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ABSTRACT. The Gurarii space is the unique separable Banach
space G which is of almost universal disposition for finite-dimensional
Banach spaces, which means that for every € > 0, for all finite-
dimensional normed spaces E C F, for every isometric embedding
e: F — G there exists an e-isometric embedding f: F — G such
that f | E = e. We show that G with a special sequence of
semi-norms is of almost universal disposition for finite-dimensional
graded Fréchet spaces. The construction relies heavily on the uni-
versal operator on the Gurarii space, recently constructed by Gar-
bulinska-Wegrzyn and the third author. This yields in particular
that GY is universal in the class of all separable Fréchet spaces.
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1. INTRODUCTION

A remarkable result of Banach and Mazur [13] states that the sep-
arable Banach space C[0, 1] is universal for separable Banach spaces.
The above theorem has been extended by Mazur and Orlicz to the
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class of separable Fréchet spaces, i.e. metrizable and complete locally
convex spaces: They proved that the separable Fréchet space C(R) is
universal in the class of all separable Fréchet spaces, see again [13]. An
essential progress of the research around the Banach-Mazur theorem is
due to Guraril. The Gurarii space constructed by Gurarii [8] in 1965,
is the separable Banach space G of “almost universal disposition for
finite-dimensional spaces” that is:

(G) For every € > 0, for every finite-dimensional normed spaces
E C F, for every isometric embedding e: £ — G there exists
an e-isometric embedding f: F' — G such that f [ £ =e.

Moreover, if Y is any other separable Banach space fitting this defini-
tion, then there exists a linear isomorphism u: G — Y with [Ju|-||u™}|
arbitrarily close to 1. Lusky [11] proved that all separable Banach
spaces of almost universal disposition are isometric, see also [10] for
a simpler proof. Recall, that a linear operator f: £ — F between
Banach spaces E and F' is an e-isometric embedding for ¢ > 0 if

A+e) -zl < @) < (L +e) - [lzll, = € EN\{0}

Recall also that Guraril has already observed in [8] that no separable
Banach space E is of universal disposition, i.e. satisfies condition (G)
with removing €.

Being motivated by recent developments in the theory of Fréchet
spaces we will study the concrete separable Fréchet space GY endowed
with the product topology and generated by two natural sequences of
semi-norms, where G is the Gurarii space. We prove that G is univer-
sal in the class of all separable Fréchet spaces although (as we show)
that there is no separable Fréchet space which is of universal disposition
for finite-dimensional Fréchet spaces. Our main result states however
that G is the unique separable Fréchet space which is of almost uni-
versal disposition for finite-dimensional Fréchet spaces.

2. PRELIMINARIES

Recall that a Fréchet space is a metrizable locally convex linear topo-
logical space which is complete with respect to its canonical uniformity.
It is well-known that a complete separated locally convex topological
vector space is a Fréchet space if and only if it satisfies the following
condition: There exists a sequence {|| - ||, }nen of semi-norms in X such
that B;(v,r) = {z € X: max,<; ||z —v|, < r}, where i € N, v € X,
r > 0, generate the topology of X. Fréchet spaces have played an im-
portant role in functional analysis for a very long time. Many vector
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spaces of holomorphic, differentiable or continuous functions which ap-
pear in analysis and its applications carry a natural Fréchet topology.
We refer the reader to an excellent survey of some recent developments
in the theory of Fréchet spaces and of their duals, see [2]. We refer also
to [13| for other fundamental facts and concepts related with Fréchet
spaces.

In this paper Fréchet spaces E are considered with a fixed sequence
of semi-norms. In the case of an increasing sequence, i.e. if || -|; <
||l < ..., we call (following Vogt [14]) E endowed with this sequence
a graded Fréchet space.

Graded Fréchet spaces have been studied in the context of the inverse
function theorem of Nash and Moser, see [9], and in the context of tame
Fréchet spaces, see e.g. [14, 15, 12|. Note however that the concept of
the category of graded Fréchet spaces considered in [5] differs from
the notion of graded Fréchet spaces used in this article. For a recent
application of graded Fréchet spaces, we refer the intersted reader to [4].

In this section we construct an increasing sequence of semi-norm
on GY under which G" is a graded Fréchet space of almost universal
disposition for finite-dimensional Fréchet spaces. Our construction uses
the following result being a special case of Theorem 6.5 in [3]; property
(2) below appears also as condition ({) on page 765 in [3]. Tt turns
out that condition (2) determines 7 uniquely up to linear isometries,
although this fact was not proved in [3].

Theorem 2.1. There exists a non-expansive linear operator m: G — G
with the following properties.
(1) For every non-expansive operator T: X — G with X a separable
Banach space, there exists an isometric embedding i: X — G
such that T'= m o .
(2) For every € > 0, for every finite-dimensional normed spaces
E C F, for every non-expansive linear operator T: F — G, for
every isometric embedding e: E — G such that T | E = moe,
there exists an c-isometric embedding f: F — G such that

l\fTE—el|<e and |mof—-T| <e.
Furthermore, ker 7 is linearly isometric to G.
The last proposition may be applied to obtain the following useful

Proposition 2.2. The operator © from Theorem 2.1 is a projection
and 1t satisfies the following condition:

(2") For every € > 0, for every finite-dimensional normed spaces
E C F, for every non-expansive linear operator T': E — G, for
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every isometric embedding e: E — G such that T | E =moe,
there exists an e-isometric embedding f: F — G such that

fITE=e and mwof=T.

Proof. Taking T' = idg in Theorem 2.1, we see that 7 is a projection.
From now on, we shall identify the range of m with a suitable subspace
of its domain. In order to show (2'), we need to use the following
fact which is easy to prove (see the proof of [6, Theorem 2.7| for more
details).

Claim 2.3. Let F be a finite-dimensional normed space and let S =
{vo,...,v,} be a linear basis of F. Then for every ¢ > 0 there exists
0 > 0 such that for every pair of linear operators f,qg: F — X into an
arbitrary Banach space X, the following implication holds:

max|[|f(v) —g(v)[| <0 = |[f —gll <

Now assume that £ C ' and SN E is a linear basis of E. Fixe > 0
and let § > 0 be as mentioned in the claim. We apply property (2)
from Theorem 2.1 with 0 instead of . This provides a map f: F' — G.
Define f"so that f' [ E = eand f'(v) = f(v) for every v € S\ E. These
conditions specify f’ uniquely and by the claim we have that f’ is a
2e-isometric embedding. Furthermore, we have that ||7o f'—T|| < 2e.
We have proved that for every r > 0 there is an r-isometric embedding
f: F — G extending e and such that |7 o f —T'|| < r. Let us use this
fact for r = 0, where 0 and ¢ are as before. We obtain a d-isometric
embedding f: F — G extending e and satisfying |7 o f — T'|| <. Fix
v € S\ E. Then the vector w, = 7(f(v)) — T(v) has norm < 4. Define
f'* F— Gsothat f/ | E = f and

f'w)=flv)—w, veS\E.

Note that || f'(v) — f(v)|| < 0 for v € S, therefore || f'— f|| < e. Finally,
wf'(v) =7nf(v) —nf(v) +7T(v) =T(v). It follows that 7 f' =T. O

Now we are ready to construct a graded sequence of semi-norms on
GN. Having in mind the last two results mentioned above, we conclude
that there is a norm || - ||2 on the product G x G = (im7) x (ker )
satisfying

zlle = Iz, v)lln < [1(x, »)ll2
since * = 7(z,y) and 7 is non-expansive. In addition, (G, || - ||2) is
isometric to G. We identify G x G with G and use the notation 7y
for 7 in this case to stress that we consider it as mapping from G? to
G. Inductively, for all n € N, we get a norm | - ||, on G" satisfying
lz]|1 < -+ <||z]|n-1 < ||z||n for all z € G™ and (G", || - ||,) is isometric
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to G. Therefore this construction provides an increasing sequence of
semi-norms on GY as claimed. We use the notation 7,: G* — G"!
for the universal operator 7 if we want to stress that we consider it
as projection from G™ to G"!, i.e., a projection onto the first n — 1
components.

In order to formulate a condition similar to (G) for Fréchet spaces
we need to define the corresponding concept of e-isometries for Fréchet
spaces.

Definition 2.4. Let (X, {||-||; }ien) and (Y, {||-||: }ien) be Fréchet spaces
with fixed sequences of semi-norms. A mapping f: X — Y is called
an e-isometric embedding iff it is an embedding and

(1) (L+e) Mzl < 1f @)l < 1 +e)lll;

holds for all « € N an all z € X. The mapping f is called an isometric
embedding iff

(2) If @)l = l|=|l:
holds for all 7 € N an all z € X.

Now we are ready to formulate the analogue of condition (G) for
Fréchet spaces.

Definition 2.5. A Fréchet space F is of almost universal disposi-
tion for finite-dimensional Fréchet spaces if for all € > 0 and for all
finite-dimensional Fréchet spaces X C Y with an isometric embedding
fo: X — E there exists an e-isometric embedding f: Y — FE satisfying

F1TE=fo

3. A GRADED FRECHET SPACE OF ALMOST UNIVERSAL
DISPOSITION

We show that the space GY equipped with the graded sequence
{|l - lln }nen of semi-norms defined above (coming from the universal op-
erator 7) is of almost universal disposition for finite-dimensional graded
Fréchet spaces. We need the following

Lemma 3.1. Let (X,{|| - |li}ien and (Y, {|| - ||:}ien) be Fréchet spaces
with fized semi-norms and 1: X — Y an isometric embedding. Then
for all i € N the mapping

vi: X/ker|| - |l; = Y/ker || - ||;,z — t(2)

s a well-defined 1sometric embedding. Moreover, the diagram
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[T/ ker || i <X T/ ker |- |
X « : » Y

18 commutative.

Proof. As ¢ is an isometric embedding, we have ||¢(z)||; = ||=||;- Hence
x € ker || - ||; iff o(z) € ker || - ||;, i.e. ¢; is well-defined. By definition we
have

@l = i@ = @)l = all: = |21

and hence ¢; is an isometric embedding. The commutativity of the
diagram directly follows from the definition of ;. 0

In addition, we also need the following technical

Lemma 3.2. Let X CY and A be finite-dimensional Banach spaces,
Z a Banach space, e: X — A an isometric embedding, T:Y — Z a
linear operator with |T|| < r, r > 1, and m: A — Z a non-expansive
operator such that the diagram

A—"—7

T I

X —Y
commutes. There exists a finite-dimensional Banach space C, an iso-
metric embedding is: A — C, an (r —1)-isometric embedding iy : Y —
C and a non-expansive operator ©': C — Z such that the diagram

A
A‘T>C T
dl oy
X « s Y

18 commutative.

Proof. We define C' := (A® Y)/A with A = {(e(x),—z): x € X}
equipped with the norm

I{a; y)ll = inf {[ja —e(@)[la +rllz +ylly}.
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First we show that i4 is an isometry. For a € A we obtain
liaa)l] = inf {[la — e(@)|la +rlllly}
= inf {lla — e(@)lla + le() L4 + (r = Dllall)
> inf {Jlalla + (= Dllelly} = fall
and, by setting x =0, ||ia(a)|| < |la]la. For y € Y we get
oy Il = 110, 9) | = mE{]| = e(@)lla +7llz +ylly} < rlylly
by setting x = 0, and
oy ()]l = mE{]] = e(@)lla +rllz +yllyv}
= inf (||~ el + g + 2l + = Dl +yllv}

: 1
2 mf{[lylly + (v = Dllz +ylly} = llylly = ~llylly,

again using the triangle inequality. The linear operator «’: A — Z can
be defined as

m((a,y)) = m(a—e(2)) + T(x +y) = n(a) — 7(e(x)) + T(x) + T(y)
=m7(a) +T(y).
It satisfies

17" ((a, ¥)llz = 7" ((a — e(x), 2 + )|z
< |lw(a —e(@)llz + 1T +y)l 2
< lla = e@)lla +rllz +ylly
for all z € X and hence ||7'((a, )] < ||(a,y)]|. O

Theorem 3.3. The space G equipped with the graded sequence

- llnynen

of semi-norms defined above is of almost universal disposition for finite-
dimensional graded Fréchet spaces.

Proof. Given an isometric embedding f: X — G and ¢ > 0, we choose
a sequence (g;);en satisfying [[=;(1 4+ &) < 1+ e. We will use the
notation X; := X/ker|| - |l;, Vi := Y/ker| - |li. By fi: Xi = G* we
denote the mapping induced by the isometric embedding f: X — G.

As a first step, we can use that X; C Y] are finite-dimensional Ba-
nach spaces and fi: X; — G is an isometric embedding to obtain an
g1-isometric embedding ¢;: Y; — G which extends f;.
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Now assume that we already have constructed a d-isometric embed-
ding
gn—1- y%—l — (}n—17
where 1+ 6 = [/ (1 +¢,), extending f,_1: X,, 1 — G" .
We consider the diagram

W(fn(Xn)

fu(X0) Gt
fn] Tgn_lopﬁl ’
X, > Y,

where p'_,: Y, — Y,_; denotes the canonical projection. Note that it
is commutative since 7o f, = f,_1. From Lemma 3.2 we deduce the
existence of a finite-dimensional Banach space C such that the diagram

(;n ™ N (}nfl

fﬁ()( ) 5 (C Gn—10Ty_q

" (Xn)
f'n] j;:-\'\-\_\_\

X, ¢ > Y,

commutes and 7’ is non-expansive. From Proposition 2.2, we may
now conclude that there is an ¢,-isometric emebedding g,: C — G"
which extends both f,, and 7’. Hence g, = g, o ty, is an ¢’-isometric
embedding, where 1 + ¢ = ] (1 + ¢;), which extends both f, and
In—1-

Therefore by induction we get an e-isometric embedding ¢g: Y — GV
extending the embedding f: X — GY. O

4. UNIQUENESS AND UNIVERSALITY

The aim of this section is to prove universality and the following
uniqueness result for the space G.

Proposition 4.1. Let E and F be graded Fréchet spaces which are
of almost universal disposition for finite-dimensional graded Fréchet
spaces, € > 0, X C FE a finite-dimensional subspace and f: X — F an
e-1sometric embedding. Then there exists a bijective isometry h: E —
F satisfying ||h(z) — f(2)|; < 4e||x|; for all i € N.

First we need to show some additional lemmata used for the proof.
Let (X, {]| - ||i}ien) and (Y, {]| - ||i}ien) be Fréchet spaces with a fixed
sequence of semi-norms and f: X — Y a linear mapping with the
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property that for all + € N there exists a constant C; > 0 such that

Il f(@)]l; < Ci||z||; holds for all x € X. We can do this since we only

want to consider mappings which are isometries or at least e-isometries.
We can now define

1flli = sup [[lf(x)[l;

llli=1
for all 7 € N. Note that the above condition on f is stronger than the
continuity of f.
We need the following Lemma motivated by [7, Lemma 2.2] for Ba-
nach spaces.

Lemma 4.2. Let (X, {||-||x;}ien) and (Y, {||-||v.:}ien) be finite-dimensional
graded Fréchet spaces and let € > 0 and f: X — Y be an e-isometric
embedding. There exists a finite-dimensional graded Fréchet space Z
and isometric embeddings .2 X — Z and j: Y — Z such that ||jo f —

t|l; < e holds for all i € N.

Proof. We set Z = X &Y equipped with the semi-norms

Il = il s+ ollys + ellwllx: 2 = u+-w,
y=v— f(w),u,w € X,v €Y}

We have
17(f (@) = ()i = [[(z, = f(2))]l: < ellz|xi

by taking u = 0, v = 0 and w = x. Hence ||jo f —||; < e foralli € N.
From
1

l+e
we may deduce ||f(z)|ly: > (1 + &) Yz|lx; > (1 — ¢)||x|x; which

we will need in the following. Now we show that ¢ is an isometric
embedding. For z € X we have

()l = (2, 0)lli < ll2l[x s

Setting * = v+ w and 0 = v — f(w), we obtain

>l—cel1>1-—¢

[ullxi + lvllvi + ellwllxi = [Jullxs + 1/ (w)llvi + ellwlx,
> Jlullxs + (1 = e)llwllxi + lfwllx.
= [lullx: + lwlixs > lu+wlx: = llzllx;

and hence ||¢(x)]]; = ||(z,0)]|; > ||z||x:. Therefore ¢ is an isometric em-
bedding. Analogously to above, we have ||7(v)|l: = [[(0,9)]l: < ||yllv-
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Setting 0 = u 4+ w and y = v — f(w), we obtain
lullxi + lvllv + ellwlxi = llwllxi + [vllvi + ellwlx.
= (1 +o)[lwllxi + lvlly.
> | f ()l + [[vlly
> | f(w) = vl

and hence [|j(y)|l; = [[(0,9)|l: > lly|lvi, i-e. j is also an isometric
embedding. U

Y, = HZ/”YZ

We need also the next

Lemma 4.3. Let E be a graded Fréchet space which s of almost uni-
versal disposition for finite-dimensional graded Fréchet spaces, X C E
a finite-dimensional subspace and ¢ > 0. Given an e-isometry f: X —
Y, for all 6 > 0 there exists a d-isometry g: Y — E with the property
lgo f—idx | x:; < 2¢ for all i € N.

Proof. Choose 0 < ¢’ < min{d, 1}. By Lemma 4.2 there exists a finite-
dimensional Fréchet space Z and isometric embeddings ¢: X — Z and
j: Y — Z such that [[jo f —¢||; <eforalli € N. As E is of almost
universal disposition for finite-dimensional Fréchet spaces, there exists
a ¢’-isometric embedding h: Z — E with the property ho: [ X = idx.
Setting g = h o j, we get that g is a d-isometric embedding as it is the
composition of a d-isometric embedding with an isometric embedding.
Additionally for z € X we obtain

lg(f(x)) — zll: = |h(j(f(2))) — h(e(@))[l: < (L + )i (f (@) — e(2)]]s
<e(T+8)zll: < 22|
for all s € N. O

Now we can use these results to show that GY is, up to isometry,
uniquely determined by the property of being of almost universal dis-
position for finite-dimensional Fréchet spaces.

Proof of Proposition 4.1. Let {e,}nen be a fixed sequence of positive
real numbers satisfying a decay condition which will be specified later
in the proof.

We pick g = ¢ and set Xo = X, Yy =Y and fy = f. By assumption
the mapping fo: Xo — Yp is an ep-isometric embedding.

Now assume that X;, Y; and f; have already been constructed for
1 < n and that also the mappings g; have been constructed for i < n.
Using Lemma 4.3 we obtain an ¢,,1-isometric embedding ¢, : Y, —
X, 11 satisfying

(3) lgn(fn(2)) — 2]l < 2en]l];
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for all © € N. Here the space X, 1 is defined as an appropriately
enlarged g,[Y;] such that Y,,_; C Y, and {J, .y X, is dense in £. Again
by using Lemma 4.3 we get an ¢, -isometric embedding f,.1: X1 —
Y, .1 where Y, is chosen analogously to X, ;1. This mapping satisfies

(4) | frr1(gn(¥) — ylli < 2eniallylls

for all 7 € N.
Now for fixed n and z € X,, we get

[ 1 (gn(fu(2))) = fu(@)]li < 2enpal| fo(2)[]i < 28040 (1 4 €0) |l

and

[ frt1(gn(fn(@))) = fora(@)[li < (14 €ng2)llgn(fn(2)) = [li

< 2¢,(1+ enta) ]l

Using the triangle inequality, we obtain

[fri1(2) = fal@)lli < (n + 2enenin + €nta)2];

from the inequalities above. Now we assume that

€0+ 26081 + €1+ Y _(En + 26nEnt1 + Enp1) < 26
n=1
which implies that {f(z,)}nen is a Cauchy sequence in F.

For o € |J,,cny Xn we define h(z) = limy,>, fn(7) where m is chosen
such that « € X,,,. Then A is an e,-isometry for all n € N and hence an
isometry which can be uniquely extended to an isometry on E, which
will be denoted by h as well. From the inequalities above we deduce

1£(z) = h(@)]l 2 (en + 2608041 + Enta) < de.
n=0
In order to show that h is bijective, we repeat the above procedure to
show that {g,(y)}n>m is a Cauchy sequence for all y € Y,,. Again we
may obtain an isometry g..: F' — E. From the conditions (3) and (4)
we may conclude g, o h =idg and h o g, = idp. ]

We conclude this section by showing that every graded Fréchet space
can be embedded isometrically into GY.

Theorem 4.4. The space G is universal for separable Fréchet spaces.

Proof. Let X be a separable Fréchet space and {|| - ||; }ien its fixed se-
quence of semi-norms. For all ¢ € N we denote by X; the normed space
X/ker|| - ||; equipped with the norm || - ||; and by X; its completion.
From the universality of G we may deduce the existence of an isometric
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embedding f: X; = G. Now assume that we have an isometric em-
bedding f;: X; — G'. Note that since ||z||; < ||z||;+1 for all z € X, the
composition T of f; with the canonical mapping canﬁ“: X1 — X, is
non-expansive. As G, equipped with the semi-norm ||-||/_;, is isomet-
ric to G, we can use property (1) of the universal projection ;.1 given

in Theorem 2.1 to find an isometric embedding f;,1: X;11 — G so
that the diagram

Gitl Mit1 Gi

fi‘l'l] T fi
Xiv1 m X;

is commutative. Hence,
f: X =Gz ((filcany(2)))iien

is an isometric embedding. 0

5. FINAL REMARKS

Note that by [13, Proposition V.5.4] the space C(R) is universal for
all separable Fréchet spaces. The following shows that, like in the case
of C([0, 1]) for Banach spaces, the space C(R) is not of almost universal
disposition for finite-dimensional Fréchet spaces.

Proposition 5.1. Let X be a hemicompact space and {K;}ien be a
sequence of compact sets satisfying K; C Ky and |J;on K = X
The space C(X) equipped with the sequence of semi-norms || - ||; where
I flli = sup,cx, |f(x)] is not of almost universal disposition for finite-
dimensional Fréchet spaces.

Proof. Assume for a contradiction that C(X) is a of almost universal
disposition for finite-dimensional Fréchet spaces. By Proposition 4.1
we deduce that C(X) = G holds isometrically. Hence for all i € N we
obtain C(X)/ ker ||-||; = G isometrically. Observe that C(X)/ker ||-||; =
C(K;). This shows that C(K)-space is a Guraril space, a contradiction
with [1, Corollary 5.4]. O

Proposition 5.2. There is no separable Fréchet space which is of uni-
versal disposition for finite-dimensional Fréchet spaces.

Proof. Assume, for a contradiction, that F'is a separable Fréchet space
of universal disposition for finite-dimensional Fréchet spaces. Hence
F' is also of almost universal disposition for finite-dimensional Fréchet
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spaces, and hence by Proposition 4.1 isometrically isomorphic to GV.
Therefore it is sufficient to show that G is not of universal disposition.

Let X C Y be finite-dimensional Banach spaces. Setting || - ||x; :=
| llx and || ||y := ||- ||y for all i € N, we obtain two finite-dimensional
Fréchet spaces. Assume, for a contradiction, that GY is of universal
disposition for finite-dimensional Fréchet spaces. Given an isometric
embedding f: (X, |- ||x) = G the product mapping

X = GV = {f(2) }ien

is an isometric embedding of Fréchet spaces. Hence there would exist
an isometric extension g: Y — G~. Therefore also the mapping ¥ —
G,y ~ (g(y))1 is an isometry since G = GY/ker|| - ||; and it extends
f. This would mean that G is a separable Banach space of universal
disposition for finite-dimensional Banach spaces, in contradiction to |6,
Proposition 5.1]. O

We conclude the paper with the construction of a sequence of semi-
norms on GY under which it is of almost universal disposition for
Fréchet spaces with a fixed but not necessarily increasing sequence
of semi-norms.

For this we can use the semi-norms coming from the coordinates,
namely, for each n € N define ||z|/!, = ||z(n)|g, z € GY, where | - ||
is the norm of the Gurarii space. We will not prove that this space is
unique and universal as these proofs follow the lines of the correspond-
ing ones for graded Fréchet spaces.

In order to shorten the notation, we denote by X; := X/ker|| - ||;
equipped with the norm || - ||; and by Y; the corresponding quotient of
Y.

In order to show that GY with these semi-norms is of almost universal
disposition, we need the following

Lemma 5.3. Let fo: X — G be an (e-)isometric embedding. For all
1 € N the mapping

for Xi = G,z = (fo(2)):
is an (e-)isometric embedding and the diagram

17
[1(X/ Xker|| - [l:) — G"

2

15 commautative.
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Proof. First we show that
fir X; = G, 2 (fo(x));
is well-defined. Let x1, 29 € X such that ||z; — x5]|; = 0. Then

[(fo(z1))i = (fol@2))ill = [|(fo(zr — 22))ill < (1 +¢&)[lz1 — 22]]s =0

and hence (fo(z1)); = (fo(22));, i.e. the mapping is well-defined. It is
by definition an (e-)isometric embedding. Finally note that the identity
(fo(x)): = fi(zl'l?) for i € N follows analogously. O

Proposition 5.4. Let (X, {|| - |li}ien) and (Y. {|| - ||i}ien) be finite-
dimensional Fréchet spaces with fized semi-norms, ¢ > 0, 1: X — Y
and fo: X — G isometric embeddings. Then there is an -isomelric
embedding f: Y — GY such that the diagram

x Lo, N
|
A
Y
15 commutative.

Proof. As X and Y are finite-dimensional, the quotient spaces X; and
Y; are finite-dimensional Banach spaces for all © € N. By Lemma 3.1
the mappings ¢;: X; — Y, are isometric embeddings. The same is true
for the mappings fi: X; — G by Lemma 5.3. As the Gurarii space
is of almost universal disposition for finite-dimensional Banach spaces,
there is an e-isometric embedding f;: ¥; — G making the diagram

Xzi)G
| A
Y,

commutative. For y € Y, we set f(y) = {fi(@l'l") }icn, i-e. f is defined
so that

e
Y

is commutative. Since f; is an e-isometric embedding for all 7 € N, we
get

LF @I = 1)l = 1LGTI < @ +e)lgll = (1 + )yl
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and by an analogous computation || f(y)||; > (1+¢)7!yll;, i.e. fis an
e-isometric embedding. Now let z € X, we have

(@i = £(:@") = fila@) = £52) = (o))

Hence f(u(x)) = fo(x), ie. f | X = fo. O

Remark 5.5. Note that in both cases G/ ker|| - ||, = G™. Therefore
all neighbourhoods of zero contain straight lines. This means in other
words that there is no continuous norm on the space G equipped with
either of the sequences of semi-norms.
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