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ONE PROBLEM OF THE NAVIER TYPE FOR THE STOKES
SYSTEM IN PLANAR DOMAINS

DAGMAR MEDKOVA

ABSTRACT. We study the problem —Au+Vp=F, V-u=GinQ,u-7=
g, p = h on 99, for a bounded simply connected Lipschitz domain in the
plane. For F =0, G =0, g € LP(0Q), h € L1(99Q) we study a solution in
the sense of a nontangential limit. For F € Ws~L4(Q,R?), G € W*9(Q),
g € Wt=1/p:P(9Q), h € W5~1/0:9(9Q) with t < s 4+ 1 we prove the existence
of a unique solution (u,p) € WHP(Q,R2) x W*4(Q2). For F € BY",(Q,R?),
G € BI(Q), g € Bffl/p(aﬁ), h € ijl/q(aﬂ) with ¢ < s 4+ 1 we prove
the existence of a unique solution (u,p) € Bf’B(Q,Rz) x BI"(Q). For F €
CF—LY(Q,R2?), G € CFY(Q), h € CHY(0N), g € C*T1:7(09) we prove the
existence of a unique solution (u, p) € C¥+17(Q,R?) x CF7(Q).

1. INTRODUCTION

Boundary value problems of Navier’s type for the Stokes system are very inter-
esting problems. This paper is devoted to one problem of this type. Let us suppose
that 2 C R™ is a bounded domain with connected Lipschitz boundary. We denote
by n = n the outward unit normal vector of Q. If v is a vector, then v, = (v-n)n
is the normal part of v, and v, = v — vy, is the tangential part of v. There are two
types of Navier’s problem: I. It is given the normal part of the Dirichlet condition
and the tangential part of the Neumann condition (or a corresponding Robin con-
dition). II. It is given the tangential part of the Dirichlet condition and the normal
part of the Neumann condition (or a corresponding Robin condition). Since the
Stokes system has many Neumann conditions there are many Navier’s problems.

The Navier problems corresponding to the Neumann condition du/0n — pn (and
the Robin condition du/dn — pn + cu) are

—Au+Vp=1f, V-u=xinQ, u,=g, [0u/dn], —pn—+ cn, =h, on 90
and
—Au+Vp=£f V-u=xinQ, uy=gn, [0u/dn], + cn, =h, on 9N

(studied in [50]).
The Navier problems corresponding to the Neumann condition T'(u, p)n = [Vu+
(Vu)? — pIn (and the Robin condition T'(u, p)n + cu) are

—Au+Vp=f V-u=xinQ, u,=g.[T(u,pn+cul,=h, ondQ,
—Au+Vp=f V-u=xinQ, uy=gn [T(u,pn+cul, =h, on N
(studied in [7], [14], [39], [42], [43], [57], [62]), [69]).
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In R3 we have Au = V(V-u)—V x (V x Vu). This gives the Neumann condition
for the Stokes system
n x (V xu) + pn.

Remark that n x (V x u) is the tangential part of the Neumann condition and pn
is the normal part of the Neumann condition. The corresponding Navier problems
are

(1.1) —Au+Vp=f V-u=xinQ, u,=g,;,, p=nhon o,
and
—Au+Vp=1f, V-u=xinQ, u,=gn nx(Vxu) =nxh on o

The corresponding Navier problems are also studied in planar domains. These
problems were studied in [1], [2], [5], [6], [8], [9], [13], [15], [18], [40], [52] from
theoretical and numerical point of view.

We gather what is known about the problem (1.1). J. M. Bernard studied in 2002
this problem in a bounded domain Q C R? with boundary of class C1'! (see [13]).
J. M. Bernard proved that for f € L?(Q,R?), x = 0 and g, h € HY/?(9Q, R?) there
exists a unique solution (u, p) € HY(Q,R3) x H!(Q). This result was generalized
by Ch. Amrouche, P. Penel, N. Seloula in 2013 ([6]). For the same domains and
g, h e Wi=1/pr(9Q,R?), x € WLr(Q), f € [HE (curl, Q)] they proved that there
exists a unique solution (u,p) € WP(Q,R?) x W1P(Q). Moreover, they proved
that for Q with boundary of class C>!, f € LP(Q,R3) and g € W2~1/PP(9Q, R?) the
velocity u € W2P(2,R?). The problem (1.1) for planar domains has been studied
in literature only from the numerical point of view. So, the goal of this paper is to
study the Navier problem (1.1) on planar domains from theoretical point of view -
i.e. to study the existence, uniqueness and regularity of solutions.

We can rewrite the planar problem (1.1) as

—Au+Vp=F, V.-u=G inQ,

u-7=g, p=~h ond.

We study solutions of the problem in the scales of Sobolev spaces W (), R?) x
W4(Q) with ¢ > 1/p, s > 1/q and in the scale of Besov spaces B’ (Q,R2) x
B27(Q) with t > 1/p, s > 1/q. We also study classical solutions in spaces
CF(Q,R?) x CH#(Q). To do so, we begin with study the problem for the ho-
mogeneous equations, i.e. for F = 0, G = 0. We study the weakest possible
solutions of the problem - LP-L%-solutions, i.e. solutions of the Stokes system such
that the maximal function of the velocity u is in LP(92), the maximal function
of the pressure p is in L?(99Q), and the boundary conditions are fulfilled in the
sense of nontangential limits. (Classical solutions of the problem are clearly LP-
Li-solutions for arbitrary p and gq. We shall see that solutions of the problem in
WHP(Q,R?) x W*4(Q) or in Bf’ﬂ(Q,RQ) x BPT(Q) with t > 1/p, s > 1/q are LP-
Li-solutions.) For LP-solutions of the Dirichlet, Neumann or transmission problem
for the Stokes system see for example [21], [35], [44], [58], [51], for the Brinkman
system see for example [16], [37], [19], [60], for the Laplace equation see for example
[17], [20], [30], [33], (341, [36], [45], [45], [59], [65].

The proofs in this paper are totally different than the proofs in [6] or in [51].
Using methods of complex analysis we reduce the original problem to two problems
for Laplace equation: the Dirichlet problem and the Neumann problem. We gather
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known results about these problems (and prove missing) and then we prove the
unique solvability of the Navier problem for the Stokes system and regularity results.

2. FORMULATION OF THE PROBLEM

In the whole paper we assume that  C R? is a bounded domain with connected
Lipschitz boundary. We denote by n = n® the outward unit normal vector of Q,
and by 7 = 7% = (—n§, n{) the unit tangential vector of 9.

First we remember the definition of an LP-solution of the Dirichlet and the
Neumann problem for the Laplace equation.

If x € 092, a > 0 denote the nontangential approach regions of opening a at the
point x by

To(x) ={y € Q;|x —y| < (14 a)dist(y, oQ)}.
If now v is a vector function defined in €2, we denote the nontangential maximal
function of v on 992 by

Mo (v)(x) = Mg'(v)(x) = sup{|[v(y)|;¥ € Ta(x)}.

It is well known that there exists ¢ > 0 such that for a,b > c and 1 < g < oo there
exist C1,Cy > 0 such that

[Mav||Laa) < Cil|Mpvl|Lean) < Col|Mav||Lacan)

for any measurable function v in Q. (See, e.g. [33] and [61, p. 62].) We shall
suppose that a > ¢ and write I'(x) instead of I', (x). Next, define the nontangential
limit of v at x € 902

V(X) - F(x%iarillex‘%y)

whenever the limit exists.
Let h € LP(09Q), 1 < p < oco. We say that p is an LP-solution of the Dirichlet
problem for the Laplace equation

(2.1) Ap=0 inQ, p=nh onoQd

if p€C3Q), Ap=0inQ, M3p e LP(0R) and h(x) is the nontangential limit of
p at almost all x € ON).

Let f € LP(0Q), 1 < p < co. We say that ¢ is an LP-solution of the Neumann
problem for the Laplace equation

(2.2) Ap=0 1nQ, 9¢ =f ondQd
on

if o € C3Q), Ap =0 in Q, M{(Vy) € LP(0R), at almost all x € IQ there erists
a nontangential limit of Vi and n(x) - Vo(x) = f(x).

We now define LP-L%-solution of our problem. Let 1 < p,q < oo, g € LP(09Q),
h € L1(0R). We say that (u, p) is an LP-L-solution of the problem
(2.3a) —Au+Vp=0, V-u=0 1inQ,

(2.3b) u-r=g9, p=h ondQ,

if u = (u1,us) € C3(Q,R?), p € CY(Q) solve (2.32), M,(u) € LP(9N), M,(p) €
Li(09), there exist nontangential limits of u and p at almost all points of OQ, and
these limits satisfy the boundary conditions (2.3b).
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3. BOUNDARY VALUE PROBLEMS FOR THE LAPLACE EQUATION

We reduce the problem (2.3) to the Dirichlet problem and the Neumann problem
for the Laplace equation. So, we gather some results about these problems.

We need several function spaces. Let 1 < p,q < oo. If k is a nonnegative integer
then WhP(Q) = {f € LP(Q);0%f € LP(Q2) V|a| < k} is the classical Sobolev space.
If0 <A <1lands=k+A\, then WsP(Q) = {u € WFP(Q); ||ullwsn(n) < co} where

1/p
0%u(x) — 9u(y)|”
lullwer@)y = [ lullfyenq) + // dz dy
WP () Wk.p(Q) alz_k oo |w_y|m+p/\

If s € R then BPY(R?) is a Besov space. (For the definition see for example
[67].) Denote by B?9(£2) the set of all distribution f on Q for which there exists
F € BP(R?) such that f = F on , and define the norm

[ ] B?’Q(RQ);JC = I' on Q}.
If k is a nonnegative integer, 0 < A < 1 and s = k + A, then W*?(Q2) = BPP(Q)
(see [63, Lemma 36.1] and [16, Proposition 7.6]). If € > 0 and 1 < r < oo, then
W+er(Q) s W (Q), B (Q) — BT (Q).
First we realize how smooth LP-solutions of boundary value problems for the
Laplace equation are:

Proposition 3.1. Let 1 < p < 0. Ifu € C®(Q), Au =0 and M,(u) € LP(09),

then u € Bfﬁ)(ﬂ) with ¢ = max(p, 2).

(See [47], Corollary 4.4.)

Brag) = inf{||F|

Now we recall results about solvability of the Neumann problem and the Dirichlet
problem for the Laplace equation:

Proposition 3.2. Let 1 < ¢ < 0o, h € L1(0Q). Suppose that one of the following
conditions is satisfied:

*q2>2

o 00 is of class C',

e () is convex.

Then there exists a unique Li-solution p of the Dirichlet problem for the Laplace
equation (2.1). Moreover,

| Ma(p)l|La(an) + ||P||B<11,/r;ax<q,2>(m < Cl[hllLao0)

with a constant C that does not depend on h.

Proof. According to [50, Theorem 5.1], [29, Theorem 2], [31, Theorem 5.8] and [17,
Theorem 3.10] there exists a unique L?-solution pj, of the Dirichlet problem for the
Laplace equation (2.1), and

[Ma(pn)l|Laan) < CillhllLaan)
with a constant C that does not depend on h. This inequality and Proposition 3.1
give that the mapping Q1 : h — pp is a closed linear operator from L?(9Q) to
B9 (0) - According to the Closed graph theorem [19, Korollar 3.8] there

1/q
exists a positive constant Cs independent of h such that

lonl pgmexcz o ) < Callhllacan)-
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Proposition 3.3. Let1 < q < co, h € WH4(9R). Suppose that one of the following
conditions is satisfied:

®q=<2,

o 9Q is of class C',

e () is conver.
Then there exists a unique Li-solution p of the Dirichlet problem for the Laplace
equation (2.1) such that M,(Vp) € L1(09). Moreover,
[ Ma(p)l|Lacan) + 1Ma(Vp)llLaan) + HP||quv+m17xq<qv2>(Q) < C|lhllwr.a(an)
with a constant C' that does not depend on h.

Proof. According to [17, Theorem 3.11], [31, Theorem 5.8] and [50, Theorem 5.1]
there exists a unique L?-solution pp, of the Dirichlet problem for the Laplace equa-
tion (2.1) such that M,(Vp) € L1(02). Moreover,

[Ma(pn)llLa@0) + [1Ma(Von)lLaao) < Cillhl|Laan)
with a constant C; that does not depend on h. This inequality and Proposition 3.1
give that the mapping Q; : h +— pj is a closed linear operator from W9(92)
to Bq’max(Q’Q)(Q). According to the Closed graph theorem [19, Korollar 3.8] there

14+1/q
exists a positive constant Cs independent of h such that

||ph||B;1:';7’;(2’Q)(Q) < C2||h||W1~<1(8Q)~
g

Proposition 3.4. Let 0 < a < 1, h € C%*(99). Suppose that one of the following
assumptions holds:

e a<1/2.

o 0Q is of class C',

o () is conver.

Then there exists a unique solution p € C%*(Q) of the Dirichlet problem for the
Laplace equation (2.1). Moreover,

1£llco. @) < [1llco.e a0
where a constant C does not depend on h.

(See [10, Lemma 6.6.14 and Theorem 1.2.4], [31, Theorem 5.2], [17, Theorem
4.6], [65, §2.5.7, Theorem] and [/, Remark 2].)

Proposition 3.5. Let 0 < a < 1 and k € N. Suppose that 0Q is of class Cke.
If h € CH*(0Q), then there exist a unique solution p € C¥*(Q) of the Dirichlet
problem for the Laplace equation (2.1).

(See [26, Theorem 8.34, Lemma 6.38, Theorem 6.14 and Theorem 6.19].)

Proposition 3.6. Let 1 < ¢,7r < 00, 1/g < s < 14 1/q. Suppose that one of the
following conditions is satisfied:

*q=2,

e 0N is of class Ct,

o () is convex.
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Then the following holds:

(1) There exists a solution p € BT () of the Dirichlet problem for the Laplace
equation (2.1) (i.e. boundary condition is fulfilled in the sense of traces) if

and only if h € Bgfl/q(aQ). This solution is unique and

ol

with a constant C' that does not depend on h. The function p is an L9-
solution of the problem.

(2) There exists a solution p € W*(Q) of the Dirichlet problem for the Laplace
equation (2.1) (i.e. boundary condition is fulfilled in the sense of traces) if
and only if h € W31/ 99(9Q). This solution is unique and

srr(@) < Cllhllser,, o0

ollwe.a@) < Clibllws-1/0.400)

with a constant C' that does not depend on h. The function p is an L9-
solution of the problem.

Proof. For Q convex see [17, Theorem 4.5]. The rest cases we obtain by the same
way - i.e. by the interpolation:

BZfl/q(aﬁ) is the space of traces of BZ"(Q) by [51, Theorem 2.5.2]. The unique-
ness of a solution of the Dirichlet problem in BZ" () we get by [31, Proposition
5.17). If h € L1(0N) then there exists a unique L9-solution Lh of the Dirichlet

problem (2.1). The operators L : L1(092) — Bq’max(q’z)(ﬂ), L : Wh(0Q) —

1/q
Bfﬂj’;(q’z)(fl) are bounded. (See Proposition 3.2 and Proposition 3.3.) Using real

interpolation we deduce that the operator L : B /q(aﬂ) — B?7(Q) is bounded.
(See [63, Lemma 22.3], [54, Chapter 3, Corollary 3] and [67, Corollary 1.111].) If
h € C*(09Q) then h is the trace of Lh by Proposition 3.4. Continuity of the trace
operator gives that h is the trace of Lh for arbitrary h € Bgfl/q (09).

We now show the second part of the proposition. For s # 1 the proposition
follows from the fact that W*2(Q) = B%9(Q) and W= 1/%4(99Q) = Bgfl/q(aﬂ).
Let now s = 1. Since {p € WH4(Q);Ap = 0} = {p € B (Q);Ap = 0} by
[31, Theorem 4.1, Theorem 4.2], L is a closed linear operator from W'=1/9(9Q) =
Bffl/q(aﬁ) to Wh4(Q). Therefore L : W'=1/4(9Q) — Wh4(Q) is a bounded
operator by the Closed graph theorem ([19, Korollar 3.8]). O

Proposition 3.7. Let 0Q be of class C*(92) where k € N, 1 < q¢ < oco. If
h € Wkt1=1/9.9(9Q) then there exists a unique solution p € W*tL4(Q) of the
Dirichlet problem for the Laplace equation (2.1). Moreover,

[pllwr+ray < Cllbllwr+i-1/0.0(00)

where a constant C does not depend on h.
(See [27, Theorem 2.4.2.5 and Theorem 2.5.1.1].)

Proposition 3.8. Let 9Q be of class C*1(02) where k € N, 1 < q,7 < o0, 1 <
s<k+1. Ifhe Bgfl/q(asz) then there exists a unique solution p € BY"(Q2) of the
Dirichlet problem for the Laplace equation (2.1). Moreover,

Ird

where a constant C does not depend on h.

Brr(@) < Clhllser,, o0,
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Proof. For h € W'=1/44(9Q) denote by p;, a solution of the Dirichlet problem
for the Laplace equation (2.1). Then the mapping h — pj is a bounded linear
mapping from W'=1/949(9Q) to W14(Q), and from W*+1-1/4:4(9Q) to Wk+1L4(Q).
(See Proposition 3.6 and Proposition 3.7). Using a real interpolation we deduce that
h +— pp, is a bounded linear mapping from Bgfl/q(ag) to BL7 (). (See [63, Lemma

22.3], [65, §2.4.2, Theorem] and [67, Corollary 1.111].) Since BP4(Q2) — BY(Q)
by [67, Theorem 1.97], Proposition 3.6 gives that a solution of the problem (2.1) in
BP9(Q) is unique and it is also an L%-solution of the problem (2.1). O

Proposition 3.9. Let 1 < p < co. Suppose that one of the following conditions is
satisfied:

e 1 <p<2

o 00 is of class C',

e () is convex.
If f € LP(09), then there exists an LP-solution of the Neumann problem for the
Laplace equation (2.2) if and only if

(3.1) f do=0.
00

The solution is unique up to an additive constant. If @ is an LP-solution of the
problem (2.2) then

(32) [Ma(Vo)llLro0) < Cllf e o0)
with a constant C that does not depend on f.
(See [50, Theorem 5.1], [36, Theorem 1.2], [33, Corollary 2.1.11], [33, Corol-

lary 2.2.14] and [25, Theorem 1.1].)

Proposition 3.10. Let k € N, 1 < p,r < oo, 9§ be of class C*, f € LP(95)
satisfying (3.1). Let ¢ be an LP-solution of the Neumann problem for the Laplace
equation (2.2).

e Then p € BP™™ ™2 () c WLr(Q)NC(Q).

1+1/p
o If 0Q is of class Che withk € N, 0 < a < 1 and f € Ck=12(9Q), then
p €Ch(Q).
o If0Q is of class CH1(0Q), 1/p< s <k, f € Bffl/p(aﬁ) then ¢ € B! (Q).

If O) is of class C*1(0Q), 1/p < s < k, s — 1/p is not a natural number,
feWs=1/PP(9Q), then ¢ € WP (Q).

Proof. The tangential derivative d/97 is a continuous mapping W1 (9Q) onto the
set of all functions from LP(9) satisfying (3.1). So, we can choose h € W1P(92)
such that Oh/07 = f. According to Proposition 3.3 there exists an LP-solution p of
the Dirichlet problem for the Laplace equation (2.1) such that M,(Vp) € LP(09Q).

Remark that p € Bfﬁj’;(p’m(ﬁ) C WhP(Q) (see Proposition 3.1). According to [10,

Theorem 1.1.3] there exists a harmonic function ¢ such that p—ip is a holomorphic
function in Q. Thus O1¢ = dap € LP(Q), Oap = —O1p € LP(Q) by [12, Proposition
3.2]. So, ¢ € WHP(Q) by [11, §1.5.2-1.5.4]. Since M,(Vp), M,(Vp) € LP(09),
there exist nontangential limits of Vp and V¢ at almost all points of 9. (See [28]
and [29, Theorem 1].) Clearly

dp Op Oh

8n707'7§7f'
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So, ¢ is an LP-solution of the Neumann problem for the Laplace equation (2.2).
Other solutions of (2.2) differ from ¢ by a constant by Proposition 3.9.

Since 0;¢ € Bf}r;ax(p’m((l) by Proposition 3.1, [46, Proposition 7.6] forces that
€ Bffij);(p’z)(ﬂ). According to [64, §2.3.3, Remark 4] and [60, §2.7.1, Remark 1]
we have BYT1(Q) ¢ Wir(Q) ne(@).

Let now 952 be of class C** with 0 < a < 1 and f € C*~1:%(9Q). Proposition 3.5
gives that p € CH(Q). Thus 9;¢ € C*~12(Q) and ¢ € CH(Q).

Let now 9 be of class C*1(09Q), 1/p < s < k, f € B, (09). Then h €
Bﬁ’j:lfl/p(ﬁﬁ). Proposition 3.8 gives that p € BY/, (). Since 95 € BY"(Q), [16,
Proposition 7.6] forces that ¢ € BY/ ().

Suppose now 9 is of class C¥1(9Q), 1/p < s < k, s—1/pis not a natural number
and f € W*=1/PP(9Q). Suppose first that s € N. Then h € WsH1=1/Pr(9Q).
According to Proposition 3.7 one has p € W*T1P(Q). Since ;¢ € W*P(Q), the
function ¢ € W*+P(Q). If s ¢ N, then f € W3~1/PP(90Q) = BYP, () and thus
¢ € BUE(Q) = Wethr(Q). O

4. REDUCTION OF THE PROBLEM

In this section we show how to reduce the problem (2.3) to a Dirichlet and a
Neumann problem for the Laplace equation.

If (u, p) is an LP-L? solution of the problem (2.3), then p € C*>°(Q2), Ap =0 in
Q (see [38, p. 10]). So, p is an L?-solution of the Dirichlet problem for the Laplace
equation (2.1). First of all we solve this problem. Then we find ® € C(©2,R?) such
that (@, p) is a solution of the Stokes system (2.3a) in Q.

Lemma 4.1. Let 1 < g < co. Let p be an Li-solution of the Dirichlet problem for

the Laplace equation (2.1). Then p € B‘ll’/r;ax(q’z)(ﬂ). Fir s € (0,00), 1 <1t < 00,
0O<a<1,keN.

o If p € BL"(Q) then there exists ® € C>(,R?) N Bzil(Q,RQ) such that

(@, p) is a solution of the Stokes system (2.3a) in Q. If, moreover, Bzil(Rz)

. Bf’/?ﬁ(z’Q)(RQ); then ® € C(Q,R2) N Bf’;;f;Q’Q)(Q,RQ).

o If p € W) then there exists ® € C°°(2,R?) N WstLt(Q,R?) such
that (@, p) is a solution of the Stokes system (2.3a) in Q. If, moreover,

WerLHR2) s BEMED(R?) then & € C(Q,R?) N BI 0 (0, R?).

o If 09 is of class C** and p € C**(Q) then there exists ® € CF+12(Q,R?)
such that (®, p) is a solution of the Stokes system (2.3a) in Q.

Proof. According to Proposition 3.1 we have p € Bf’/r;ax(q’g)(Q).
According to [10, Theorem 1.1.3] there exists a harmonic function ¢ on 2 such

that p + i1 is a holomorphic function in Q. Thus O = O1p, D19y = —02p in
Q by [12, Proposition 3.1]. If p € BL"(Q) then 9,0 = (—1)705_;p € BL',(Q),
and therefore 1p € BL"(Q) by [46, Proposition 7.6]. We extend v as a function
from BY"(R?) with compact support. If p € W() then 8;4 = (—1)705_jp €
Ws=14(Q), and therefore ¢» € W*(Q). According to [3, Theorem 5.24] we can
extend v as a function from W*~1¢(R?) with compact support. If p € C*(Q)
then 9;1) € Ck=1(Q). Since 1 € C®(Q), v € WH3(Q) by [41, §1.5.2-§1.5.4].
Sobolev’s embedding theorem gives that v € C(Q2). Thus ¥ € C**(Q). If 9 is of
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class Ck* then we can extend 1) as a function from C*(R?) with compact support.
(See [26, Lemma 6.37].)
Remember that

is a fundamental solution of the Laplace equation, i.e. —Aha = &g, where Jg is

the unit mass concentrated in 0 (see [11, Theorem 2.4.1.2]). Since ¢ has compact
support we can define ® = (®1, ®5) by the convolution

O =~ * (Oxha), P =1 (01ha).
We have in
V- ® = 0y (—h # Doha) + o (th % Drha) = —010a(1h + ha) + 0102(1h % ha) = 0,
AD; = A(—p % Doha) = Bo[th % (—Aha)] = Do (1)  §g) = Dotp = D1 p,

APy = A(Y * Orha) = 01[¢ * (Aha)] = O [ x (=00)] = —01) = Oap,
Since (@, p) is a solution of the Stokes system in 2, we have ® € C>(Q, R?) by |
§1.2].
If ¢ € BL"(R?) then ®; € BL],(Q) by [16, Theorem 3.3]. If, moreover, BL[, (R?)
< Bf’/r;fi(lq) (R?), then ® € C(Q,R?) by [64, §2.8.1, Theorem].
If v € W(R?) then ®; € W*tL{(Q) by [16, Theorem 3.3]. If, moreover,

WstLt(Q) — BI™™2D () then & € C(Q,R2) by [64, §2.8.1, Theorem].

)

1/q+1
Let now ¢ € C**(R?). If 3 is a multiindex with |3| < k then 9°®; = (95) *
(=1)7(d3_jha) € CH*(Q) by [32, Theorem 10.1.1]. Hence ® € C*+1.2(Q). O

Let now ® be a vector function from Lemma 4.1. Then (u,p) is an LP-L9-
solution of the problem (2.3) if and only if for v = u— ®, t = 0 the couple (v, t) is
an LP-L9-solution of the problem

(41) —AV+Vt=0,V-v=0 inQ, v-r=f:=g—®-7,t=0 ond.

We want to represent v; as derivatives of an LP-solution of the Neumann problem
for the Laplace equation with boundary condition f. But the Neumann problem is
solvable only for a boundary condition f with f 90/ do = 0. So, first we must show

that there exists a solution of the problem (4.1) also for some f with faQ fdo 0.
Lemma 4.2. Define w(x) = (—a2,21)[[, 2 dy]~'. Then
Aw =0, V-w=0 inQ,

/ 7 -w do = 1.
o0

Proof. Easy calculation yields Aw = 0, V-w = 0 in 2. The Divergence theorem

gives
/agT'W 17 = /9[82(”2) + 01 (a1)] UQZ dy} T
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Let now w be from Lemma 4.2, ¢ = 0. Then (v,t) is an LP-L9-solution of the
problem (4.1) if and only if (v,t) is an LP-L%-solution of the problem

(4.2) —Av+4+Vt=0, V-v=0 in(, v-r=f, t=0 on 09,

where

—1 -1
(43) v=v-w émj"da{/@ﬂlda} , ff/émfda{/cmlda} .

Lemma 4.3. Let 1 < p < oo, f € LP(00Q), and ¢ be an LP-solution of the Neumann
problem for the Laplace equation (2.2). Define v1 = —dap, va = 010, v = (v1,v2),
t =0. Then (v,t) is an LP-L9-solution of the problem (4.2).

Proof. We have —Av + Vit = (02Ap, —01A¢) =0, V- v = —0102¢ + 02010 = 0,
f=n101p 4+ nodop =7 - (—0ap,1p) =T - V.
O

5. UNIQUE SOLVABILITY OF THE PROBLEM

Proposition 5.1. Let 1 < p,q < oo, (u,p) be an LP-Li-solution of the problem
(2.3) with h = 0. Suppose that one of the following conditions is satisfied:

q=2,

00 is of class C',

Q is conver,

M, (Vp) € L1(09).

Then p = 0. If moreover g =0, then u = 0.

Proof. Since (u, p) is a solution of the Stokes system (2.3a), we have p € C*>°(Q),
Ap =01in Q (see [38, p. 10]). So, p is an L?-solution of the Dirichlet problem for
the Laplace equation Ap =0 in 2, p = 0 on 9. Hence, p = 0 by Proposition 3.2
and Proposition 3.3.

Let now g = 0. First we show that ug + iu; is a holomorphic function in €.

Since p = 0, we have Au = 0. According to [10, Theorem 1.1.3] there exists a
harmonic function vy on €2 such that us + ivs is a holomorphic function in 2. We
have dyugs = —01v2 by [12, Proposition 3.1]. Since V - u = 0, we have Gougs =

—01u1. Hence 01(u; — vg) = 0. Thus there exists a function w(zs) such that
u1(x) — va(x) = w(zz). Since w’ = Au; — Avy = 0, there exist constants c¢;, co
such that w(xs) = cyxa + co. Therefore there exists a constant ¢ such that the

fuction ugz +4(uy + cxo) is holomorphic in Q. According to [68, Theorem 1.12] there
is a sequence of domains {2; with boundaries of class C* such that
° ﬁj C Q.

e There are a > 0 and homeomorphisms A; : 9Q — 0€);, such that A;(y) €
I'y(y) for each j and each y € 0Q and sup{|ly — A;(y)|;y € 02} — 0 as
J — o0.

e There are positive functions w; on 92 bounded away from zero and infinity
uniformly in j such that for any measurable set E C 0Q, [pw; do =
o(A;(E)), and so that w; — 1 pointwise a.e. and in every L*(912), 1 < s <
0.

e The normal vectors to Q;, n(A;(y)), converge pointwise a.e. and in every

s
L#(09), 1 < s < 00, to n(y).
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Since ug + i(u1 + cxe) is holomorphic, the Cauchy integral
/ [ug + i(u1 + cz2)] d(xy + ize) = 0,
a0

i.e.
/ (u1 + cxo,uz) -n do =0, / (u1 + cxa,uz) - 7 do = 0.
o9, a0,

Letting j — oo we obtain by virtue the Lebesgue lemma

0= / (uy + cxo,ug) - 7 do.
90

Since u - 7 = 0 on 02, we obtain by the Green formula

O:/ (cx2,0)~7'dc7:7/82(cz2) dx:fc/ldx.
19) Q Q

Thus ¢ = 0 and us + iuy is a holomorphic function.

Since us + iuq is a holomorphic function, there exists a holomorphic function
1 + 99 such that (1 +ie)’ = ug + tuy (see [12, Theorem 8.5]). Thus ug + iu; =
O1(Y1 + ithg). Since O1¢ps = —02t)1, we have Vi = (ug, —uy). Hence 1) is
an LP-solution of the Neumann problem Ay = 0 in 2, 911/0n = 0 on .
Proposition 3.9 gives that 1 is constant. Since Vi = (ug,—wu;), we infer that
u=0. U

Theorem 5.2. Let 1 < p,q < co. Suppose that one of the following conditions is
satisfied:

e p<2<yg,

e 0N is of class C*,

e () is convex.
If g € LP(09), h € L1(0N), then there exists a unique LP-LI-solution (u, p) of the

problem (2.3). Moreover, u € B™*®2P () R?) and pE Brax(a:2):4())
1/p 1/q

Proof. The uniqueness follows from Proposition 5.1.
According to Proposition 3.2 there exists a unique L%-solution p of the Dirichlet

problem for the Laplace equation (2.1), p € Bﬂzx(qg)’q(ﬂ). According to Lemma 4.1

there exists ® € C(Q,R?) N C(2,R?) such that (P, p) is a solution of the Stokes
system (2.3a) in Q and ® € C(Q) N Bff‘lj};(q’m (Q). Let w = (22, 21)[ [, 1 dy] ! be
the vector function from Lemma 4.2. Define

R ~ R —1
fi=g—®-71, f=7r- fda[/ lda] .
on o

According to Proposition 3.9 there exists an LP-solution ¢ of the Neumann problem
for the Laplace equation (2.2). Proposition 3.1 gives that 0;¢ € Bf}r;ax(p’2)(9).
Define v1 = —02¢p, v2 = O1p, v = (v1,v2), t = 0. Then (v,t) is an LP-L%-solution

of the problem (4.2) by Lemma 4.3. Define

-1
V=v+4+w fda[/ lda] .
o0 o0

Then (v,t) is an LP-L%-solution of the problem (4.1). Define u = v + ®. Then
(u, p) is an LP-L9-solution of the Navier problem (2.3). O
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Theorem 5.3. Let 1 < p,q < co. Suppose that one of the following conditions is
satisfied:
*p,qg=2,
e 0N is of class C*,
e () is convex.
If g € LP(OR), h € WH4(0Q), then there exists a unique LP-L2-solution (u,p) of
JJ(

)
the problem (2.3) such that M,(Vp) € L1(0S). Moreover, u € B;n/zx(pg) ,R?)

and p € Bl 0P () neO-D/a(@),

Proof. The uniqueness follows from Proposition 5.1.
According to the Sobolev embedding theorem [11, Chapter I, §1.8.1] we have
h € C%P=1/P(9Q). Put r = max(q,2). According to Theorem 5.2 there exists an

LP-L"-solution (u, p) of the problem (2.3) and u € Bf;zx(p’2)’p(§2, R?). The function
p is an L"-solution of the Dirichlet problem for the Laplace equation Ap =0 in €,

p = h on 9. Proposition 3.3 and Proposition 3.4 give that M,(Vp) € L1(09Q) and

pE B?ff/(g’Q)’q(Q) NCoa=D/a(Q). 0

Lemma 5.4. Let (u, p) be an LP-L? solution of the problem (2.3) with 1 < p,q,r <
00.
o Let 0 < a <1, helCo0N). If a < 1/2 or 9 is of class Ct or Q is
convez, then p € CO*(Q).
e Letk € N,0 < a < 1. If 00 is of class C** and h € C**(0Q), then
p € Cha(Q).
o Let 1/qg < s < 1+ 1/q. Suppose that ¢ = 2 or OQ is of class C* or Q is
convezr. If h € Bgfl/q(aQ) then p € B"(Q). If h € Ws=1/99(9Q) then
p € W1(Q).
o Let 00 be of class CH1(0Q) where k € N, 1 < g < oo. If1 < s < k+1,
s—1/q ¢ No, h € Ws=1/29(9Q) then p € W>1(9Q).
o Let 9Q be of class CH1(00) where k € N, 1 < ¢,r < oo, 1 <s<k+1. If
h e BY" , (09Q) then p € BT (Q).

s=1/q
Proof. p is an Li-solution of the Dirichlet problem Ap = 0 in Q, p = h on 9.
The rest is a consequence of Proposition 3.4, Proposition 3.5, Proposition 3.6,
Proposition 3.7, Proposition 3.8 and the fact that W*?(Q2) = BPP(Q), WP (0Q) =
BPP(9Q) for non-integer s. O

Remark 5.5. There exists h € C%1(9Q) such that for each LP-Li-solution (u,p) of
the problem (2.3) we have p & C%1(Q).

Proof. According to [1, Theorem 2] there is h € C%1(9€) such that it does not
exist p € COL(Q) N C3(Q) with Ap = 0in Q, p = h on Q. Let now (u,p) be
an LP-L%-solution of the problem (2.3). Then p is an L%-solution of the Dirichlet
problem for the Laplace equation (2.1) (see [3%, p. 10]). Thus p & C%1(Q). O

6. SOLUTIONS IN SOBOLEV AND BESOV SPACES

Let 1 < p,q,r,3 < o0, 1/p <t < o00,1/qg<s<oo. In this section we study the
problem

(6.1a) —Au+Vp=F, V-u=G inQ,



ONE PROBLEM OF THE NAVIER TYPE FOR THE STOKES SYSTEM IN PLANAR DOMAINS

(6.1b) u-r=g9, p=h ondQ,

where u € Wi?(Q, R2) U BP?(Q,R?) and p € W*4(Q) U B£"(Q). The nonhomoge-
neous Stokes system (6.1a) is fulfilled in the sense of distributions and the boundary
conditions (6.1b) are fulfilled in the sense of traces.

Proposition 6.1. Let 9Q be of class C1, 1 < p,q,7,8 < 00, 1/p <t < 00, 1/q <
s < 00. Suppose that u € WhP(Q, R2) U BPP(Q,R?) and p € W*1(Q)UBL"(Q). If
(u, p) is a solution of the problem (2.3) with g =0, h =0 thenu=0, p =0.

Proof. Since p is a solution of the problem Ap = 0 in Q, p = 0 on 012, Proposi-
tion 3.6 gives that p = 0. Therefore Au = Vp = 0. Denote by ¥ the trace of u.
Proposition 3.6 forces that u is an LP-solution of the problem Au=0in Q, u= ¥
on 99. Hence (u,p) is an LP-L? solution of the Navier problem (2.3). According
to Proposition 5.1 we have u = 0. (Il

Theorem 6.2. Let k € N, 1 < p,q < oo, 9Q be of class C¥1, 1/qg < s < k + 1,
s=1/¢g €Ny, I/p<t<k,t—1/peg€ Ny, andt <s+1,p<gq Ift=s+1
suppose moreover that p = q. If g € W' 1/PP(9Q), h € W=V 49(9Q), then there
exists a unique solution (u, p) € WHP(Q, R?) x W*4(Q) of the Navier problem (2.3).
Remark that (u, p) is a unique LP-L? solution of (2.3).

Proof. Uniqueness follows from Proposition 6.1.

According to Theorem 5.2 there exists a unique LP-L? solution (u,p) of (2.3).
Lemma 5.4 gives that p € W*4(Q). For the regularity of u we follow the construc-
tion of a solution in §4. Let w(x) = (—xz,xl)[fﬂ 2dy]™!, and ®, v, v, f, f, © have
meaning from §4. Since W*4(R?) — Bf}?ax(z’q) (R?) (see [0, §2.3.3, Remark 4]),
Lemma 4.1 gives that ® € W*t14(Q). Hence ® € WHP(Q) by [53, Chap. 2, §5.4]
and Holder’s inequality. Moreover, WHP(Q) «— W'=1/P»(9Q) by [27, Theorem
1.5.1.2]. Thus f = g — ® -7 € W'1/PP(9Q) and therefore f € Wi=1/PP(9Q).
Since ¢ is a solution of the Neumann problem for the Laplace equation with
the boundary condition f, Proposition 3.10 gives that ¢ € W'tLP(Q). Hence
v = (=02p,01p) € WEP(Q,R?). Since u is a linear combination of ®, w and v, we
deduce that u € WH?(Q). O

Theorem 6.3. Let k € N, 1 < p,q,7, 3 < 0o, I be of class C*1, 1/qg < s < k+1,
I/p<t<k,andt<s+1, p<gq. Ift=s+1 suppose moreover that p = q and

r<pB. Ifgce€ Bf’_ﬁl/p(aﬂ), h € BZfl/q(aQ), then there exists a unique solution

(u,p) € BPP(Q, R%) x BY(Q) of the Navier problem (2.3). Remark that (u, p) is
a unique LP-L7 solution of (2.3).

Proof. Define the operator U by
Ulu, p|] = [u - 7]s, ploal.
By virtue of Theorem 6.2 there exists € > 0 such that
U :A{[u,p] € WiTP(Q,R?) x WsT4(Q); Vu= Vp,V-u=0}
— WHVP(9Q) x Wete1/9(5Q),
U:{[u,p € WP(Q,R?) x W Q); Vu=Vp,V-u=0}
— W P(90Q) x W= 11(5Q)
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are isomorphisms. The real interpolation gives the theorem. (See [63, Lemma 22.3],
[65, §2.4.2] and [67, Corollary 1.111].) O

Theorem 6.4. Let k€ N, 1 < p,q,r, 3 < oo, O be of class C*1, 1/q < s < k+1,
1/p<t<k,andt <s+1,p<gq. Ift=s+1 suppose moreover that p = q and
r<B. Ifge B, (09), h € B, (00), F € BI' (Q,R?), G € BI"(Q), then
there exists a unique solution (u, p) € BPP(Q, R%) x B1"(Q) of the Navier problem
(6.1).

Proof. Fix R > 0 such that Q C B(O;R) = {a;]|] < R} Ifl € N, G ¢
Wi=14(B(0; R)) and F € W!=249(B(0; R),R?), fB(OR) G dz = 0, then there ex-
ists a unique v € WH4(B(0; R),R?), ¢ € W!=14(B(0; R)) such that

~Av+Vé¢=F, V-v=G in B(0;R),

v=0 on dB(0;R), / ¢ dx = 0.
B(0;R)
Moreover,
IVIlweaso:r)) + 1ollwi-1aso;R) < C (HF”W“WI(B(O;R)) + HG”WZ*L‘?(B(O;R)))

where a constant C' does not depend on F and G. (See [24, Theorem 2.1] and [23,
Theorem 2.1].) Using the interpolation we infer that for F € BY" (B(0; R); R?)
and G € B?"(B(0; R)) we have v € BY/,(B(0; R);R?), ¢ € BI"(B(0; R)). (See
[63, Lemma 22.3], [67, Corollary 1.111] and [67, Theorem 1.122].)

We can choose F € BY" | (B(0; R); R?), G € B%"(B(0; R)) such that fB(O;R) Gdx =
0,and F = F, G = G in Q. We have proved that there exist v € B! (B(0; R),R?),
¢ € B?"(B(0; R)) such that

~AVv+Vép=F, V.-v=0_ in B(0; R).

One has v € B%/, (Q,R?) ¢ BYY(Q,R?) ¢ BPP(Q,R?) by [66, §2.3.2, Proposition
2] and [67, Theorem 1.97].
According to [27, Theorem 1.5.1.2] there exist s(1), s(2) such that s(1) < s <

5(2) and the trace yq is a bounded linear operator from W#*)-4(Q) = BZ&‘;)(Q)

to WeU)=-1/249(9Q) = Bg(g)fl/q(aﬁ). By virtue of the interpolation we deduce

that vq : B"(Q) — Bgfl/q(ﬁﬁ) is a bounded linear operator. (See [63, Lemma
22.3] and [67, Corollary 1.111].) By the same way we prove that vo : BP?(Q) —
Bfﬁ/p(am is a bounded linear operator. So, v € Bf’_ﬁl/p(aQ,RQ), o€ Bgfl/q(ﬁQ).

According to Theorem 6.3 there exists a solution (w, ) € BP?(Q, R?) x B2 (1)
of the Navier problem

—-Aw+Vy=0, V-w=0 in{,
W:-T=0g—V-T, w:h*gﬁ OnaQ.
Clearly, (u,p) := (W4 v, +¢) € BP?(Q,R2) x B¥"(Q) is a solution of the Navier

problem (6.1).The uniqueness of a solution follows from Proposition 6.1. O

Theorem 6.5. Let k € N, 1 < p,q < oo, 9Q be of class C*1, 1/qg < s < k+1,
s=1/g¢€No, I/p<t<k, t—1/p&Ny, andt <s+1,p<gq. Ift =s+1 suppose
moreover that p = q. If g € W =1/PP(9Q), h € W 1/24(99Q), F € W5~ 14(Q, R?),
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G € W*4(Q), then there erists a unique solution (u,p) € WHP(Q,R?) x W*4(Q)
of the Navier problem (6.1).

Proof. According to Theorem 6.4, [24, Theorem 2.1] and [23, Theorem 2.1] there
exist (v, p1) € WHL4(Q R?) x W*4(Q) such that —Av+Vp; =F, V.-v =G in
Q. Since p < ¢, and t < s + 1 we have v € WHP(Q,R?). So, v € Wi~ 1/PPr(Q R?),
p1 € We—1/99(9Q) by [27, Theorem 1.5.1.2].

According to Theorem 6.2 there exists a solution (w, py) € WHP(Q, R?) x W4()
of the problem

—Aw+Vps=0, V-w=0 1inQ,
wW-T=¢g—vVv-T, p2=h—p; ondf.

Clearly, (u,p) := (Vv +w,p1 + p2) € WHP(Q,R?) x W*4() is a solution of (6.1).
The uniqueness of a solution follows from Proposition 6.1. O

7. CLASSICAL SOLUTIONS

Theorem 7.1. Let k € N, 0 < a,y < 1, 0Q be of class C*7. Let h € C°(09), g €
CO*(09). Then there exist unique u € C°(2,R?) NC>®(Q,R?), p € CO(Q) NC>=(Q)
such that (u, p) is a classical solution of the problem (2.3).

If a < 7y then u € C%(Q, R?).

If h € CO7(09), then p € CO7(Q).

If h € CH7(0Q) then p € CH(Q).

If g € CF=17(09), h € ¢max(k=2.17(9Q) then u € CF~17(Q, R?).

Proof. According to Theorem 5.2 there exist a unique L? — L?-solution (u, p) of the
problem (2.3). Lemma 5.4 gives that p € C%(2). The regularity of u we get from
the construction of u in §4. Let w(x) = (—z2,21)[[,2 dy]™!, and ®, v, v, f, o
have meaning from §4.

Suppose that @ < . Let 2 < g < co. Since p is a classical solution of the Dirich-

let problem for the Laplace equation, Lemma 4.1 gives that ® € B/, /q(Q,RQ)-

According to [66, §2.7.1, Remark 1] we have Bffl/q(Q) c %a=N/9(Q). For suffi-

ciently large ¢ we have ® € C%*(Q2,R?). Thus f=g—® 7€ C%(Q)) and hence
f € C%(Q). Since ¢ is an LP-solution of the Neumann problem for the Laplace
equation (2.2), ¢ € CY*(Q) by Proposition 3.10. Thus v; = —dyp € C>*(Q),
vg = O1p € CO¥(Q). So, v € CO*(Q,R?) and u = ® + v € C**(Q,R?).

If h € C%7(09), then p € C®Y(Q) by Lemma 5.4. If h € C*7(99Q) then p €
CF7(Q) (see Lemma 5.4).

Let now g € C*~17(9Q), h € CH(09Q) with [ = max(k —2,1). Since p € C"7(Q),
® c C*17(Q) by Lemma 4.1. So f € CF17(9€). Proposition 3.10 gives p €
CF7(Q). Therefore u € C*~17(Q, R?). O

Theorem 7.2. Let k € N, 0 <~y <1, 09 be of class CF+27. Let h € Ck(09Q),
g € CFL7(0Q), F € Cj71’7(Q,R2),7G € CkY(Q). Then there exists a unique
solution (u, p) € C*17(Q,R2) x CF7(Q) of the problem (6.1).

Proof. According to [26, Theorem 6.19] there exists a solution w € C¥+27(Q) of the
problem Aw =G in Q, w =0 on JQ. Define w=Vw, g=g—w 7, F=F + Aw.
Then w € CF17(QR?), g € CF17(0Q), F € CF17(Q,R?), and V- w = G in
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Q. According to [22, Theorem IV.7.2 and Remark IV.7.1] there exists a solution
(v,p) € CF+17(Q,R?) x C*7(Q2) of the problem

~Av+Vp=F, V-v=0inQ, v =0 on .

Define i = h — p. Then h € C*7(9). According to Theorem 7.1 there exists a
solution (v, ) € C¥+17(Q,R2?) x C¥7(Q) of the problem

—AVH+Vp= V- v=0inQ, 7-v=4g,

p
Putu=w+v+v, p=p+p. Then (u,p) € CF17(Q,R?)
of the problem (6.1).
The uniqueness follows from Theorem 7.1. ([
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