign (un) .

Now, let an arbitrary system of linearly independent vectors u
1
, u

2
, . . . , u

m
be given.

Let Lm = L(u
1
, u
2
, . . . , u

m
) denote the linear subspace generated by the vectors

u
1
, u
2
, . . . , u

m
and p|Lm the restriction of the form p to the subspace Lm.

Definition 2. The subspace Lm is called:

(i) a Euclidean subspace if the form p|Lm is positive definite,

(ii) a pseudo-Euclidean subspace if the form p|Lm is regular and indefinite,

(iii) a singular subspace if the form p|Lm is singular.

If we denote

P (m) = P (u
1
, u
2
, . . . , u

m
) = det [pij ]

m

1

then the above three cases are equivalent to P (m) > 0, P (m) < 0 and P (m) = 0,

respectively. Let
m

P ij denote the cofactor of the element pij of the matrix [pij ]
m

1
and

let
1

P 11 = 1, P (0) = 1 by definition.

If m = n − 1 and P (n − 1) = 0 then the singular subspace L(u
1
, u
2
, . . . , u

n−1
)

determines exactly one isotropic direction q ∈ Kn−1 whose representative, if

P (n − 2) 6= 0, is of the form

(12) v =
1

P (n − 2)

n−1
∑

i=1

n−1

P n−1,i · u
i

= vn ·
[

q1, q2, . . . , qn−1, 1
]T

∈
0

V ∩ Ln−1.

From p(u
i
, v) = 0 for i = 1, 2, . . . , n − 1 it follows that each vector u

i
is of the form

(13) u
i

=

[

u
i

1, u
i

2, . . . , u
i

n−1,

n−1
∑

k=1

u
i

kqk

]

where ∆ = det[u
i

j ]n−1

1 6= 0.

Let us denote

(14) Br(u
1
, . . . , u

r
, . . . , u

n−1
) =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

u
1

1 u
1

2 . . . u
1

n−1

. . . . . . . . . . . .

u
r−1

1 u
r−1

2 . . . u
r−1

n−1

q1 q2 . . . qn−1

u
r+1

1 u
r+1

2 . . . u
r+1

n−1

. . . . . . . . . . . .

u
n−1

1 u
n−1

2 . . . u
n−1

n−1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

for r = 1, 2, . . . , n − 1.
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It is easy to prove that Br · Bk =
n−1

P rk, so at least one of Br is different from

zero. In [5] it was proved that

(15)
∧

A∈G

Br(Au
1
, Au

2
, . . . , A u

n−1
) = ε (A) · Br(u

1
, u
2
, . . . , u

n−1
)

and the general solution of the functional equation (5) was given, namely

(16) F (u
1
, u
2
, . . . , u

m
) =















0 if m < n − 1 or m = n − 1 and P (m) 6= 0,

Θ (pij) · B(u
1
, u
2
, . . . , u

n−1
) if m = n − 1 and P (m) = 0,

Θ (pij) · det(u
1
, u
2
, . . . , u

n
) if m = n,

where Θ is an arbitrary function of 1

2
m (m + 1) variables and B is an arbitrary

nonzero ε-scalar among B1, B2, . . . , Bn−1. In this paper we determine the general

solution of the functional equations (6) and (7).

2. General solution of the functional equation (6)

Definition 3. We say that a system of vectors e
1
, e
2
, . . . , e

n
constitutes a pseudo-

orthonormal base if

[p(e
i
, e

j
)]n1 = E1.

To each vector e
i
of the pseudo-orthonormal base we assign the covector

∗
e
i
= e

i

T ·E1

and then
∗
e
i
· u

j
= p(e

i
, u

j
).

Definition 4. We say that a pseudo-orthogonal matrix A whose rows consist

of coordinates of covectors
∗
e
1
,
∗
e
2
, . . . ,

∗
e
n
corresponds to the pseudo-orthonormal base

e
1
, e
2
, . . . , e

n
.

Let a sequence of linearly idependent vectors u
1
, u

2
, . . . , u

m
, . . . , u

n
be given. Let us

denote εm = signP (m) . Apparently εn = −1 and from the definition ε0 = +1.

Definition 5. The sequence (+1, ε1, ε2, . . . , εm, . . . , εn−1,−1) will be called the

signature of the sequence of subspaces L(u
1
), L(u

1
, u
2
), . . . , Lm, . . . , Ln.

In [7] it was proved that the only restriction is εi+1 6 εi.
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Lemma 2. The functional equation

∧

A∈G

F (Au
1
, Au

2
, . . . , Au

m
) = η(A) · F (u

1
, u
2
, . . . , u

m
)

in the case P (m) > 0 has only the trivial solution F (u
1
, u
2
, . . . , u

m
) ≡ 0.

P r o o f. Evidently m ∈ {1, 2, . . . , n − 1} and the partial signature up to εm is

of the form (+1, +1, . . . + 1) . The vectors

(17) e
k

=
1

√

P (k − 1) · P (k)
·

k
∑

i=1

k

P kiu
i
for k = 1, 2, . . .m

constitute in the Euclidean subspace L(u
1
, u
2
, . . . , u

m
) the first m vectors of a pseudo-

orthonormal base. We have

(18) e
k

= e
k
(u
1
, u
2
, . . . , u

k
) and p(e

k
, u

r
) =

{

0 for r < k,

Θ (pij) for k 6 r 6 m.

The other vectors e
m+1

, e
m+2

, . . . , e
n
of the pseudo-orthonormal base is chosen from the

orthogonal complement L⊥
m. Inserting the matrix A corresponding to this base into

equation (6) we get

F (u
1
, u
2
, . . . , u

m
) = η (A) · F (Au

1
, Au

2
, . . . , Au

m
) = η (A) · Θ1 (pij) .

For the matrix C corresponding to the base e
1
, e
2
, . . . , e

n−1
,−e

n
we get

F (u
1
, u
2
, . . . , u

m
) = η (C) · F (Cu

1
, Cu

2
, . . . , Cu

m
) = −η (A) · Θ1 (pij) .

Because in both cases the scalar Θ1 (pij) is the same we conclude that F ≡ 0. �

In the case P (m) 6 0 the partial signature up to εm is either of the form

(∗) (+1, . . . , +1,−1 = εs,−1, . . . ,−1) for s = 1, 2, . . . , m 6 n or

(∗∗) (+1, . . . , +1, 0 = εs, εs+1, . . . , εm) for s = 1, 2, . . . , min {m, n − 1} .

In both the cases we have P (s − 1) > 0 and P (s) 6 0. Using the vectors u
1
, u
2
, . . . , u

s
we get

(19) v = v(u
1
, u
2
, . . . , u

s
) =

s
∑

i=1

s

P siu
i
∈

∗

V

because v 6= 0 and p (v, v) = P (s − 1) · P (s) 6 0.

Let us assume that F (u
1
, u
2
, . . . , u

m
) is a general solution of the functional equa-

tion (6) in the case P (m) 6 0. We conclude that in this case the function

sign vnF (u
1
, u

2
, . . . , u

m
) is the general solution of the functional equation (4). Us-

ing (8) we get
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Theorem 1. The general solution of the functional equation
∧

A∈G

F (Au
1
, Au

2
, . . . , Au

m
) = η (A) · F (u

1
, u
2
, . . . , u

m
)

is of the form

(20) F (u
1
, u
2
, . . . , u

m
) =

{

0 if m = 1, 2, . . . , n − 1 and P (m) > 0,

Θ (pij) · sign (vn) if m = 1, 2, . . . , n and P (m) 6 0,

where Θ is an arbitrary function of 1

2
m(m+1) variables and v is an arbitrary vector

belonging to Lm ∩
∗

V .

3. General solution of the functional equation (7)

The homomorphisms 1, ε, η, ε · η constitute a Klein group and the relations (16)

and (20) enable us to determine the general solution of the functional equation (7).

Lemma 3. The general solution of the functional equation (7) is of the form

(21) F (u
1
, u
2
, . . . , u

m
) =











0 if m < n − 1 or m = n − 1 and P (m) 6= 0,

Θ (pij) · B · sign (vn) if m = n − 1 and P (m) = 0,

Θ (pij) · sign (vn) · det(u
1
, u
2
, . . . , u

n
) if m = n,

where Θ is an arbitrary function of 1

2
m(m + 1) variables, v is an arbitrary non-

Euclidean vector belonging to the subspace Lm andB is an arbitrary nonzero ε-scalar

amongst B1, B2, . . . , Bn−1.

In the formulas (20) and (21) we can use in particular the vector v described by

(19) whereas the ε-scalar B in (21) is not determined. However, there exist relations

between vn in (12), Bn−1 in (14) and ∆ in (13). If P (n − 2) 6= 0 we have the formula

(12) and Bn−1 6= 0. In what follows

vn · Bn−1 =
Bn−1

P (n − 2)

n−1
∑

i=1

n−1

P n−1,iu
i

n =
1

Bn−1

n−1
∑

i=1

Bn−1 · Bi

( n−1
∑

j=1

u
i

jqj

)

=

n−1
∑

j=1

qj

( n−1
∑

i=1

Biu
i

j

)

=

n−1
∑

j=1

qj
(

∆ · qj
)

= ∆(u
1
, u
2
, . . . , u

n−1
).

We conclude that

(22)
∧

A∈G

∆(Au
1
, Au

2
, . . . , A u

n−1
) = ε (A) · w (q, A) · ∆(u

1
, u
2
, . . . , u

n−1
).

We give a more convenient version of this result.
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Theorem 2. The general solution of the functional equation

∧

A∈G

F (Au
1
, Au

2
, . . . , Au

m
) = ε (A) · η (A) · F (u

1
, u
2
, . . . , u

m
)

is of the form

F (u
1
, u
2
, . . . , u

m
)(23)

=















0 if m < n − 1 or m = n − 1 and P (m) 6= 0,

Θ (pij) · sign ∆(u
1
, u
2
, . . . , u

n−1
) if m = n − 1 and P (m) = 0,

Θ (pij) · sign (vn) · det(u
1
, u
2
, . . . , u

n
) if m = n,

where Θ is an arbitrary function of 1

2
m(m + 1) variables and v is an arbitrary non-

Euclidean vector.
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