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EMBEDDINGS OF LORENTZ-TYPE SPACES INVOLVING WEIGHTED
INTEGRAL MEANS

AMIRAN GOGATISHVILI, MARTIN KREPELA, LUBOS PICK AND FILIP SOUDSKY

ABSTRACT. We characterize embeddings between Lorentz-type spaces defined with respect to two dif-
ferent weighted means. In particular, we establish two-sided estimates of the optimal constant C' in the
inequality

</ooo (/ot F(&)ua(s) ds) B wa (t) dt> - <C </ooo (/ot £ ()P (s) dS) ” w1 (t) dt> " :

where m1,ma,p1,p2 € (0,00), u1,u2, w1, wz are weights on (0, 00) and ma > p2. The most innovative
part consists of the fact that possibly different general inner weights u; and uz are allowed. Proofs are
based on a combination of duality techniques with weighted inequalities for iterated operators involving
integrals and suprema.

1. INTRODUCTION AND THE MAIN RESULT

In this paper we study weighted inequalities of the form

gy . iy

(1.1) / (/f YP2us(s) d ) wdt)  <c /Ooo</0tf*(s)p1u1(s)ds> wtydt]

where mq, mso, p1,p2 are positive real numbers and wy, us, wi, we are weights, that is, measurable non-
negative functions on (0, 00) and mg > ps. The inequality is required to hold with some positive constant
C for all scalar measurable functions f defined on a o-finite measure space (R, ). By f* we denote the
non-increasing rearrangement of f. given by

@) =inf{r e R: p({x € R: |f(x)] > A}) <t} forte (0,00).

Our main goal is to establish easily verifiable necessary and sufficient conditions on the parameters
my,ma, p1,p2 € (0,00) and the weights uy, ug, wy, we for which (1.1) holds and to give two-sided estimates
of the optimal constant C.

]
i

We denote by 9M(R, u) the set of all y-measurable functions on R whose values belong to [—oo, 00].
We also define M (R, ) = {g € M(R, n): g > 0}.

The inequality (1.1) can be viewed as a continuous embedding between appropriate function spaces.
As usual, we say that a (quasi-)normed space X is embedded into another such space, Y, if X C Y and
the identity operator is continuous from X to Y. We denote by GI'J%: the collection of all functions
f € MR, u) such that

1

flerzs = ( [ (/f Pus ) wydt) < oo

where m,p € (0,00) and w,u are weights (on (0,00). Under this notation, (1.1) is equivalent to the
continuous embedding

(1.2) G — G
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Moreover, the norm of the embedding (1.2) coincides with the optimal (smallest) constant C' that ren-
ders (1.1) true.

The study of function spaces involving weights and rearrangements goes back to early 1950’s, when the
fundamental paper of Lorentz [41] appeared, followed later by [42]. In [41], the space AP(v) was defined
as the set of all f € M(R, ) for which the functional

Hfmw@)::(éwf“wmmwdaé

is finite, where p € (0, 00) and v is a weight on (0, c0). These spaces proved to be indispensable in a wide
range of disciplines of mathematical analysis, in particular in theory of interpolation, theory of operators
of harmonic analysis and theory of partial differential equations. A major breakthrough in the theory
was seen in 1990, when Arino and Muckenhoupt in [2] characterized those parameters p € (1,00) and
weights v for which the Hardy—Littlewood maximal operator is bounded on AP(v), and Sawyer in [47]
developed a duality concept for spaces AP(v). Among other results, Sawyer obtained a generalization
of the theorem of Arino and Muckenhoupt to the situation in which two possibly different exponents
and two possibly different weights are allowed. He also reformulated the action of the maximal operator
on weighted Lebesgue spaces restricted to the cone of non-decreasing functions in terms of embeddings
between function spaces by introducing the space I'P(v) as the family of all f € (R, u) for which the

functional
me@w=<A f“uwmwﬁ)

is finite, where f** is the mazimal non-increasing rearrangement of f, defined by

(1.3) f**(t):%/o F*(s)ds for t € (0,00).

For every f € M(R, ) and every t € (0,00), the estimate f*(t) < f**(¢) holds. As a consequence, one
trivially has I'?(v) < AP(v) for any p and v.

During the 1990’s, the spaces AP(v) and I'”(v) were put under a serious scrutiny under the common
label classical Lorentz spaces. Their basic functional properties as well as embedding relations between
them were characterized. It would be next to impossible to give a complete account of the literature
which is available to this subject nowadays. Let us quote at least the efforts of M. Carro, A. Garcia
del Amo, M. Gol’dman, H. Heinig, L. Maligranda, J. Martin, C. Neugebauer, R. Oinarov, J. Soria, G.
Sinnamon, V.D. Stepanov that resulted in a long series of papers, see [4, 7, 8, 9, 10, 24, 31, 32, 33, 34,
40, 44, 45, 48, 51, 52, 53, 54]. The first attempt to survey the situation in the field was given in [7] where
the contemporary state of the art was described. Since then, however, important new results have been
obtained and things have changed essentially again.

A significant progress in the study of classical Lorentz spaces was made in the early 2000’s due to
the efforts of Sinnamon [49, 50] and to the development of a new approach based on discretization and
anti-discretization techniques in [25]. Using these new techniques, embeddings of classical Lorentz spaces
in cases that had resisted for years were finally characterized, the notable last missing case being added
in [6]. This rounded off one particular level of results.

As a consequence of these advances, the field could have been explored deeper (see e.g. [5, 6, 26, 27]).
One of the most important innovations was the involvement of function spaces involving inner weighted
means. In order to describe such function spaces, let us first consider the weighted version of (1.3),
namely

(1.4) f;*(t):ﬁ /0 F(s)u(s)ds for t € (0,00),

where u is a given weight on (0, 00) and

U(t) = /Ot u(s)ds for t € (0,00).
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Given p € (0,00) and another weight, v, on (0,00), we define the space I'2(v) as the collection of all
functions f € 9M(R, 1) such that

1l = ( / £ Po(t) dt)p .

Some effort was spent in order to recover general embedding results for classical Lorentz spaces by methods
that would avoid the powerful but technically complicated discretization-antidiscretization scheme, but
only with a partial success (see e.g. [29, 30, 19]). A recent overview of the field of embeddings of classical
Lorentz spaces can be found in [46, Chapter 10].

There exists plenty of motivation for studying relations between classical Lorentz spaces in great
detail. For example, in the recent work [1], information about classical Lorentz spaces is used in order to
investigate the continuity properties of local solutions to the n-Laplace equation

—div(|Vu|""?Vu) = f(z) in Q,
where () is a bounded open subset of R™.

Recently, new spaces came into play, for a good reason. Given two parameters m,p € (0,00) and
a weight v, on (0, 00), the space GI'(p, m,v) is defined as the the collection of all functions f € 9MM(R, u)
such that

1

b t - ™
||f||GF(p,m,v) = (/0 <A f*(S)p dS) ’U(t) dt) < Q.

These spaces turn out to be important among other reasons because of their intimate connection to the
so-called grand Lebesgue spaces and their slightly younger relatives called small Lebesgue spaces. The
grand Lebesgue space was introduced by Iwaniec and Shordone in [35] in connection with integrability
properties of Jacobians. Since it is a relatively complicated structure, it took some time before its dual
was characterized. This was done by Fiorenza in [14]. In that paper also the small Lebesgue spaces were
introduced. It was shown later by Fiorenza and Karadzhov in [15] that the norm in the small Lebesgue
space can be equivalently expressed in terms of the functional governing the GI'(p,m,w) space with
appropriate parameters and weights. Further results in this direction were obtained e.g. in [16, 17, 18].
The associate space of GI'(p, m,w) was then completely characterized in [28].

The techniques in the background of many of the results mentioned inevitably involve weighted in-
equalities involving Hardy-type integral operators. However, we also witness a still growing importance
of weighted inequalities involving supremum operators. These operators have been studied recently (see
e.g. [11], [23] or [21]) in connection with several problems in analysis including action of fractional maxi-
mal operators, optimality of function spaces in Sobolev embeddings, or the interpolation theory, but the
available results are far from being complete.

In [25], the characterization of the embeddings of the form
(1.5) I (w) = T4 (v),

where p, g € (0,00) and u, v, w are weights on (0, 00), was completed. It was an important step ahead and
applications followed instantly, but it still suffered from the principal restriction that the inner weight u
had to be the same on both sides of the embedding.

On the side of applications, there exists a significant desire for two-sided estimates of optimal constants
in embeddings of the type (1.5) with two possibly different inner weights. The motivation arises usually
in tasks that involve, in a way, two possibly different integral mean operators. To give at least one
example, let us recall the long-time extensive research of the optimality of function spaces in Sobolev-type
embeddings, carried out e.g. in [13, 36, 37, 38, 12]. For instance, the considerations in [38, Theorem 3.1],
where the explicit formula for the optimal rearrangement-invariant function norm in a Sobolev inequality
is sought and the known implicit one is reduced to a formula involving an integral mean with respect to
another weight function, show that characterizations of embeddings of the form (1.1) are useful.

Most of the functions which we shall deal with will be defined on (0, c0). If this is the case, then (R, i)
is the interval (0, 00) endowed with the one-dimensional Lebesgue measure A;, and we shall write just 9t
and My instead of M((0, 00), A1) and Wiy ((0, 00), A1) respectively.
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Let u, ug, w1 and wy be weights on (0, 00) and ¢ € (0,00). We will use the following notation:

Ul(t):/o u1(s) ds, Ug(t):/0 usa(8) ds, Wl(t)z/o/wl(s)ds, Wg(t):/o wa(s) ds.

Further, let p1,pa, m1,ma € (1,00). We define

/U1 71 wl()ds—i—Ul()m1 /toowl(s)ds for t € (0, 00).

Note that, for every ¢ € (0,00), one has ¢(t) = [[x(0,t)[lgrm11 (0,00)- We also set

ul,wy
2

Ui (t) Pl“ZI*Pz)_lul(t) fot U1 %wl(s) ds [ wi(s)ds

o(t) = : , te(0,00).
p(t)m=r
Throughout the paper, the expressions of the form 0 - co or % are taken as zero. For p € (1,00), we
define p’ = . We write A ~ B when the ratio A/B is bounded from below and from above by positive

constants mdependent of appropriate quantities appearing in expressions A and B.

We shall now state the principal result of the paper.

Theorem 1.1. Let p1,pa,m1,mo € (1,00). Assume that ma > po. Let uy, uz, wy and wy be weights.

Assume that
o

¢
e uy is strictly positive, / ui(s)ds < oo for allt € (0,00), / uy(t) dt = oo,
0

0
o)

t my my
. / wy(s)Ui(s) 7 ds < oo, w1 (s)Up(s) 7 ds = oo for all t € (0,00),
0 ¢

t 00
. / wl(s)ds:oo,/ wi(s)ds < oo for all t € (0,00).
0 t
Let

(1.6) C = sup (fooo (f Fr(s)P2uz(s) s) " wz(t)dt)

O (e as) " ) "

(a) Let p1 < py and my < py. Then

C ~ 317
where
1
( JEUs(5) 75 wa(s) ds + Us(t) 7 [ ws(s) ds) "
B; = sup 1
t€(0,00) (p(t)ﬁ
(b-1) Let p1 < p2, m1 > py and my < my. Then
C ~ BQ + B37
where
1
P2 my "L1F2 mo
By = sup (Ul() Py my— P2/ d8+/ []1 Pl my— P20‘( ) (/ U2 p2 u)2 ) )
t€(0,00)
and

m1—p3

1

t m pomy m1p2 00 A
Bs = sup / sup U(y)™ 72 Uy (y)” mitm 7 o(s) ds (/ ’w2(5)d5) C
t€(0,00) 0 y€e(s,t) t

(b-ii) Let p1 < p2, m1 > pa and mq > ma. Then
C ~ B4+ Bs + Bg + Bo,
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where

my (mg—p3)

o © _pa_my p2(mi—mg) _pg _my
po= ([ ([ o B Eowa) ™ v e
0 t

mq—mgo

my mimo

y ( /0 Ua(s) B wn(s) ds) ") dt) ,

my mi(mg—p3) %1_7122
00  mymy s my mi—mg t pp(my—m3)
Bs = / sup Uj(s) rilmi=m2) </ Us(y) 72 wa(y) dy) (/ o(s) ds) o(t)dt ,
0 s€E(t,00) 0 0
00 0o T
mymo _ mymg my—mo
Bg = / sup UQ(S) p2(m1—MQ)U1(5) p1(my—m3) (/ w2(y) dy)
0 s€E(t,00) s
¢ :;1( (1771711 2- "13 ; ":,3 1_7:;2
X </ o(s) ds) o(t)dt
0
and
o0 m o o0 oy
B; = / sup UQ(S) m1—p Ul(s) p1(m1—p2) / wz(y) dy
0 s€E(t,00) s
my—mo
my (mg—p2) mi1mo
t my T p2(mi—mga)
X / sup Us(y)™i—r2U;(y) Pi0mi-r2)o(s)ds o(t)dt
0 y€E(s;t)
(c-1) Let py > pa, m1 < pa and p1 < mgy. Then
C =~ Bg + By,
where . )
Uy ()P _ 1 s mg my
Bg = sup 1 L sup Ui(s) ™ (/ Uz(y) 72 wa(y) dy)
t€(0,00) gp(t)"u sE€(t,00) 0
and
U (t)i 00 1 s P1—P2
P1 mg Pl __pr1 P1P2
By= sup ——— sup (/ w2 (y) dy) (/ Ua(y)7i-72Ur(y) 71772 ua(y) dy> :
te(0,00) sp(t) m1 s€(t,00) s t
(c-ii) Let p1 > p2, m1 < py and p1 > msy. Then
C = Bio + Bi1 + Bia,
where )
(Jo Uals) 7 wn(s) ds) ™
BlO = sup 1 )
te(0,00) o(t)™
o p1—m2
1 o s mo P1—ma mo ___mg p1m2
% (7 (0 F o ) ™ 02(6) o)) as)
B = sup —
te(0,00) p(t)™
and
b1 —mo
L ) s o e :22(;}11:"}3; %) 2 e
vt | (ft Us(y) =72 Ur(y)” 772y (y) dy) (J5" waly) dy) 72 walt) dt
Bia = sup T

t€(0,00) p(t)™
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(d-i) Let po < mq < p1 < ma. Then

C = By3 + B4 + Bis,

where
t mom e »
Biz = sup (/ U(s)ds> Ui(t)" P (/ Ug(s)ffzwg(s)ds> )
te(0,00) \Jo 0
1
mipy "L1P2 moy mg
Biy = sup (/ U1 T pi(myi— PQ)O'( ) </ []2 p2 U)2 ) 5>
te(0,00)
and

mi] —P2
0 "%2 t t _m p1 lel((ji:x; mape
Bis = sup (/ wa(s) ds) / (/ Ui(y)” =72 Us(y)P1-72 ug (y) dy) o(s)ds
te(0,00) t 0 s
(d-ii) Let ps < my < mg < py. Then
C =~ B4 + Bis + Big,
where
721;1;2 S _mg s o 7})1@3”2 o pz}1_7:72/2
Big= sup ( stas) ([Tt 7 ([ v Feaan) T vl F e as
te(0,00) \Jo t 0
t my—po ma(p1—Pp2)
m1po S S 1 P p2(p1—m2)
sup ( o ) / ( R e et ) dy)
te 0,00) 0 t s

p1—m2

X (/ wa(y) dy) wa(s) ds) .

(d-iii) Let py < mg < my < p1. Then

C =~ By,
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where

my—moy
mj (ma—p3) mypmy

oo t mi—mo m.2 po pa(mi—ma) __ mip2
Byr = U2 p2 w2(s) / U1 p1(m1 P1(m1—p2) o’( ) ds U, (t) p1(m1—p2) J(t) dt
0 0

mo m1(py —m3)

oo [e'e) S m m " p1(myq—mo)
v ( / Uy(s) i ( / Us(y) 7 wa(y) dy) Us(s) 7 w(s) ds>
0 0

m1—m2
mimg

m1 (mo—p3)
my(p1—ma)

Pa(my—ma)
(/ o ) o(t)dt
0
s3] ) 77"2((”1_”2; 0o m2 p1(my—m3)
p2(p1—m3 p1—mag
+ / / / Ul Pl P2 UQ( )Pl p2 U1(y) dy) (/ ’LUQ(y) dy> ’IUQ(S) dS
0 t s

m1—m2
mimo

mq (mo—po)
ma(my —p3)

pa(my—ma)
(/ o ) o(t)dt
0
0 t P1p—11’2 pa(mq—mg)
+ / / / Uiy “Fiom Us(y )Pl P2u1( )dy) o(s)ds
0 0

mp—m2
mimo

mo

« ( /t " ws(s) ds) T () dt

The cases when either mo < py or mo > ps, m1 > p2, p1 > p2 and my > p; remain open. In the case
when my = pa, the space GI'">:P* degenerates to a classical Lorentz space of type A for which everything
is known ([25]).

The key ingredient of the proof of Theorem 1.1 is a combination of duality techniques with embedding
results for classical Lorentz spaces and estimates of optimal constants in weighted inequalities involving
iterated integral and supremum operators. Detailed analysis of separate cases leads to the need of
necessary and sufficient conditions for various, quite different in nature, inequalities, of which only some
are known. Interestingly, some of these results have been obtained only quite recently, such as [20], for
instance. Even more interestingly, some are not known at all and will appear here for the first time.

The proof can be naturally expected to be quite technical and to involve plenty of computation. There
is hardly any way to avoid it. We shall therefore do our best to simplify the notation, shorten the
formulas, and make the exposition as reader-friendly as possible.

The paper is organized as follows. In the next section we collect the necessary background material. We
intend to save the reader plenty of tedious work since the relevant results are scattered over literature with
inconsistent notation. We also characterize several inequalities involving iterated integral and supremum
operators which are not available and will also be needed in the proofs. In the last section we present
the proof of Theorem 1.1.

2. BACKGROUND MATERIAL

In this section we collect background results that will be used in the proof of the main theorem.
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We begin with the well- known duality principle in weighted Lebesgue spaces. If p € (1,00), f € M,
and v is a weight on (0, 00), then

IS f()h(t) dt
2.1 HPu(t)dt | = su —.
2.1) ([ s ) R R T —r:

Let us now recall a quantified version of classical Hardy inequalities.

Theorem 2.1 ([3, Theorem 1] and [43, Theorem 1.3.1]). Let 1 < p,q < 0o and let u,v,w be weights on
(0,00). Let

K = sup (fooo (fof f(s)u(s) ds) w(t) dt)q

1
femy (o f (t)dt)”
(a) Let 1 < p<g<oo. Then K = Ay, where

o0 % t ’ / p%
A; = sup (/ w(s) ds> </ u(s)P v(s)t =P ds) .
te(0,00) t 0

(b) Let 1 < g < p < oo. Then K = As, where

Ay = /OOO (/:o w(s) ds) f (/Ot u(s)? v(s) 7 ds) o w(t)? o(t) " dt

Theorem 2.2 ([3, Theorem 2] and [43, Theorem 1.3.2]). Let 1 < p,q < oo and let v and w be weights
n (0,00). Let

b—g
ra

Q=

e oy U U 76 )" wtt) )

femy (Jo~ f&)Po(t)dt)?
(a) Let 1 < p<g<oo. Then K =~ Ay, where

t é oo , i
A = sup (/ w(s) ds) (/ v(s)t P ds) .
te(0,00) 0 t

(b) Let 1 < g < p < oo. Then K = As, where

P—a
p(g—1) rq

Ay = /OOO (/Otw(s) ds>p% (/toov(s)l—p’ ds> T ) dt

We now turn our attention to inequalities involving supremum operators.

Theorem 2.3 ([23, Theorem 4.1(i) and Theorem 4.4]). Let 0 < p,q < co. Let u be a continuous weight

and let v, w and g be weights such that 0 < fo 8)ds < oo and 0 < fo s)ds < oo for every t € (0,00).
Let
<f0°° sup u(s)? ([ 9(v)e(y) dy)” w(t) dt)
se(t,o00
K = sup £(to0) T .
g€+ (fo g (t)dt)”

(a) Let 1 < p<g<oo. Then K =~ Ay, where

1
s [oe] q t
Al = sup sup u(s)q/ w(y) dy —|—/ sup u(y)?w(s)ds (/ o(s)” v(s)t7 ds)
te(0,00) \ s€(t,00) 0 t  y€E(s,00) 0
(b) Let 1 <p < oo and 0 < g < p. Then K =~ Ay + As, where

_a a(p—1)
o] o5} P—q t p—q
Ag = / sup u(s)? / sup  u(y)?w(s)ds </ o(s)P v(s)' ds> w(t) dt
0 s€E(t,00) t  y€E(s,00) 0
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and

p—q
a(p—1) P Pq

to= [ s wor ([ orvran) [ uas) " wioyar

One of the most important ingredients of the proof of the main theorem will be the following quantified
version of an embedding between classical Lorentz spaces in a certain particular case.

Theorem 2.4 ([25, Theorem 4.2]). Let u,v,w be weights on [0,00). Let p,q € (0,00). Assume that the
following conditions are satisfied:

o lim;, . U(t) = oo,

o I % ds < oo for every t € (0,00),

1v(s
* OU 7 ds =00

° fl s)ds = 00

Let

Q=

o U GETLOLD
TeMme ([5° far(t)Po(t) dt)?
(a) If0<p<g<ooandl<q< oo, then

=

K= A]_,
where
W(t)s
Ai = sup ( )q T
t€(0,00) (V ft v(s) ds) P
(b) If 1 < g < p < oo, then
K =~ AQ,
where
Ay = (/ > SUPye o) U<y>*%W< %vuww%“’* D J7 U)o (s) ds dt) "
2 = )
0 (V(t) t)P [ U(s)"Po(s)ds) ™" =+
() If0<p<gqg<1, then
K~ A31

where

1—g

W(t)i +U(t) (jf" W(s)ﬁw(s)U(s)*f’q ds) ’

As = sup I
te(0,00) (V ft )ds) P
(d) If0<g<1and0<q<np, then
K=~ A47
where
) . . . P(l:Q)
) /oo (W(t)qu +U(t)T« ftoo W(s)ﬁw(s)U(s)_ﬁ ds) o
4= =l X
0 (V(#)+ U [ U(s)Po(s)ds) 77

P—q

rq

x V(U )P u(t) /too U(s) Pu(s)ds dt)

We now recall characterization of a weighted inequality involving a kernel operator.
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Theorem 2.5 ([45, Theorems 1.1 and 1.2]). Let 1 < p,q < oo and let v and w be weights. Let
oo [t t q b
(fo (fo h(s) fs u(y) dy ds) w(t) dt)
K = sup

ey U5 @yt iy
(a) Let 1 < p<g<oo. Then K =~ Ay + As, where

- </>></>

1

and

7

e (o) ([ (o) v ra)

(b) Let 1 < ¢ <p<oo. Then K =~ Ag + A4, where

Ay = /OOO ((/m (/Stu(y) dy)qw(s) ds> (/Otv(s)lp’ ds)q_1> f o) dt

() (1€ [u@)dy)”y(sy-p/ds)’” AN

Now we shall present a quantified version of a weighted inequality involving a specific combination of
a supremum operator and an integral operator.

pP—gq

pq

and

Theorem 2.6 ([39, Theorem 6]). Let v and w be weights on (0,00) and let u be a continuous weight on
(0,00). Let

q

<fo sup u(s)? (fsoog(y)dy)qw(t)dt>

sE€(t,00)

K = sup
9EM (fo g (s) ds)
(a) Assume that 1 < p < q < oco. Then

=

K%Al,

where
e

1
t a o P
A = sup / sup u(y)w(s)ds (/ v(s)lfp/ ds) .
te(0,00) 0 y€e(s,t) t

(b) Assume that 1 <p < oo and 0 < g < p < oo. Then
K%A2+A3,

where
P—q
a(p—1) Pq
q

Ay = /000 sup u(s)P s W(t)7aw(t) (/toou(s)l_p/ ds) ar

s€(t,00)

and
rP—q

a(p—1) Pq

As = / sup u(s)? (/ o(y) dy) o
0 s€(t,00) s

At one stage of the proof of the main result, a reformulation of conditions on weights will be required.
This will be done through the following elementary lemma.

</ sup u(y)dw(s) ds> o w(t) dt

0 y€&(s,t)
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Lemma 2.7. Let w,u be weights. Assume that

/Ooou(t) dt = 0.

Let 0 < g < 1. Then, for every t € (0,00), one has

1—g

w4 ([ W) as) . ([ wersue Humas) T

in which the constants of equivalence depend only on q.

Proof. Fix t € (0,00). Integration by parts yields

(2.2) / W (s) 7 w( )U(s)_ﬁds

— q/t W(s)TaU(s) Tau(s)ds+ (1 — q) (;Lrgo ‘(/IJ/((yy)):q: II/I]/((;):: ) '

Therefore, we immediately have

/too W(s)Taw(s)U(s)” T ds

q

<q /too W(s)™TU ()" Tu(s) ds + (1 - q) lim W(y) P70 (y)"

Yy—0o0
Next,
lim W(y)™7U(y) ™5 < sup W(y)TaU(y) T
Yy—00 t<y<oco
— 1 s Wy ﬁ/ U(s)" 7 u(s) ds
qt<y<oo

<L sup/ W(s) ™7 U ()" ™ruls) ds

t<y<oo
- l%q/t W(s) ™3 U (s) T u(s) ds.
Altogether, we obtain
(2.3) / W (s)Taw(s)U(s)” Ta ds < 2q/ W(s)TaU(s)" Tau(s) ds.
t t

We also have

W)™ = W)™ U(t)TaU(t) ™7
= () U @) /too U(s)"m7u(s) ds

eyt /too W(s)lﬁqu(s)fl%qu(s) ds.

Raising the inequality to %, we get

24 Wit < (50 T U ( /too W (s) ™7 U (5)" T u(s) ds)l_qq

Altogether, (2.3) and (2.4) imply

1— 1—gq

< C,U(t) (/t W(s)l—qu(s)—l—lqu(s)ds> ’

2

Wi+ 00 ([ W) )

in which
1—q
1—q

Cq= (%)T +(29) 7 .

11
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Conversely, by (2.2) again, we have

| weomUe ) ds

< %/t W(S)l%qw(s)U(s)fﬁ ds + (l%qq)l%q I(/I]/((tt));;:

Raising this estimate to % and multiplying it by U(t), we obtain

1—gq

(/ W (s qu)lqu()d>q

<(}) ) (/t W (s) ™5 w(s)U(s)" ™ ds) T (5) .

The proof is complete. O

We finish this section with two theorems in which we characterize weighted inequalities involving
iteration of two integral operators.

Theorem 2.8. Assume that p,q,m € (1,00) and ¢ < m. Let u,v,w be weights on (0,00). Let

1

(J5™ U7 U 9tw) do) "t ds) ¥ (e at) ™
K = sup ) )

geM (fo‘x’ g(s)Pv(s)ds

(a) Let 1 < p < g <oo. Then

=

K%Ala

g ([ ([ (o) o)

(b) Let 1 < g<p<oo and p<m. Then

where

m

K~ A+ Ay,
where

p(g—1) Prq 1

Ay = S /too (/oo u(y) dy>ppq (/Oo v(y)' " dy) T () ds (/Otw(S)dS)m~

(¢) Let 1 <g<p<ooandm <p. Then

K~ Az + Ay,
where
w [ oo ) o e - =y -
s=| (] (/ u@my)pq (/ v@)“ﬁ’dy) T () ds W (s)72% w(s) ds
0 t s s
and

Ay = /0oo (/too o(s)1=" ds) e (/Ot (/f u(y) dy> : w(s) ds> T

Proof. We first observe that, by (2.1), one has
1
K = sup sup (o h() f7 (S 9(y) dy)q u(s)dsdt)*

9EM NEML (12 (b (5) ds) ? ( Jo~ h(s) 5w (s) "7 dS) -
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Interchanging suprema and using the Fubini theorem, we obtain

(2.5) K = sup 1 _ (o (g dy) fo dtu( )ds)

hedmy (fooo h(s)ﬁw(s)_%—q ds) e g€m+ (fo ds)

Let 1 < p < ¢ < oo. Then, by Theorem 2.2(a), we get

(s~ (S dy) fo () di(s)ds)* Sup)< /Otu@ /Osh@)dyds)é(/fwp'ds)

geEM (fo ds) t€(0,00

1
q

e

Plugging this to (2.5), we get

1
o7

sup (f s) Jy h( dyds) (ft y1-p ds)

t€(0,00)

/X sup ey
e (J= n(s) () ) ™

Now we interchange the suprema again, apply the Fubini theorem and raise all the expressions to q. We

obtain
> ’ & th t d d
K%z sup (/ v(s)l—P ds) sup fo (S)fs u(y) dy ds .
t€(0,00) hem (fooo h(s)m’zqw(s)—mzq ds) ™

By (2.1), this yields K & A;, proving the assertion in the case (a).

Let now 1 < ¢ < p < co. Then, by Theorem 2.1(b), we have

(fooo (fot u(s) f h(y )dyds) (ft yL-p ds)% v(t)kpl dt)

K% sup o
hemy (fooo h(s)m-aw(s) 7 ds) "
Consequently, by the Fubini theorem,
L , pla—=1) , %
(157 (800 1w as) 7 (17 s+ ) sty )
K?%= sup o .
e ( I3 h(s) P w(s) "7 ds)

Now, in the case (b) the assertion follows from Theorem 2.5(a) and in the case (c) from Theorem 2.5(b).
O

Theorem 2.9. Assume that m,p,q € (1,00) and let u,v,w and o be weights on (0,00). Assume that
q <m. Let

m

(5= U7 s 9at) dy) " uls) ds) © () dt)
K = sup - .
gEM 4 (fooo g(s)Po(s) ds) »

(a) If p < g < m, then

h= tes(g;;o) Ok (/Oou ) </0t o(s)? v(s) 7 ds> :
" e0m0) (/ (/ ) ) w(s) ds) ’ ( / o(s) ul) d5> "
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(b) If ¢ < p < m, then

1
m

o, ([ ([ o) 0w ([ o)

_p_ s P(qf—ql) %
w s Wk ([ ([Tuwan)” ([ a) T s
t€(0,00) t s 0
(¢c) If g <m < p, then
) t m}fﬁ;l) oo oo % pinm 00 % p,;;"
K=~ / </ o(s)P v(s)tP ds> </ (/ u(y) dy> w(s) ds) (/ u(y) dy) w(t)dt
0 0 t s t
m(p—q) P%,;”
00 00 00 ﬁ s p;qqu) q(p—m)
LT ) (o) T el o s ) wre d
0 t s 0
Proof. The proof can be done in the same way as that of Theorem 2.8. O

We note that the assertion of Theorem 2.9 can be also extracted from [22], where however the charac-
terizing conditions are formulated in modified way and where a completely different proof is presented.
3. PROOF OF THE MAIN RESULT

Proof of Theorem 1.1. As the first step of our analysis we will express the value of C' in a modified way.
For every fixed g € M, set

(S5m0 ua(t) f;° g(s) ds dt)

Alg) = sup e T
P (T ) F w0 (07 dr) ™
where we apply the notation introduced in (1.4). We claim that

e
(3.1) C = sup (9)7 T
M (22 gt T () dt)

Indeed, fix f € 9. Since % > 1, we can apply (2.1) to p = 22 and v = wy. Then p’ = —22— and

! P P2 m2—p2
_ — 2
1—-p = pr—— and so we get

1

mo

</ (/ Pl )ZL; el dt) = sup (fooo m{o p2u2p2)d8dt)m22fv2.

= (fo g(s)m2=rzwy(s)” ™27z ds) e

By the Fubini theorem, this turns into

mo.

</ (/ J7(s)ua(s ) wz(t)dt>m2= sup (o f m’:uz s) fsoogpit)dtdsr)nfw.

geEM 4 (fooog(s)mrm w2(8)7m2*p2 ds) map2

Plugging this into (1.6), we get

1 $)P2us( g(t) dt ds) P2
C = sup - Sup (fo d f 2@ P2

fem (f (f F(s)Prun ( )ds)mTl (1) dt) e (f0°° g(s) ™27 wy(s) "7 dS)W
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On interchanging suprema, this yields

1 (22 £ (s)P2us(s) [ g(t) dt ds) 7

C = sup ma_pg SUP my T

geM (fooo g(s) r— w2(5)_m2"73m ds) mare e (f (f fr(s)Prua( )ds) ") dt) "

Now, for a change, fix g € M. Given f € M, set h = |f|PL. Then f* = (h *) , and we have

sup Lo () ua(s) . gm (t) dt ds) 2 . (S5m0 wat) [ g dsdt)

fem [ o L WL REM (00 L T m NmE
) (fo (Jo 7 (@)prn(s) ds) w1(t)dt) (7 e () 7w (0 ()51 )

The quantity on the right-hand side now equals A(g)ﬁ. This establishes (3.1).
We next observe that, for every fixed g € 9, one has

(Jo° h*(t)9w(t) dt)

Q=

A(g) = sup = T
REM ([T hyr(t)pu(t) dt) T
with
(3.2) p="ta=72
and
(3.3) w(t) = ug(t)/t g(s)ds, v(t) = Ul(t)%lwl(t), u(t) = ui(t), t € (0,00).

Now, the quantity A(g) can be equivalently evaluated in terms of parameters p, ¢ and weights u, v, w via
Theorem 2.4 (we note that the assumptions of that theorem are fulfilled). However, the expressions in
cases (c) and (d) are not in a satisfactory form and we have to modify them through Lemma 2.7. The
reason will become apparent soon - roughly speaking, we need to get rid of all the expressions that involve
w and have to replace them by those involving W instead. Thus, by Lemma 2.7, we get

(¢)if 0 < p<gqg<1,then
1—q

. )T U (s)” ﬁfqu(s)ds ’
s~y LOUTY )
te(0,00) (V ft )ds)

and
(d)if0<g<1and 0 < q< p, then

p(g—1) %
o U(t)7-a TPV (1) 14U au(s)ds) " [CU(s)Pu(s)ds
o= [ ()7 (ft On <>) +1f,f (5) Pols)ds
0 (V) + U@ [ZU(s)Pu(s)ds) 7@

Our next step is “translation” of expressions characterizing A(g) in cases (a)-(d) into the language of
the parameters and weights occurring in Theorem 1.1 via (3.2) and (3.3). These expressions depend on
g in a somewhat concealed way, namely through the weight w. It will be useful to note that

o(t) = V(1) + U /t " U(s)-Pu(s) ds

and

We obtain the following reformulations of A(g):
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(a) if p1 < pa and my < pa, then

P1

(fJ 9(s)Us(s) ds + Us(t) [~ g(s) ds) ”

A(g) =~ sup o ,
t€(0,00) Qp(t) my
(b) if p1 < py and my > po, then
, py(my—p3)
oo S oo i m1p2
___mipy 173
Alg) ~ ( / s U(s) 7O ( | swtawdy+a6s) [ gtw) dy) o(t) dt) ,
0 se(t,o0 0 s
(¢) if p1 > po and my < po, then
» - p1-p2
(1) (7 (J 9 T2 () dy + Ua(s) [° g(y) dy) 7 U (s) "7 7 (s)ds) "
Ag) = sup N ;
t€(0,00) p(t)™
and
(d) if p; > p2 and my > po, then
p1(m1—p2)
m1(p1—p2) mipg

Ao~ [ ( A ( [ st ay+vas) [~ ot dy) A e T (o) ds> " @

Now, let us introduce an abbreviated notation. We will write, for g € 901,

o mo—py
» 2
ot = ([ sty = )
0
and set
P2
A P1
D = sup (g)
gem, |9l
Then, by (3.1),
C ~ Dbz,

It follows from the above estimates that
(a) if p1 < pa and my < pa, then D & Dy + Dy, where

t
1 5)Ua(s) ds

Dy = sup — sup M
gems 19l teo.0)  (t)

and
1 Us(t) [ g(s)ds
Dy = sup — sup M—i(),
gem, 191l te(0,00) p(t) ™

(b) if p1 < py and my > ps, then D = D3 + Dy, where

my my -2
1 o0 g s ey 1
D3 = sup — / sup Uj(s) PT(mi ~p2) </ 9(y)Us(y) dy> ’ o(t)dt ,
gEM 4 ”g” 0  s€(t,00) 0
and
my miry
]_ oo _ m1po mq oo m1—Pp2 "
Dy = sup — / sup Up(s) ritmi=r2) Uy(s)m™1-r2 </ 9(y) dy> o(t)dt ,
geEM 4 HgH 0 s€(t,00) s
(c) if p1 > po and mq < po, then D = D5 + Dg, where
>3 oo s AL — P11 %
U5 ([ (3 o0)Ua(y) dy) 757 U (s) 7253 (s) ds )

Ds = sup — sup Pl ’
geM | 9l te(0,00) p(t)m
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and
P2 00 0o Pl — P %
UL ()7 ([ (Ua(s) [ gly) dy) 7 Us(s) 7 7w (s) ds
Dg = sup — sup 51 )
geEM | lgll te(0,00) o(t)™
(d) if p1 > p2 and my > po, then D ~ D7 4+ Dg, where
m1q(p1—p2) L
1 0o 0o s 1711%172 ” Pll(mifpi) "
D; = sup — / / (/ g(y)Ua(y) dy) Ui(s) mi-r2uy(s)ds o(t)dt
geEM llgll 0 t 0
and
m1—Pp2

m1(p1—=p2) m

1 oo o 0o 1’1l)+1’2’ o p1(m1—p2)
Dg= sup — / / (Ug(s) / 9(y) dy) Ui(s) mi—r2uy(s)ds o(t)dt
gEM ¢ ||g|| 0 t s

Our final task is to establish two-sided estimates for D1—Dg. We shall treat each case separately.

Case (a). Assume that m; < ps and p; < ps. Interchanging the suprema, we have

t
1 Us(s)d
Dy = sup py S fo 9(5)Ua(s) S.
te(0,00) (t)™r g€M4 lgll
We now fix ¢ € (0,00) and apply (2.1) to
m
p=—, f= UaX(0,t) and v = ws.

P2

We then arrive at

P2
1 ¢ my ma
Dl = Ssup — P2 (/ UQ(S) P22 U)Q(S) dS) .
1 0

te(0,00) @(t) m

Similarly,
Us(t > g(s) ds
Dy = sup 2<p)2 sup Ji90s) .
te(0,00) p(t)m gemy |9l
Using (2.1) with a fixed ¢ € (0, 00) once again, this time to
m
p= 727 f = X(t,00) and v = w2,
b2
we get

P2

Dy = sup Uz(i)z (/ wa(s) ds> "
te(0,00) (t)mr \Jt

Taking the po-roots, we get the assertion of the theorem in case (a).

Case (b). Assume that m; > ps and p; < py. To characterize D3 and Dy, we have to distinguish two
subcases depending on the comparison of m; and ms.

Case (b-i). Assume that m; < mg. Then, by Theorem 2.3(a), applied to

mao mq -2 *mmf ~To—70 2
= e q=— P u=U ", v=U, ™ Pw, ™™, p=U; andw=o,
2 — P2 1= P2
we arrive at
m]—pP2
_p2_m s o _p2_m "
D3 ~ sup sup Up(s) p1mi-r2 o(y)dy + sup Ui(y) mrmi-r20(s)ds X
t€(0,00) \ s€(t,50) 0 ¢ ye(s,00)

t e
X (/ Us(s) v wa(s) ds) .
0
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By monotonicity of Uy, we get

m3 —p2

p2 mi s o0 p2 mi i

Ds~ sup sup Up(s) = ’"1*1’2/ a(y)dy+/ Ui(s)  prmi-r2o(s)ds X
t€(0,00) \ s€(t,00) 0 t

x (/Ot Ug(s)*}fw(s)ds>%.

By the subadditivity of the supremum, one has, for a fixed ¢ € (0, 00),

sup Uy(s) 7 m-m / o(y) dy + / Ui(y)” 7 m-m o (y) dy
0 t

SE(t,00)

~ sup (U1<s>‘ifmi”vz / o(y) dy + / Uﬂy)‘ifml”pw(y)dy)
0 s

SE(t,00)

p2 _mj _Pp2__ ™

= sup / Inin{Ul(y)_H’"1—P27U1(s) lerm}a(y)dy.
yJo

s€(t,00

Using the monotonicity of U; once again, we conclude that the last expression is decreasing in s € (0, 00).
Hence,

Py _mg

_ b2 mj S o0 _ P2
sup Un(s) Bt / o(y) dy + / Uy (y) "B 25 o (y) dy
0 t

SE(t,00)

_p2__mg

o [T min () R 00 B o) dy
0

P2 mi

t [o'e) m
= Uy(t) i / oly)dy + / Us(s)” 7 ™ 720 (s) ds.
0 t

Altogether,

N ¢ o vy m bz t . £
Dy~ sup (U1<t>‘pfmlpz / o(y) dy + / Ul(srv?mlpza(s)ds) ( / Us(s) v5w2<s>ds)
te(0,00) 0 t 0

Further, by Theorem 2.6(a), applied to

o

3

2

mao mq _% _7n2pzp2
p:m2_p2,q:ml_pz,u:UgU1 , V= Wy and w = o,

we get

m1—p2

P2

t mp my o) ma
Dy~ sup / sup Us(y) ™27 Uy (y) 700525 o (s) ds ( / w2<s>ds) .
te(0,00) 0 yeE(s,t) t

Combining all the estimates obtained and taking the roots we establish the assertion of the theorem in
the case (b-i).

Case (b-ii). Assume now that m; > my (while still m; > ps and p; < p2). By Theorem 2.3(b),
applied to

mo m _ P2 mo po

p=—"", g=——, u=U; ", v=U, ™ Pw,™ ™, p=U; and w=o,
mg — P2 m1 — P2

and observing that this time 1 < ¢ < p < oo, we get

D3 ~ D31 + D3o,
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where

0 [0y _m s m

D3 = / / Ul(s) Py m1—p2 g(s) ds U1(t) pL m1-p2
0 t
m pa(my1—ma)
t 7712 7774171P2 ’77L1’77L2
X (/ Us(s) P2 wa(s) ds) o(t)dt
0
and
g (o —pa) p2(my—mg)
> ___mymg s mo mlnilmz t le(mlam;) e
D= [ s it 75 ([T Fuma) " ([ aas) o(t) dt
0 s€(t,00) 0 0
By Theorem 2.6(b), applied to
m m b2 ___P2
b= 2 y 4= ! au:U2U1p1,U:w2n127p2 and w =0
mo — P2 mi — p2
we obtain
Dy =~ Dy1 + Dy,
where
o0 myimo _ mymg S mlmflmz
Dy = / sup UQ(S) pa(mi—m3) Ul(S) p1(m1—m3) / wg(y) dy
0 s€(t,00) s
po(mq—mo)
: PRt S
X (/ o(s) ds) o(t)dt

0

and

my

D42:< [ s () () ( / w2<y>dy)’"“’”
0 S

s€(t,00)
pa(my —ms)
mq (mo—p2) mimo
t my mi1pa p2(my—m2)
X / sup Us(y)™i—r2U;(y) Pitmi-r2ig(s)ds o(t)dt
0 y€E(s,t)

Combining the estimates and taking the roots, we obtain the assertion of the theorem in the case (b-ii).

Case (c). Assume that m; < ps and p; > po. We start by interchanging the suprema in the definition
of D5 and Dg. We get

P1—P2

Ui(t)m (f{” (2 g(u)Us(y) dy) 7 Uy(s)” 755 uy (s) ds) m

t€(0,00) go(t)’% geEM gl

and
o o) 00 P% P1 __ P2 %
nE U7 0) d) T Ua(o) U () (s) ds)
D¢ = sup —5— sup
te(0,00) p(t) ™1 geMy gll

We will distinguish two subcases. This time, the decisive factor is the comparison between p; and ps.

Case (c-i). Assume that p; < mo (while still m; < py and p; > pg). Fix t € (0,00). Applying
Theorem 2.1(a) to the parameters
m2 h

y 4=
ma — P2 P1 — P2
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and the weights

b2 p

u="Us, v=w, "2 " and w(s)= Ul(s)fplflw u1(8)X(t,00)(s)s S € (0,00),

we get
P b1 —p2
_p1 T
(f (fo dy) o Ui(s)" mi—r2uy(s) ds)
sup
gEM . gl
e __p % S my :?2
/A sup (/ Uq (y) p1—p2 ul(y)x(tm)(y) dy) (/ UZ(Z/) P2 ’LUQ(y) dy) .
s€(0,00) s 0
Since

p1—-P2 P2

up < [ ) @i ) dy) ( | 020 usto) dy>

s€(0,00 s 0

= Inax{ sup (/ Ul(y)_m’—lpz u1(y) dy) (/ Us(y) v wa(y) dy> ;
s€(0,t) \Jt 0
sup (/ Us(y) 77w (y >dy> (/ Uz(y)”wz(y)dy) }
sEtoo s 0

— s (/ Ur ()" 7255 un (y )dy) (/ U2<y>p3w2<y>dy> 7

sE(t,00) 0

calculating the first integral we finally arrive at

P1—DP2
(5 U5 9l ) 7% 04 (5) 7w (s)ds) ™ wl 5
up < sw 0o F ([0 F )
gEM 4 ||9|| s€E(t,00) 0
Similarly, by Theorem 2.2(a), applied to
— P2 Py __>r
p= =P TR and w(s) = Ua(s) A () R wa(s) e 8 € (0.50)
we get
p1 » » P1—P2
(S () gy) dy) 77 Un() 55 Uy ()" 7w (s) ds)
sup ~
e gl

s P11 —P2 ) P2
_n __P P1 mo
~ s(up)( [ nwmmw) wm(y)dy) ( / wz(y)dy> .
se(t,o00 t s

The obtained estimates hold for every fixed ¢ € (0,00). Hence, plugging them into the definitions of Dj
and Dg, we get

P2 P2

Uy (t)? _p2 s my m
Ds ~ sup i )Lzl sup Uy(s) (/ Us(y) 7 wa(y) dy) :
te(0,00) (p(t) my s€(t,00) 0

and

P2 Pl —P2 p2
Uy (t)» 71 > ™2

Dg =~ sup L (/ Ua(y pl 7z Ui(y)~ 7o Pirz g (y )dy> (/ wa(y) dy) .

te(0,00) (p( )7"1 se(t oo) s

Combining the estimates and taking the roots, we get the assertions of the theorem in case (c-i).
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Case (c-ii). Assume that p; < mq (and m; < ps and p; > pe remain in power). By Theorem 2.1(b),
applied to the same set of parameters as in the case (c-i), we obtain

P2

(fot Uz(s)ngwg(s) ds) 2
D5 ~ sup STN
t€(0,00) Sﬁ(t) m1
mo p2(p1—ma)
b2 s} s ma pL—mg mo. __mg p1mo
Up(t)™ (ft (fo Us(y) 7 wa(y) dy) Us(s) 72 wa(s)Uy (s) " 712 ds)
+ sup =
tE(0,00) Sp(t) my

By Theorem 2.2(b), again applied to the same array of parameters as in the case (c-i), we get

p2(p1—m2)
ma(p1—p2) p1m2
Pl

()7 (ff" ()7 Ta) 77 U ()7 wn ) dy) = ([ waly) dy) T () dt)

Dg ~ sup
te(0,00) (p(t) my

Case (d). Assume that m; > py and p; > ps. Here we shall distinguish three subcases.
Case (d-i). Assume that po < my < p; < ma.

By Theorem 2.9(a), applied to

m m P __ P2
=2 , 4= 1 , m= ! ,o0=Us, w=0, u=U; "y and v = w, "7,
ma — P2 p1 —Dp2 m1 — P2
we get
mq—p P
t e s ¢ - s
D7~ sup o(s)ds Ui(t) m Us(s) P2 wa(s)ds
te(0,00) \Jo 0
0o m1—py . P2
___mipy m my m3
+ sup (/ Ui(s)” rrtmi=r2) g(s) ds) (/ Us(s) P2 wo(s) ds)
te(0,00) t 0
By Theorem 2.8(a), applied to
m m Pl __P1 _ P2
_ 2 . q= p1 ,m= 1 . w=o, u:U2p1—P2U1 PLTPZ g v =w, RN
ma — P2 P1— P2 my — p2
we get
my(p1—p2) minizpz

o N

o0 B t t __p1 p1 p1(m1-p2)
e sw ([Tuas) [ ([ v v ) o(s) ds
te(0,00) t 0 s

The assertion of the theorem in the case (d-i) now follows by the usual combination of estimates and
taking the roots.
Case (d-ii). Assume that ps < m; < ma < p1.

We follow the same line of argument as in case (d-i), applying this time Theorem 2.9(b) to evaluate
D7 and Theorem 2.8(b) to evaluate Dsg.
Case (d-iii). Assume that ps < ms < m; < p;.

Again, the assertion can be proved as in the case (d-i). This time we use Theorem 2.9(c) for D7 and
Theorem 2.8(c) for Ds.
The proof of the theorem is complete. O
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