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INTEGRAL EQUATIONS METHOD AND THE TRANSMISSION
PROBLEM FOR THE STOKES SYSTEM

D. MEDKOVA?

ABSTRACT. The transmission problem for the Stokes system is studied: Avy =
Vpy, Vevey =0in Gy, vy —v_ =g, a;T(vy,pr)n —a_T(v_,p_)n = f on
0G .. Here G, C R? is a bounded open set with Lipschitz boundary and G_ is
the corresponding complementary open set. Using the integral equation method we
study the problem in homogeneous Sobolev spaces. Under assumption that 0G
is of class €! we study this problem also in Besov spaces and L9-solutions of the
problem. We show the unique solvability of the problem. Moreover, we solve the
corresponding boundary integral equations by the successive approximation method.

1. INTRODUCTION

The transmission problem is a very important problem and there are lots of papers
devoted to this topic (see for example [18], [39], [2], [7], [38], [10]). This problem
occurs in the case of contact of two media with different material constants. Very
fruitful is to study this problem using the integral equation method (see [4], [35], [12],
[11], [13], [34], [5]). Many papers study the Brinkman transmission problem and the
Stokes—Brinkman transmission problem by the integral equation method (|21], [22],
[23], [25], [20], [24]). The transmission problem for the Stokes system was studied by
the integral equation method in [3], [36]. The following transmission problem was
studied:

(1.1) Avy =Vpy in Gy, V-vi=0 in Gy,

(1.2) vi—v_=g, aT(vi,py)n—a T(v_,p-)n=1Ff on JG.

(1.3)  vo(x) = O(|x|™), Vv_(x) = O(]x|7*), p-(x) = O(]x|*) as [x] — o0.
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Here G = G, C R? is a bounded open set with Lipschitz boundary 0G, G_ :=
R3\ clG its complement with 0G_ = 0G, where cl G, denotes the closure of G
and OG the boundary of G, n = n® is the outward unit normal of G, a,, a_ are
positive constants, and

T(v,p) = oVv — pl

is the stress tensor. Here I denotes the identity matrix and
A 1 T
Vv = i[Vv +(Vv)']

is the strain tensor, with (Vv)T as the matrix transposed to Vv = (9vx), (k,j =
1,2,3), and V-v = 0yv1+0,v2+03v3 denotes the divergence of v. For 1 < ¢ < 2andf €
LY(09Q, R?) and g € W09, R®) it was shown that there exists a unique L%solution
of the transmission problem (1.1), (1.2), (1.3). It means that the nontangential
maximal functions of vy, Vvy and p1 are in L(0€2) and the transmission conditions
(1.2) are satisfied in the sense of the nontangential limit. (See [36], Theorem 9.2.1.)

The integral equation method is a basis of calculation of a solution of the problem
by the boundary element method (see [14], [17], [43], [40]). The famous article [44]
studies the Neumann problem for elliptic systems by the integral equation method.
O. Steinbach and W. L. Wendland looked for a solution in the form of a single layer
potential. They proved that the corresponding integral equation can be solved by the
successive approximation. The goal of this paper is to prove a similar result for the
transmission problem for the Stokes system.

First we study a solution vi € W'“3(Gy, R?), px € L*(G+) of the problem
(1.1), (1.2) for G4 with Lipschitz boundary. Here the homogeneous Sobolev space
W12(Gy) is defined by W'2(G1) = {u € L9(G1);0;u € L*(Gy)}. (It is well
known that the study of the problem in the standard Sobolev space W12?(G1) =
{u € L*(G4);0;u € L*(G4)} failes. Remark that W'?(G4) is a dense subspace of
W12(Gy), and W2(GL) = WH(G,), WH(G_) # W2(G_).) We show that the

transmission problem is uniquely solvable and

(1.4) vi = Dgg + EgV¥, p+ = lgg + Q¥
with
(1.5) ¥ =T(v,prn—T(v_,p-)n.

Here (Dgg,I1gg) is the hydrodynamical double layer potential with density g and
(Eq¥,QsW¥) is the hydrodynamical single layer potential with the density ¥. So, it
is enough to calculate W. The density W satisfies the integral equation

2(ay —a-
(1.6) ‘PzMKé\I’—{—

(ay +a_) F

a++a_
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(for the definition of the operator K, see §3; for the definition of F see §5). We show
that this equation is uniquely solvable. If ¥, € H1/2(0G, R?) is fixed
2(ay —a_) 2

KWy +
(a;+a ) ¢ "' T a +a

(1.7) v, = F

Y

then ¥, — ¥ and

195 — 1206,y < Co* (I1Wollz-1206,m0) + I F 1206, m))

where

(1.8) o = max(ara)
ay +a_
and a constant C' depends only on G, a, and a_.
Under the assumption that G is of class €' and 1 < ¢ < oo we study an L%-solution

of the transmission problem (1.1), (1.2) accomplished with the condition
(1.9) v_(x) =0, p_(x)—0 as |x| — oo

instead of the rather artificial condition (1.3). We show the unique solvability of the
problem and the representation (1.4), (1.5). The density ¥ € LI(0G, R?) is a unique
solution of the equation (1.6). If ¥, € LG, R?) is fixed and W, is given by (1.7),
then ¥, — ¥ and

| ¥, — ¥ Laoc,r3) < Cak<||‘PO||Lq(8G,R3) + ||F||Lq(8G,R3)>7

where « is given by (1.8) and a constant C' depends only on G, a4, a_ and q.
Under the assumption that OG is of class €' and 0 < s < 1, 1 < ¢,t < oo we study
a solution of the transmission problem (1.1), (1.2), (1.9) in Besov space, i.e. for f €

Bg’fl(aG,tRS), g € B (G, R®) we look for vy € BY.,, (G, R®), p, € BZ.,, (Gy),
v_ € B?

Tr1/g(G= N B(0;r),R?), p_ € Bsqfl/q_l(G_ N B(0;r)) for all » > 0. (Here
B(x;r) ={y € R3;|x —y| < r}.) We show the unique solvability of the problem and
the representation (1.4), (1.5). The density ¥ € B%', (G, R®) is a unique solution
of the equation (1.6). If ¥y, € B?' (0G, R?) is fixed and ¥}, is given by (1.7), then
¥, — ¥ and

¥k — ‘I’||Bgf1(aG,R3) < Cak<||‘1’0||Bgf1(aG,R3) + ||F||Bg’_t1(8G,R3)>7

where « is given by (1.8) and a constant C' depends only on G, a4, a_, s, q, t.
Under the assumption that G is of class €' and 1 < ¢ < co we study a solution
of the transmission problem (1.1), (1.2), (1.9) such that v. € DY(G.), p € LY(Gy),
where the homogeneous Sobolev space is defined by D™(G4) = {u; dju € L1(G4)}.
First, we show that such solution is a solution in a Besov space, i.e. v, € B! (G, R?),
py € BY(Gy), v_ € BFY(G_n B(0;r),R?), p- € B¥(G_ N B(0;r)) for all r > 0.
So, we have the representation (1.4), (1.5). The density ¥ € W~Y%9(9G, R3) =
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B, (0G, R3) is a unique solution of the equation (1.6). If ¥, € W~Y%9(9G, R?) is

fixed and Wy, is given by (1.7), then ¥; — ¥ and

195 = @l 006,29 < C* (1Wollw-s/aa06,9) + 1 lw—vssgoc o )

where « is given by (1.8) and a constant C' depends only on G, ay, a_ and ¢q. A
more complicated problem is the solvability of the problem. If 3/2 < ¢ < oo then
the problem (1.1), (1.2), (1.9) is uniquely solvable. If 1 < ¢ < 3/2 then the problem
(1.1), (1.2), (1.9) is solvable if and only if (f,c) = 0 for each constant vector ¢ and a
solution is unique.

2. FORMULATION OF THE PROBLEM

We shall study the transmission problem (1.1), (1.2). Instead of the artificial
condition (1.3) we use a more natural condition.

First we define a scale of strong solutions (i.e. L%-solutions). Let Q be an open
set with Lipschitz boundary. If x € 02, a > 0 denote the non-tangential approach
regions of opening a at the point x by

M(x) = {y € O |x —y| < (1 +a)dist(y,0Q)}.

If now v is a vector function defined in €2 we denote the non-tangential maximal
function of v on 02 by

vo(x) = sup{|[v(y)l;y € T3 (x)}.
If x € 09, I'(x) = I'}(x) then

v(ix)= lim  v(y)
y — X
y € I'(x)

is the non-tangential limit of v with respect to (2 at x.

Let now 1 < ¢ < oo, f € LYOG, R?), g € WH(0G, R?). We say that vi, py
defined on G is an Li-solution of the transmission problem (1.1), (1.2), (1.9) if
vy, py satisfy (1.1) and (1.9); (Vvy)*, pi, vi are from LYOG, RY); for almost all
x € OG there exist the non-tangential limits of vi., Vvy and py at x and the condition
(1.2) is fulfilled in the sense of the nontangential limit a.e. on 0G.

Now we formulate a weak solution vy € W'2?(G4, R®), p+ € L*(G<) in the homo-
geneous Sobolev space for f € H~'/2(0G, R?), g € HY?(0G, R?).

Denote by D'?(R?) the space of all functions u € L7 (R?) such that 0;u € L*(R?)

in the sense of distributions for each j = 1,2,3. Then DY?(R?) is a Banach space
with the norm

[ullz12(rs) = /Iul2 dﬂfm+/|Vu|2 dH
G R3
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(see [30], §1.5.3). Denote by C°(R?) the space of all infinitely differentiable functions
in R® with compact support. Denote by W2(R3) the closure of €°(R?) in DV?(R?).
The space D“2(R3) is the direct sum of W12(R?) and the space of constant functions
(see [8], p. 155). If we put

||u||W1v2(R3) = ||VU||L2(R3),

then this norm is equivalent with the norm induced from D*?(R?) (see [30], §1.5.2 and
[30], §1.5.3). According to [26], Lemma 2.2 we have W2(R3) = {u € LY(R?); Vu €
L?(R%; R*)}. For an open set Q denote by W2(Q) the space of restrictions of functions
from W'2(R?) onto Q. Denote

HUHWL?(Q) = inf{HvHW1,z(R3); v =wu on Q}.

Then W2(Q) is a Banach space. If  is a bounded open set with Lipschitz boundary
then W12(Q) = H'(Q) and both norms are equivalent. If Q is an unbounded domain
with compact Lipschitz boundary then ||Vul|z2(q) is an equivalent norm in W12(().
According to [6], Chapter XI, Part B, §1 we have W2(Q) = {u; d;u € L*(2), u(z)(1+
[x|*)=1/* € L2(Q)}.

Using weak characterizations of the Neumann boundary condition for the Stokes
system in G, and in G_ (see [32]) and the fact that n®~ = —n%+ we give a weak
formulation of the transmission problem for the Stokes system (1.1), (1.2):

Let g € H'/2(0G,R?), f € HY2(0G,R?). We say that vo € WY(Gy, R?),
p+ € L*(G4, RY) is a weak solution of the transmission problem for the Stokes system
(1.1), (1.2) if V-ve =0, v —v_ =g on IG in the sense of traces and

ay /(2%+ VW —p(V-w)) dHs +a_ /(Nv_ VW —p_(V-w)) dHs = (£, w)
G+ G_

for all w € W“2(R®, R?).

3. THE SURFACE POTENTIALS

The aim of this section is to assemble some basic facts on hydrodynamical potentials.
For x € R?, and j,k = 1,2, 3 define

Epp(x) = — [ﬁﬁ“] Qulx) = —~

“er | X xP ~ dnfxP

If ¥ is a vector function (or distribution) supported on OG define the hydrodynam-
ical single layer potential with density ¥ by

3. (Ea®)(x) = (¥, Blx — ) = [ Bx—y)¥(y) dI(y)
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and the corresponding pressure by

(3.2) (Qe)(x) = (¥, Qx — ) /@x ¥)(y) dHa(y).

Then Eq® € C®(R?\ dG, R%), Qu¥ € (JOO(R?’ \ 8G, RY), VQo¥ — AEcW = 0,
V- Eq® =0 in R*\ 0G. We have the following decay behavior as |x| — oo:

Ec¥(x) = O(]x|™"),

Qc¥(x), [(VEc®)(x)| = O(|x|7?).

If ¥ € LY0G, R®), 1 < q < oo then EgW¥(x) makes sense for almost all x € G and
E¢¥(x) is the non-tangential limit of E¢W (see [29], Corollary 3.3). The nontangential
maximal function of EqW¥, VEqW¥, QgW¥ with respect to G, and G_ is in L1(0G)
(see [19], Lemma 2.1.4). Moreover, E¢ is a bounded linear operator from L?(0G) to
Wh(0G) (see [29], Corollary 3.3) and Eq® € WH(G, R?), Qc¥ € LY(G) (see |29],
Theorem 4.4).

If 0 < s <1land 1l < ¢q,t < oo then Eg is a bounded linear operator from
B (09, R?) to B, , (Q) and Qg is a bounded linear operator form B%*, (99, R?) to

s+1/q
B! Jﬁl 1q-1(82) (see [29], Theorem 4.4). Moreover, Eg is a bounded linear operator from

B (09, R?) to BYY(09) and EgW is the trace of EgW¥ (see [29], Proposition 4.5). In
particular, if s # 1—1/q then Eg is a bounded linear operator from W*=14(9G, R?) =
B% (0G, R®) to Wstl/aa(G R3) = B, (G, R?); and Qg is a bounded linear oper-

ator from W*~19(9G, R?) = B, (0G, R?) to Wst'/a14(G) = B®% ~ (G). By the

s+1/¢—1
interpolation argument we obtain this result also for s = 1 — 1/q (see [1], p. 248

and [41], Chapter 5, Theorem 5). If ¥ € H~'/2(9G, R*) = W~1/22(3G, R?) then the
behavior at infinity gives Eq® € WH2(R3 R?), QoW € L*(R3, R').
Remark that

(3.3) Een®=0in R}, Qen®=—-1inG;, Qe =0inG_

(see for example [42], §3.2).

Now we define a hydrodynamical double layer potential. Fix y € 0G such that
there is the unit outward normal n®(y) of G at y. For x € R*\ {y}, j, k € {1,2,3}
put

Kiy) = L= —ly =) 20)
¢ 1 (yr — 2i)(y —x) - n%(y) = nf(y)
TE(sy) = | S )

For @ = [U, Uy, U3] € LI(OG, R?) define the hydrodynamical double layer potential
with density W by

(3.4) (Da¥)(x / KC(x,y)¥(y) dHy(y)
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and the corresponding pressure by

3.5) Me®)(x) = [ M90x,y)¥() da(y)
oG
in R%\ 9G. Then DeW® € C=(R?\ 9G, R®), oW € C®(R*\ 0G, R') and V¥ —
ADg¥® = 0, V- Dg® = 0 in R*\ 0G. We have the following decay behavior as
|x| — o0:
(Da®)(x) = O(]x|7?),
(VD) (x)], TeW(x) = O(x| ).
Define
KoWi) —lim [ KO(xy)W(y)ata(y)
G\ B (x:e)

on 0G, where B(x;¢) = {y;|x —y| < ¢}. Then K¢ is a bounded linear operator on
LY(0G; R3) (see [29], Corollary 3.3). If 0 < s < 1 and 1 < ¢,t < oo then Kg is a
bounded linear operator on W4(9G) (see [29], Proposition 3.5) and on B%*(9G) (see
[29], Proposition 4.5). If ¥ € LY(JG; R?) then there exists the nontangential limit
[DeW¥|,(x) of DeW¥ with respect to G and the nontangential limit [DgW¥|_(x) of
DgW with respect to G_ for almost all x € 0G and
(3:5) [DoWa(x) = +59(2) + KeW(z)
(see [29], Proposition 3.2). Then Dg : B?(0G) — ngl/ (G) and the operator
Il : BY(0G) — B;’jl/ (G) are bounded and [DgW¥]. is the trace of DgW¥ with
respect to G+ (see [29], Theorem 4.4). In particular, if s # 1 — 1/¢q then D¢ is
a bounded linear operator from W*4(9G, R?) = B29(0G, R?) to Wst/94(G, R3) =
B, (G, R?); Il is a bounded linear operator from W*4(0G, R*) = B14(dG, R?)
to WeH/a=h4(@) = B, _,(G). By the interpolation argument we obtain this
result also for s = 1 — 1/q (see [1|, p. 248 and [41], Chapter 5, Theorem 5). If
U ¢ HY?2(0G, R?) = WY22(0G, R®) then the behavior at infinity gives DgW¥ €
W2(Gy; R?), g € LA(G). If ¥ € WH(JG, R?) then (Do) + (VDoW)% +
(IlgW)g € L1(0G) and there exist the non-tangential limits of VDoW and IIoW¥ at
almost all points of OG (see [29], Proposition 3.4).

Denote by K¢, the adjoint operator of K. Then K, is a bounded linear operator

on L4(0G, R?) and on B*!(0G, R*). (Remark that

Kewi) =tim [ KOy W(y) d9()
8G\B x;€)
for ¥ € LI(0G, R?).) If ¥ € LI(0G, R?) then

(3.7) [T(Ec¥,Qe¥)]en” = i%\y — K,
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(A detailed proof of these relations can be found in [9].)
Let now ¥ € H'/2(9G, R?). According to [32], Proposition 4.2 we have

(3.8) /[(NEG@) (VV) = (Qe®)(V - V)] dH,, = <%\If — K, U, v>
G+

for all v.€ WY2(R? R?). Since C*(R? R®) is a dense subset of W12(R? R%), the
behavior of a hydrodynamical single layer potential at infinity gives

(3.9) /[(NEG\IJ) (VV) = (Qe®)(V - V)] dH,, = <%\1r + K, U, v>
G_

for all v € Wh2(R?, R?).

4. INTEGRAL REPRESENTATION FORMULA

We shall study a transmission problem also in Besov spaces. We shall need an
integral representation formula. Suppose that 0 < s < 1, and 1 < ¢, < oo. The trace
is a bounded linear operator from Bgil/p(G) to B2Y(0G) (see [36], Theorem 2.5.2).

If v, p is an L?-solution of the Neumann problem —Av +Vp =0, V-p =0 in
G, T(v,p)n¥ = h on dG (i.e v, p is a solution of the homogeneous Stokes system,
vi + (Vv)§ +p € LP(OG) and the boundary condition is fulfilled in the sense of the

non-tangential limit) then

(4.1) (T(v,p)n%, &) = /[T(v,p)nG]-q> = 2/@@-% —/p(v-cp)

oG G G
for all ® € CX(R* R%). If v € B*,, (G,R®), p € B*,, (G), =Av +Vp = 0,

s+1/q s+1/g—-1
V -v =0 in G then the stress T'(v,p)n® defined by (4.1) is a distribution supported
on dG. Moreover, (v,p) — T(v,p)n% is a bounded linear operator from {[v,p] €
Bg_’:fl/q(G, R3) x Bgi1/q—1<G)5 —Av+Vp=0,V-v=0in G} to Bg’fl(ﬁG, R3) (see
[36], Proposition 10.2.1).

Lemma 4.1. Let —Av =Vp, V-v =0 in R3\ F where F is compact. If v(x) — 0,
p(x) — 0 as |x| = 0o orv € WE(R3\ F, R®), p € L*(R3\ F), then |v(x)| = O(]x|™1),
[Vv(x)| + [p(x)] = O(|x|7) as [x]| = oo.

Proof. Fix r > 0 such that F' C B(0;7). According to [36], Theorem 9.2.3 there
exists v, p such that —Av = Vp, V-v =01in R*\ B(0;7), v = v on dB(0;r) and
v(x)| = O(]x|™), [Vv(x)| + [p(x)] = O(|x|72) as |x| — co. We have v =v and p—p
is constant by [28], Theorem 6.5. Thus p = p. O

Lemma 4.2. Let 0 < s < 1, 1 < ¢,t < oo, and v, € B% , (G4, R®), p, €

s+1/q
Bgil/q_l(GJr), v_ € Bgil/q(G_ N B(0;r), R?), p- € Bgi1/q—1(G— N B(0;7)) for all
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r > 0. Suppose that vy, py is a solution of the transmission problem (1.1), (1.2),
(1.9). Then

(12)  Dovel) + B T(vaps) ()0 = { 30 X0
43) Meavao) + Qe Tlvape)Enig = { b XE O
(44) Vi(X) = DGg(x) + Eg‘:[’(x), x € Gy,

(4.5) p+(x) = lleg(x) + Q¥ (x), x € Gy,

where

(4.6) U=T(vy,ps)n—T(v_,p_)n.

Proof. First we deduce the relations (4.2), (4.3) for v4, py. For x € G, see [36],
Proposition 10.6.1. Suppose now that x € G_. Using (4.1) for v = v4, p = py,
®(y) = (Ei(y —x), Bo(y —x), F3x(y—x))7 and then for v(y) = (E1x(y —x), Eox(y —
x), B3y — x))%, p(y) = Qx(y — x), ® = v, and subtracting, we obtain (4.2). Using
(4.1) for v = vy, p=py, ®(y) = (Qi(y — x),Q2(y — x),Q3(y — x))” and then for
v(y) = (Qi(y — %), Qa(y — %), Q3(y —x))", p(y) = 0, ® = v, and subtracting, we
obtain (4.3).

We now show relations (4.2), (4.3) for v_, p_. We use (4.2), (4.3) for G_ N B(0;r).
Since |[v_(x)| = O(|x|™!), |Vv_(x)| + [p—(x)] = O(]x|?) as |x| = co by Lemma 4.1,
letting r — oo gives (4.2), (4.3).

Adding (4.2), (4.3) we obtain (4.4), (4.5). O

Corollary 4.1. Let 0 < s < 1,1 < q,t < 00, g € B¥(9G, R3). Denote vy = Dgg,
pr =1lgg in GL. Then T(vy,p)n=T(v_,p_)n on 0G.

Proof. We have g = [Dggl+ — [Dagl- by (3.6). Put ¥ =T'(vy,pi)n—T(v_,p_)n.
Then Dgg = Dgg + EqV¥, llgg = Ilgg + Qg¥ in R?\ OG by Lemma 4.2. Hence
E® =0, and Qo® = 0 in R*\ 0G. Thus ¥ = [¥/2 — K.¥] — [~¥/2 — KL¥] =
[T(EG\I’, QG\I’)]+H - [T(EG\II, QG\IJ)]_II =0. 0

5. WEAK SOLUTION IN Wh2()

Suppose that  has Lipschitz boundary. Let g € H'Y2(98, R?) = W'/22(0Q, R%),
fc H V200, R%) = W122(0Q, R®). If ¥ € H-'/2(09Q, R?) then v, p. given by
(4.4), (4.5) is a weak solution of the problem (1.1), (1.2) if and only if

1 1
where

(5.2) F="f+(a_—a))[T(Daeg,Meg)lon € H V200, R?)
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(see (3.6), (3.7) and Lemma 4.2).

We show that there exists a unique solution v € W'?(Gx, R%), pr € L*(Gy) of
the problem (1.1), (1.2). If 1/2 < s < 1 then v, € B>*(G,,R?), p, € B**(G,),
v_ € B>*(G_NB(0;r), R®), p_ € B>*(G_N B(0;7)) for all r > 0. Lemma 4.1 gives
(1.9). So we have the representation (4.4), (4.5) where ¥ is given by (4.6). For a
calculation of the solution we need to solve the equation (5.1). We show that this
equation can be solved by the successive approximation method. For this aim we
rewrite this equation as

_ 2(ay — ai)Ké\I' n
(ay +a-) ay +a-
We use the following notation: If X is a Banach space denote by I the identity
operator on X. If M is a subspace of X denote by dim M the dimension of M. If
Y is a subspace of X such that X = M @Y, i.e. X is the direct sum of M and Y,
denote by codim Y = dim M the codimension of Y. If T"is a bounded linear operator
in X, denote by KerT = {z € X;Tx = 0} the kernel of T, a(T) = dimKerT,
B(T) = codim T'(X). We say that T is Fredholm if T'(X) is a closed subset of X and
a(T) < oo, B(T) < oo. For a Fredholm operator T denote i(T) = o(T) — S(T) the
index of 7. If X is a complex Banach space denote by ¢(T") the spectrum of 7" and
by 7(T') = sup{|A|; A € o(T)} the spectral radius of 7.

(5.3) F.

Proposition 5.1. Suppose that uy € W'2(Gy, R?), py € L*(Gy, RY), is a weak
solution of the transmission problem for the Stokes system (1.1), (1.2). If g = 0,
f=0thenuy =0, pLr=0.

Proof. Put v = uy on G.. Since u; —u_ = 0 on dG, we have v € W'2(R3 R?).
Since V - v = 0, we obtain

0=(f,v) = a+/2|@u+|2 d%3+a_/2|@u_|2 dHs.
G+ G_

Thus Vv = 0 on R*\ dG. If V is a component of R? \ dG then there exists a skew
symmetric matrix A (i.e. AT = —A) and a vector b such that v(x) = Ax + b in
V' (see for example [32], Lemma 3.1). Suppose first that V' is unbounded. Since
v € L5(V, R?), we infer that A = 0, b = 0. Let now Vi,...,V, are all components
of R*\ 99 on which v = 0. Denote by D the closure of V; U---U V;. Suppose that
D # R3. Let S be a component of 9D. Then v = 0 on S. Choose a component V of
R3\ OG such that S C 9V and DNV = &. Suppose that v(x) = Ax + b in V. Let
W be a bounded component of R*\ S. Put w(x) = Ax + b in W. Then Aw =0 in
W, w =0 on dW = S. The maximum principle for harmonic functions gives that
w =0in W. Since V C W, we have v = 0 in V', what is a contradiction. Thus v =0
in R3.

The Stokes system gives Vpyr = Auy = 0. Thus p. is constant on each component
of G+. Since p_ € L*(G_, R'), we deduce p_ = 0 on the unbounded component of G_.
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Let S be a component of 0G. Then there are a component V, of G, and a component
V_ of G_ such that S = 0V, NAV_. Let ¢,, c_ be such constants that p, = ¢, on
Vi, p_ =c_on V_. Since uy, p4 is a classical solution of the transmission problem
for the Stokes system (1.1), (1.2), we have 0 = a;T(uy,ps)n —a_T(u_,p_)n =
(a_c_ — aycy)n on S. Therefore a_c. = a,cy. Since p_ = 0 on an unbounded
component of G_, we deduce that p, =0, p_ = 0. O

Lemma 5.1. Let ¥ € H-Y/2(0G,C®). Then

(5.4) (W, BT =2 / T EGUP dy > 0.

R3\OG

If (¥, Eq®) =0 then EqW® = 0 in R* and for each component S of G there exists
a constant cg such that ¥ = c¢,n% on S.

Proof. For (5.4) see [32], Corollary 4.4. Let now (¥, Eq®) = 0. Then VE;¥ = 0
in B3\ JG. If V is a component of R?\ OG then there is a matrix A and a vector
b such that Eq¥(x) = Ax+ b in V (see [32], Lemma 2.1). Denote by V,...,Vj all
components of R\ dG and suppose that V; is unbounded. Since Eq¥(x) — 0 as
|x| — oo, we infer that Eq¥ = 0 in V;. Denote D = U{V;; Eq¥ = 0 in V;}. The
boundary behavior of a hydrodynamical single layer potential gives EgW = 0 on cl D.
Suppose now that cl D # R®. Fix a component S of 9D. Choose a component V; of
R3\ OG such that S C V; and DNV; = @. Then there is a matrix A and a vector b
such that Eq¥(x) = Ax+b in V;. Put u(x) = Ax+b. Denote by U the component
of R*\ S such that V; C U. Then u is a solution of the problem Au=0in U, u=0
on QU. The maximum principle for harmonic functions gives that u = 0 in U. Thus
Eq¥ =0 in V;, what is a contradiction. So, ¢l D = R3.

Since u = Eqg¥, p = QW is a solution of the Stokes system in R3\ 9G, we have
VQe¥ = AEgP =0 in R*\ 0G. So, there are constants ¢; such that Q¥ = ¢; in
Vj. Let now S be a component of dG. Choose j and k such that V; C G4, Vi, C G_
and S = 0V, N Vj. According to boundary behavior of a hydrodynamical potential
we have on §

v

1 , 1 ,
[5\1: - KG\I'} - {—5\11 - Kpr}
= [T(Ec®,Qc¥)]sn” — [T(Ec¥, Qc¥)]_n°

T(0,¢;)n® —T(0, c;)n® = —¢;n% + ¢;n”. O

Lemma 5.2. If A € C is an eigenvalue of (1/2)1 — K, in H-'/2(0G,C?) then
0<A< 1



64 D. MEDKOVA

Proof. Let W be an eigenfunction corresponding to an eigenvalue A. According to
Lemma 5.1 and [32|, Proposition 4.3

2/ \VEq® ()] dx = <%\1: - K&\II,EGE>

= (AU, EqW¥) = 2) / |VE;®|? dx.
R3\0G
If (¥, EgW) # 0 then
[IVEq®|? dx
G

[ |VEg®[|? dx
R3\OG
and 0 < A < 1. Let now (¥, Eg¥) = 0. Then for each component S of OG there

exists a constant cg such that ¥ = csn® on S. By virtue of (3.3) we obtain that
A=1lor A=0. U

Proposition 5.2. Let X be a compler Banach space. Denote by N the set of all
norms on X equivalent to the original norm. If T is a bounded linear operator on X
then

r(T) = inf ||T]|.
(T) = in |I7)

(See [15].)

Theorem 5.1. Let f € H™V?(0G, R?), g € H'/*(OG, R®). Then there exists a unique
weak solution vo € WH(Gy, R?), py € L*(Gy, RY) of the transmission problem for
the Stokes system (1.1), (1.2). We have the representation (4.4), (4.5) where ¥ is
given by (4.6). Remark that W is a unique solution of the integral equation (5.3) with
F given by (5.2). Fiz ¥, € H Y2(0G, R?). Set

2(ay —a-) 2

— K U,
(ap+a_) " 1+a+—|—a,

Then ¥, — W in H-Y2(0G, R®). Put

(5.5) ), = F.

max(ay,a_)

5.6 =
( ) @ ay +a_

Then there exists a constant C' dependent only on G, ay and a_ such that

19— 120,00y < Ca (IRollir-172(06.50 + IFll 1720005 )

Proof. If A € C'\ (0,1) then (1/2)] — K}, — Al is a Fredholm operator with index
0 by [32], Theorem 4.12 and [37],§ 16, Theorem 16. Since A is not an eigenvalue of



TRANSMISSION PROBLEM FOR THE STOKES SYSTEM 65

(1/2)I — K, by Lemma 5.2, we deduce that A\ € o((1/2)] — K(;). Easy calculation
gives

(57) 0_(2(a’+_a’_)K/G> C<_ |a/+_a/—|7|a+_a_|>.
ay + a_ ay +a-  ay+a-_
Proposition 5.2 gives that there exists an equivalent norm || || on H~Y/2(0G, C®) such
that
(5.8) H Y ¢ | P
ay +a_

Since o < 1 the equation (5.3) is uniquely solvable (see [16], Theorem 1.3.10). If ¥ is a
solution of this equation then v, p given by (4.4), (4.5) is a solution of the transmission
problem (1.1), (1.2). This solution is unique by Proposition 5.1. Lemma 4.2 gives
that W is given by (4.6).

Fix a constant C; such that ||h|| < Ci|lh|lz-120,85), [h]lz-1200,r:) < Cilhl|
for all h € H=1/2(9, R?). Denote Cy = 2 + 2/(a; + a_). According to [16], Theo-
rem 1.3.10 we have ¥;,, — ¥ and

n

(6%
[ — W, || y-1/296,85) < C1l| ¥ — W, || < C T CE||‘I’1 — Wl
, C1C 0202
<ot — [||‘I’o|| + [|F[]] < 1 = - 1ol ir-1r206,7%) + IFlg-1/206,5%)) - O

6. THE TRANSMISSION PROBLEM IN BESOV SPACES

Lemma 6.1. Let X, Y be Banach spaces, T be a bounded linear Fredholm operator
i X with index 0, T be a bounded linear Fredholm operator in Y with index 0. Let
XcY,Y CX and Tx =Tz for each v € X, T'z =Tz for each z € Y'. Then the
kernel of T and T are the same.

(See [31], Lemma 9.)

Theorem 6.1. Suppose that G has boundary of class C', 0 < s <1, 1 < q,t < oo.
Let f € BY' (0G,R?), g € BY(0G, R®). Then there exists a unique solution v

p+ of the transmission problem for the Stokes system (1.1), (1.2), (1.9) such that
vy € BY, (G, R%), p. € BY,, (Gy), v- € BY, (G_nB(0;r),R%), p_ €
ngl/q (G_NB(0;r)) for all v > 0. We have the representation (4.4), (4.5) where
W is given by (4.6). Remark that ¥ is a unique solution of the integral equation (5.3)
in BY'(0G, R®) with F given by (5.2). Fiz ¥y € BY',(0G, R?). Let ¥, be given by
(5.5). Then ®; — ¥ in B (0G, R®). Let o be given by (5.6). Then there exists a
constant C' dependent only on G, ay, a_, q, t and s such that

6.1) 11— ¥ g o) < Co* (IRoll e, om0 + 1F L5, o0 )
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Proof. Put t' = t/(t — 1), ¢ = q/(¢ — 1). Then K is a compact operator on
Bfl_’ts/(aG, C?) by [29], p. 232. Since K[, is the adjoint operator of K¢, the K[, is
compact on B, (G, C?). Lemma 6.1 and Lemma 5.2 gives (5.7) in B2, (G, C?).
So, the equation (5.3) is uniquely solvable in B®' (0G, C?). If F is given by (5.2) and
vy, p+ by (4.4), (4.5), then vy, p1 is a solution of the transmission problem for the

Stokes system (1.1), (1.2), (1.9) such that v, € Bg_’il/q(GJr, R3), p; € B;’il/q_l(GJr),
v_ € B

Tr1/g(G=NB(0;r), R3),p_ € Bg;fl/q_l(G_ N B(0;r)) for all » > 0. Lemma 4.2
gives that W is given by (4.6).

Let now vy, p+ be a solution of the transmission problem for the Stokes system
(1.1), (1.2), (1.9) with g = 0, f = 0. Lemma 4.2 gives (4.4), (4.5) with ¥ given by
(4.6). So, (5.3) holds with F = 0. Unique solvability of this integral equation forces
¥ = (. Hence v4 =0, p; = 0.

We show (6.1) in the same way as in the proof of Theorem 5.1. O

7. THE PROBLEM IN HOMOGENEOUS SOBOLEV SPACES

Let Q C R? be an open set, 1 < q < oo. The space D'?(2) consists of those

functions in L}, .(Q) for which all generalized derivatives of the order 1 are in L?(().

We have DY(G,) = W(G,) but DY(G_) # WH(G_) (see §1.5.2, §1.5.3 and
§1.5.4 in [30]). We choose r > 0 such that 0G C B(0;r) and define

1/q

| fllpraey = / |f19 d3Hs + / IV f|? d3Hs
G_

G_NB(0;r)

DY(G_) equipped with this norm is a Banach space (see [30], §1.5.3). Remark that
W12(Gy) is a subspace of D'?(G.) and the norm of W'?(G.) is equivalent with the
norm induced from D'?(Gy) (see [30], §1.5.3 and [27|, Theorem 8.3).

We shall look for a solution vy € DY(Gy, R?), p+ € LY(G4) of the transmission
problem (1.1), (1.2), (1.9). We shall see that such solution satisfies v, € B{!(G,, R?),
p+ € BYU(Gy), v_ € BM(G_NB(0;r), R?), p_ € B (G_NB(0;r)) for all » > 0 (see
Proposition 7.1). So, Theorem 6.1 gives us represantability of the solution by (4.4),
(4.5). Moreover, according to Theorem 6.1 we can solve the integral equation (5.3) by
the successive approximation and the estimate (6.1) holds in W~1/%(9G, R?).
Proposition 7.1. Let 1 < ¢ < 0o , g € W™V99(9G, R?) = Bt (0G RY), f €
W=e9(0G, R?) = B, (G, R?), vi € C®(Gy,R?), px € C°(Gx). Then the
assertion (1) implies the assertion (2). If 3/2 < q < oo then the assertions (1) and
(3) are equivalent. If ¢ = 2 then the assertions (1), (2) and (3) are equivalent.

1. vo € DM(G4, R?), pr € LYG4) is a solution of the transmission problem
(1.1), (1.2), (1.9).
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2. vy, p+ is a solution of the transmission problem (1.1), (1.2), (1.9) such
that vy € Bi]7q(G+7R3)7 P+ € Bg7q(G+)7 v_ € B%q(G— N B(O;T)vRS): p- €
BE(G_n B(0;r)) for all r > 0.

3. vy € Wl’z(Gi,R3), pr € L*(Gy) is a solution of the transmission problem
(1.1), (1.2).

Proof. Fix 0 < s < 1 —1/q. In all cases vy, py is a solution of the transmission

problem (1.1), (1.2), (1.9) such that v, € BYY, (G4, R®), py € BYY,, (G4), v_ €

B, (G-NB(0;r), R%), p- € BY, , (G- N B(0;r)) for all r > 0. (See Lemma 4.1

and the inclusions of Bessel spaces in [45].) According to Lemma 4.2 we have the
representation (4.4), (4.5) with ¥ given by (4.6). Since g € W'"Y/49(9G, R?) =
B, (0G, R%), ¥ €¢ W Y99(0G, R®) = B%/q(aG,R?’), the properties of hydrody-
namical potentials give the assertion. ([l
Theorem 7.1. Let 3/2 < q < oo. If q # 2 suppose that G has boundary of class C*.
Let g € WYe1(9G, R?), £ € W—Y99(9G, R?). Then there exists a unique solution
vy € DY(Qy) pr € LY(Qy) of the transmission problem for the Stokes system (1.1),
(1.2), (1.9). We have the representation (4.4), (4.5) where ¥ is given by (4.6). Remark
that W is a unique solution of the integral equation (5.3) in W~Y99(0G, R?) with F
given by (5.2). Moreover,

(7.1)  vellprres.re) + Ip£llres) < Clligllwi-vesoe,re) + Ellw-1/0a06,8)]
where C' depends only on G and q.
Proof. According to Proposition 7.1, Theorem 5.1 and Theorem 6.1 it is enough to
prove (7.1). For f € W—Y91(9G, R?), g € W11/49(9G, R?) denote by v&T, p&F the
solution of the transmission problem (1.1), (1.2), (1.9). We have the representation
(4.4), (4.5). Thus Uy : [g, f] — [v&", p&' is a linear operator from W'~/44(9G, R?) x
W~Y44(0G, R?) to D'?(G4, R?) x LP(Gy). If x € G4, g, — g, f, — £, then
nytn n7fn ) ’

VE (0, ()] = [vE (), pET ().
So, the operator U, is closed. The closed graph theorem gives that it is bounded. [J
Lemma 7.1. For 1 < q < oo denote by X, the set of all f € W=Y449(dG, R?)
satisfying
(7.2) (f,c) =0,
for every ¢ € R®. Then K (X,) C X,.
Proof. Put g = £/2 — K ,f. Then u = Egf, p = Q¢f is a solution of the Neumann

problem Au = Vpin G, V-u = 0in G, T(u,p)n® = g. Hence (g,c) = 0 (see for
example [36]). So, K f =f/2 —g e X,. O

Theorem 7.2. Suppose that G has boundary of class €', 1 < q¢ < 3/2. Let g €
Wi-1e1(9G, R3), f € W=Y99(0G, R3). Then there exists a solution vy € DY(Q)
p+ € LI(Qy) of the transmission problem for the Stokes system (1.1), (1.2), (1.9) if
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and only if (7.2) holds true. This solution is unique and (7.1) holds with C' dependent
only on G and q. We have the representation (4.4), (4.5) where W is given by (4.6).
Remark that W is a unique solution of the integral equation (5.3) in W—Y/%1(9G, R?)
with F given by (5.2).

Proof. If vo € D"(Q.) pr € L%(4) is a solution of the transmission problem
for the Stokes system (1.1), (1.2), (1.9) then v, € B} (G, R%), p, € B (G,),
v_ € BY(G_NB(0;r), R?), p_ € B (G_NB(0;r)) for all r > 0 (see Proposition 7.1).
Theorem 6.1 gives uniqueness of the problem (1.1), (1.2), (1.9) and the representation
(4.4), (4.5).

The operator S = [ —2(ay—a_)/(a;+a_) K[ is an isomorphism on W~/%4(9G, R?)
(= B, (9G, R?)) by Theorem 6.1. If X, is the space from Lemma 7.1 then S(X,) C
X, So, S(X,) = X,. Let now f € X,,. Since ([T'(D¢g, llggl+n, c) = 0 for all constant
c, we have F' € X,. Thus ¥ = S7'F € X,. If vy, py is given by (4.4), (4.5), then
vy € DM(Qy) py € LY(Q4) is a solution of the transmission problem (1.1), (1.2),
(1.9).

Let now f ¢ X,. If vi. € DY(Q.), py € LY(Q4) is a solution of the transmission
problem (1.1), (1.2), (1.9) then it is given by (4.4), (4.5) where ¥ = S™'F (see
Theorem 6.1). Clearly, |VDgg| € LI(G-), llgg € LI(G_). Since [T (Dgg,lgglin €
X, and f ¢ X, we have F ¢ X,. Hence ¥ ¢ X,. According to properties of
hydrodynamical potentials there exist positive constants Cy, Cy such that Cy|x|™2 <
IVEc® (x)| < Colx|72, Ci]x|™2 < |QaP(x)| < Cy|x|™? at vicinity of infinity. So,
v g D), p ¢ Q).

For f € X,, g € W'=Y44(dG, R?) denote by v&", p&" the solution of the transmis-
sion problem (1.1), (1.2), (1.9). We have the representation (4.4), (4.5). Thus Uy :
g, f] — [v&", p&'] is a linear operator from X, x W~Y44(dG, R?) to D'?(G+, R?) x
LP(Gy). f xe€ Gy, g, — g, £, = f, then we have

Ve (x), pi" T (x)] — [vE (%), 2T (x)].

So, the operator Uy is closed. The closed graph theorem gives that it is bounded. [

8. LI-SOLUTION OF THE TRANSMISSION PROBLEM

Theorem 8.1. Suppose that G has boundary of class C', 1 < q < oco. Let f €
LY0G,R?), g € WH(IG, R®). Then there erists a unique L7-solution vy py of
the transmission problem for the Stokes system (1.1), (1.2), (1.9). We have the
representation (4.4), (4.5) where W is given by (4.6). Remark that ¥ is a unique
solution of the integral equation (5.3) in LY(0G, R®) with F given by (5.2). Fiz
U, € LG, R®). Let Oy be given by (5.5). Then ¥y, — W in LY(OG, R3). Let a be
given by (5.6). Then there exists a constant C' dependent only on G, ay, a_ and q
such that

(8.1) 19— ®zooem) < C*(1%ollzaoans) + | Flzaoam )-



TRANSMISSION PROBLEM FOR THE STOKES SYSTEM 69

Proof. Fix 1/qg < s < 1. If vy py is an Li-solution of the transmission problem
(1.1), (1.2), (1.9) then v, € WY9(G,, R®) C WG, R®) = B¥(G,, R%), p, €
LY(Gy) € B (Gy), v_ € WH(G . N B(0;7), R?) € BY(G_ N B(0;r),R?), p_ €
LY(G_NB(0;r)) c BX (G_NB(0;r)) for all r > 0 (see [33], Lemma 4.1). According
to Theorem 6.1 an L%-solution of the problem (1.1), (1.2), (1.9) is unique.

Put ¢ = q/(¢—1). Then K is a compact operator on LY (9G, C3) by [29], p. 232.
Since K, is the adjoint operator of K¢, the operator K(, is compact on L4(9G, C?).
Lemma 6.1 and Lemma 5.2 gives (5.7) in LY(0G, C?). So, the equation (5.3) is uniquely
solvable in LY(0G, C?). If F is given by (5.2) and v, p+ by (4.4), (4.5), then v, py
is an L?-solution of the transmission problem (1.1), (1.2), (1.9). Lemma 4.2 gives that
¥ is given by (4.6).

We show (8.1) in the same way as in the proof of Theorem 5.1. 0
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