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Navier-Stokes-Fourier system
Field equations

Oro + divy(ou) =0
Ot(ou) + dive(ou @ u) + V,p(o, ) = div,S(V,u)
Or(0e(o,9))+divy(oe(o, )u)+diveq = S(Vxu) : Viu—p(o, ¥)divyu

Newton’s rheological law, Fourier’s law

2
S(Vxu) = <qu +Viu— gdivxu]l> + ndivyeul, £ >0, n>0

qg=—xVyd, k>0
No flux conditions

u|3Q = 0, VX19 . rl|aQ =0

o>



Thermodynamics
Gibbs’ relation - entropy

1
9D5(0.0) = De(.9) + plo.0)D 1)
Thermodynamics stability

Ip(0,1)
do

O, 8e(Q? 19)

oY
Entropy equation

Entropy production rate

d:(0s(0,9)) + divi(os(o, ?)u) + div, (

o= % <S(qu) : Viu

o>



Navier-Stokes-Fourier system - weak formulation

Mass conservation

Oro + divy(ou) =0

Momentum balance

Ot(ou) + divy(ou @ u) + V,p(p, 9) = div,S(V

Entropy production

(os(0, 1)) + divy(os(o,9)u) + divy (5) -

A=l (T T )

Total energy balance

d
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1
ol + oele.0)] ax =
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Relative energy (entropy)

Ballistic free energy

He(o,7) = ce(o,9) — Oos(o, V)
Relative energy

5(9,19,u ’r,@, U)
:/Q[%Q|U—U|2+He(@a19)_

aH@(r7 e)
do

( —r)—H@(r,e)] dx
1,5 1 2
~olul® + oe(o,9) dx—/gu-de+/—g|U| dx
2 o 0 2
Q

(0,9)0 dx — /

dx+/ r,®)d
o0 ¢ QP( ) dx
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Dissipative solutions

Relative energy inequality

< (oadeas)]
~|—/0T /Q% <S(19,qu) :Viu — (v, Vi) - V¥

3 > dx dt
S/OTR(Q,ﬁ,u ‘ r,e,u)dt

Test functions

r,© >0, U|pg = 0 (or other relevant b.c.)

o>



Dissipative solutions - remainder

Remainder

R(0,9,u ‘ r,@,U):/Qg(u—U)-VXU.(U—u) dx

+/ [S(ﬁ,vxu) V.U - M.vxe] dx
Q

+ /Q o(s(e.9) ~ 5(r,0)) (U~ u) - 7.0 dx
+/Q Q(atu +U- qu> -(U—u)dx — /Qp(g, ¥)div,U dx
- /ﬂ (o(ste. 9) — s(r,©))2:0 + o(s(o. ) — s(r,©))U - V.©) dx

+/Q((1_£r’) 0up(r,€) ~ Lu - ,p(r,0)) dx

= = = = o>



Weak solutions - the-state-of-the-art

Existence [EF, A.Novotny [2009]

Weak solutions exists for any finite energy initial data
| under certain restrictions | on the constitutive relations

Weak-strong uniqueness [EF, A.Novotny [2012]

Weak and strong solution emanating from the same initial data
coincide as long as the latter exists

Weak-strong uniqueness [EF, A.Novotny [2012]

Weak and strong solution emanating from the same initial data
coincide as long as the latter exists

Conditional regularity [EF, A.Novotny, Y.Sun [2013]

Weak solution emanating from regular initial data and having
bounded velocity gradient V,u is regular




Long-time behavior

Driven system

Oro + divy(ou) =0

O¢(ou) + divy(ou @ u) + Vyp(p, 9) = div,S(V,u) + of

Driving force

Or(0e(o,9))+divy(oe(o, ¥)u)+diveq = S(Vxu) : Viu—p(o,¥)divyu

o>



Long-time behavior
Pressure hypothesis

2—5(0,19) >0 for all ¥ > 0

Dichotomy - EF, H.Petzeltova [2006]

f(x) = V4F(x) = convergence to an equilibriun solution for t — co

f(x) # ViF(x) = E(t) > o0 ast—

o>



Incompressible vanishing dissipation limit
Scaled system

0r0 + divy(ou)

1
O¢(ou) + divy(ou @ u) + 8_2VXP(9’ ¥) = e¥div,S(Vxu) + =9V, F

Ot(0s(0,9)) + divk(os(o, 9)u) + eAdiv, (%)
-V, 9
24+«
(759 )
1, 1 1
/Q {§g|u| + 5—296(9,19)} + ~oF dx=0

xu) : Veu —

o>



Geometry, (ill prepared) data

Spatial domain, boundary conditions

Q c R® — exterior domain

u- n|3Q = Vxﬁ . rl|aQ = 0, [S(qu) . n] X n|aQ =0
0—0>0 9 —9>0, u—0as|x| — oo
Initial data

u(oa ) = Uo,e, Q(Oa ) = 00 = E‘i‘ 0,

1 1
{0} es0, {93

,€

}es>0, {Uoc}eso precompact in L'n Lz(Q)

o>



Target system

Euler-Boussinesq system

div,v =0
Ov+v-Vw+V, M=

—a(@, 5)VXF
cp(0,7) (00 + v - V0) — Va(p,9)v - VxF =0

Insviscid limit EF, A.Novotny [2014]

5
>0 0<a<=
1958_19—>0asa—>0

u. —»>vase—0
Boundary layer at t =0
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Vanishing dissipation limit

Navier-Stokes-Fourier system

Oro + divy(ou) = 0,

O¢(ou) + divy(ou ® u) + V,p(0,9) = div,S(?, Viu) — Au

Or(es(o, D)) + divi(os(e, 9)u) + divi <19)
- (S(ﬁ, Vo) : Vyu -

q- V0
a3,
Slip boundary conditions

g

u- "|8$’2 =0, [S(’l(}, qu) . n] X n|39 =0

q(¥, Vi) - nfog = 0

o>



Constitutive relations - scaling
Pressure

Viscous stress

_ —952p (2 - =
p(97 19) - PM(Q, 19)+PR(Q, 19), PM = 9 P (193/2> ) pR(Qa 19) - 3 ¥

S(9, Viu) = [,u(ﬁ) (qu +Viu-— gdivxu]I> + n(ﬁ)divxu]l]
Heat flux
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Target system

Full Euler system

Oro + divy(ou) =0
Or(ou) + divi(ou ® u) + Vepu(o,9) =0

1
Or <§9|l1|2 + oem(o, 19))

1
+divy [(§g|u|2 + oem(o, 19)) u+ pu(o, ﬁ)u] =0

Slip boundary conditions
u- l1|aQ =0

o>



Vanishing dissipation limit

Theorem EF [2015]

Let [og, Ve, ug] be the classical solution of the Euler system in a
time interval (0, T), with the initial data 0o, g, U0 £, uo,g]. Let
[0,,u] be a weak (dissipative) solution of the Navier-Stokes-Fourier
system, with the initial data [gg, %o, uo].

Then

£ (Q,ﬂ,U‘QEﬂgEauE) (7)

< a(T,data)e (907 Yo, Uo‘Qo,E, Jo,E, UO,E)

1/3
+C2(T,data)max{a,y,w,)\, , —> }

fora.a. 7€ (0, T).




Full Euler system
Mass conservation

Oro + divy(ou) =0
Momentum balance

0¢(ou) + divy(ou ® u) + V400 =0
Energy balance

1 1
Ot [§g|u|2 + cvgﬁ] + divy [<§g|u|2 + ¢ 00 + gﬂ) ] =0
Entropy inequality

Ot(0s) + divy(osu) > 0, s = s(p,9) = log (

9 )
1%

o>



Riemann problem
Geometry

Q=Rx T, where 7' = [0, 150,13 is the “flat” sphere
Initial data

R, for x; <0
0(0,x1,x) = Ro(x1), Ro =

Rg for xgy >0

O, for x; <0
(0, x1, %) = Op(x1), O =

Ok for xy >0
U, for x; <0,
ur(0,x1, x2) = Up(x1), Up =

Ug for xgy >0

u?(0,x1, x0) = 0.



Shock free Riemann solutions

Solution class
0<0<2 0<9<9, |s(0,0) <5, Jul<T

Isentropic solutions
e the entropy S is constant in [0, T] x Q
O =R& exp CLS

e R=R(t,x1) and U = U(t, x1) represent a rarefaction wave
solution of the 1-D isentropic system

0:R + 84 (RU) = 0, R[0:U + Udy, U] + exp <Cls> RS =0




Uniqueness

Theorem, EF, O.Kreml, A.Vasseur [2014]

Let [0, 9, u] be a weak solution of the Euler system in (0, T) x Q
originating from the Riemann data. Suppose in addition that the

Riemann data give rise to the shock-free solution [R,©, U] of the
1-D Riemann problem.

Then

0=R, 9=0, u=[U,0]a.a.in(0,T)xQ




