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1. INTRODUCTION

We consider the initial-boundary value problem

(l.l)ﬁt—i-A(x,t,%)U—i—Vp:f(x,t), V.5=0, 2€QCR, te(0,T),

(1.2) (x,0) = vo(z), U(x,t)’meaﬂ =0

where unknown are a vector field ¥(z,t) = (v1(z,t),v2(x,t),v3(z,t)) and a function
p(z,t). By A we mean a matrix-formed differential second order elliptic operator with
real coefficients and by Ay we mean its principal part, i.e. the sum of all terms in A
containing derivatives of the second order. We assume that the matrix Ag(z,t,i&)
is positive definite for arbitrary ¢ € R® and arbitrary fixed x € Q, t € [0,T]. The
domain €2 is bounded.

When A = —V?21, then (1.1) is the well known Stokes system.

Our main result is the following existence theorem for the problem (1.1), (1.2).

Theorem 1. Assume that 0Q € C?*T « € (0,1), that the coefficients of A
belong to C**/2(2 x (0,T)), T > 0, and that the leading coefficients satisfy the
Holder condition with respect to t with an exponent /2, a; > «, and belong to
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Wl(Q), ¢ > 3, for all t € [0,T]. Let the data fla,t), To(x) possess the following
properties:

1. fe C*/2(Q x (0,T)), V- f =0 (in the weak sense), f - fi|zcoq = 0 (7 is the
unit interior normal to OQ),

2. Ty € C*2(Q), V- =0,

3. the following compatibility conditions are satisfied:

—

— a 3
vo(x)|z€39 =0, A(I,C,O, %)vo(x) + vpo(x) - (x70)|m€8§2 =0,

where pqg is a solution of the Neumann problem

0
V2po(w) =~V - A(a,0, %>170($)» reQ,
Op . 0\ .
8_73|m€89 =—n- A(x’ 0’ %)vo(‘w”zEBQ'

Then the problem (1.1), (1.2) has a unique solution ¥ € C?t*1+2/2(Q x (0,T)),
Vp € C*/2(Q x (0,T)), and the solution satisfies the inequality

(13) U] c2tantarzax 0,y + I VPlcear2@x0,1))

< e[ floaarziax(o,ry) + [Tolczra(q))-

A similar theorem holds in the two-dimensional case.
We recall the definition of the norms in C*(Q) and in CH/2(Q x (0,7)) (I =
]+ X, Ae (0,1)):

| Dju(z) — Dju(y)|

i l
[ulene = Wl + Y sup [Du(@)],  [uly) = D" sup o
i<t @ pmeven [Tl
i 1,1/2
|U‘CU/2(Q><(O,T)) = Z sup |Dfocu($,t)| + [u]&(?x/(O?T)’
Qx(0,7)

li]+2k<1

1,1 l 1/2
[l ey = suplu( 1) -+ supu(r, ](7).

It is known that if u € CH/2(Q x (0,T)), then DJDFu € C™"/2(Q x (0,T)), r =
I —|j] — 2k, provided that r > 0.

Theorem 1 can be used for the study of differentiability properties of solutions of
nonlinear equations

(1.4) G+ (T-V)G—-VPS(@)+Vp=f, V-7=0,

where the tensor P is a nonlinear function of the rate-of-strain tensor S(v) =
Vi + (V3)T (see [3-6]). In particular, one of its consequences is the local existence
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theorem for the Cauchy-Dirichlet problem (1.4), (1.2) (under appropriate assump-
tions concerning P).

For the Stokes system Theorem 1 is proved in [7-9]. The proof is based on the
analysis of the Cauchy and Cauchy-Dirichlet problems for the system with constant
coefficients containing only the highest order terms. This analysis is sketched in
Sections 2 and 3. Section 4 contains some comments on the Schauder procedure for
the problem (1.1), (1.2).

The work was done at the Center of Mathematics and Fundamental Applications
of the University of Lisbon and at the Max Planck Institute for Mathematics in
Natural Sciences. The author is thankful to both these institutions for hospitality.

2. CAUCHY PROBLEM AND FUNDAMENTAL SOLUTION FOR MODEL EQUATIONS

The solution of the Cauchy problem

(2.1) ﬁt—f—Ao(%)ﬁ—i—Vp:f(x,t), V.7=0, xR t>0,

(2.2) t(x,0) = vo(z)

can be expressed as the sum of potentials
3 t
@)= [ [ Tinle .t fuly ) dyar
1 Jo JRr3

3
+ Z /[RBTkm(x — ¥y, t)vom (y) dy,
m=1

3
(2.9 pat) = 3 57 [ Ble= ity

=1

3 t
+ Z/ / Tém(x_yat_T)fm(yaT)dydT
m=170 /R?
3
+ Z /[RSTAim(‘r - y,t)v()m(y) dy
m=1

where T}, (x,t) are elements of the fundamental matrix of solutions of the system
(2.1) and E(z) = —(4xn|z|)~! is a fundamental solution of the Laplace equation. The
fundamental matrix is defined in a standard way. Let us write (2.1) in the form

(g )V = F
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where V = (7,p), F = (f,0) and £ is 4 x 4 matrix differential operator whose
characteristic matrix is given by

s+an (i)  az(if) a13(i§) &
az1(i€)  s+ax(if)  a(if) i

az1(i&) ag2(i€)  s+ags(if) i |’
i i ig3 0

L(ig, s) =

where ag,, are elements of Ag(i€). It is easy to see that
det L(i&, s) = L(i&, s) = s?|¢]* + s(|€[*SpAo(i€) — £ - Ap(i€)€)) + & - A(i€),

where SpAg = a1 + asge + azz and A= Aal det Ag is the adjugate matrix of Ap.
The roots of the polynomial L(i€, s) with respect to s have negative real parts for
arbitrary £ € R® \ {0}:

Re s, < —0¢)2,  6>0,

and
|L(E, 5)| > cl€*(Is] + €1*)?,
if ¢ € B3\ {0} and

(2.4) Re s > —x[Im s| — d|¢|?

with a small x > 0.
The fundamental matrix is defined by

Ty (2,t) = (FL) ' =212
0 = R e )
where F'L means the Fourier-Laplace transform (Fourier with respect to x, Laplace
with respect to time), and (F'L)~! stands for the inverse transformation. Ly, are
elements of the adjugate matrix £ = LL™!.
If k,m =1,2,3, then T, (x,t) satisfy the inequalities

(2.5) | D4 T (2, 1)] < () (J2]* + )= CHID2 vt >0,

and Ty (x,t) = 0 for ¢t < 0. Ty, (z,t) contain the Dirac d-function §(¢), namely,

9 /
(26) T4m(m7t) = (5(15)%E({,E) + T4m(xvt)7

| DIT 4 (2, 1)] < e(]) (|2 + )~ HID2 vt > o,
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and Ty, (z,t) =0 for ¢ < 0.
It follows from (2.5), (2.6) that the solution of the problem (2.1), (2.2) satisfies
the inequality

sup[ﬁt(.,t)]gé) + sup[ﬁ(.,t)](%a) + sup|p(-, t)]gja)
(2.7) t<T t<T t<T
< e(sup[F(- )5 + [0) &),
t<T
and if V - fz 0, then
a,l4+a/2 a,a/2 Ala,a/2 - 124«
(28) Pestton ™ + Vol oy < (Ao + WolGs ).

The number T > 0 is arbitrary, and the constants in (2.7), (2.8) are independent of
T.
These results are obtained in [11].

3. MODEL PROBLEM IN THE HALF SPACE

Let us consider the problem

)
(3.1) 7 +A0(a

(3.2) ¥(z,0) =0, v _, = ba',1)

)v—I—Vp—O V.7=0, azeR: t>0,

in the half space R} = {z3 > 0}.

Theorem 2. For arbitrary smooth b(z',t), ' = (1, acg) decaying at infinity
sufficiently rapidly and satisfying the conditions b(x 0) = bt(x 0) =0,

OBi(x',1) | OBa(a’,1)
8$1 axg ’

(3.3) ba(a't) = V' - B'(2/,t) = B'(z',0) = 0,

the problem (3.1), (3.2) has a unique solution ¥ € C?+*1+2/2(R3 x (0,T)), Vp €
C4/2(R3 x (0,T)), VT > 0, and this solution satisfies the inequality

[‘1(2+a 1+Ot/2 + [V ](a,a/Z)

( ) [R3><(0T) [R3><(0T)
34 711 24a,14+a/2 24« S (1+a,(1+a)/2
< (G + suplba (- 1G) + (B ),

t<T

The proof of this theorem which is the central point of the analysis of the problem
(1.1), (1.2) proceeds in several steps. First of all, we perform the Fourier transform
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with respect to 2’ (which we denote by the symbol F’) and the Laplace transform
with respect to ¢t and reduce the problem (3.1), (3.2) to the boundary value problem
for the system of ordinary differential equations:

85—1—1215—!—@]3:0, @%:1':0, x3 >0,
—

S|

(x3), plas) — 0, w3

where @ = F'Lu, V = (i1,1o, dfi ), A= Ap(ie’, =4 Tos ). It can be shown that this
problem is uniquely solvable for arbitrary &' € R?\ {0} and arbitrary s € C satisfying
the condition

(3.5) Res + k[Ims| > —d,|¢'|?

with small x,d; > 0. We look for a solution in the form

(3.6) O (x3) = 21_71 Z / Lkmlgl/flglfsa)) iz3€s dé; }Alm, k=1,23,

Ju—y

L m ) 7
(B.7)  ple) = 5 Z / ; lf e )) 55 g

N
F|

Boundary conditions o lgs=0 = b lead to a linear algebraic system

b
S

(3.8) U

where U is 3 x 3 matrix with the elements

1 [ Lin(i€,i€s, 5)
Ukm = — — =" 2 &, k,m=1,23.
o o /_oo LG 6s) "
Proposition 3.1. If ¢’ € R? \ {0} and s € C satisfy the condition (3.5), then
the system (3.8) is uniquely solvable. The elements U*™, k +m < 6, of the inverse
matrix U~ are representable in the form

Ukm(fl,s) — Ukm(fl,s) _|_Ukm(£l’3)

km

where u*™ and v*™ possess the following properties:

(i) uFm (¢, s) are analytic functions with respect to s and to the first two arguments
which can take complex values (; = & + n;, j = 1,2, provided that condition (3.5)
is satisfied and

(3.9) In| < 82(I¢'1% + )2
with a certain small 6o > 0,
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(ii) u*™(¢', s) are homogeneous functions of the first order:
uFm (N NZs) = M (¢ s), YA >0,
and they satisfy the inequality
(3.10) [t (¢ 9| < ellsl + 1€'1%)2
in the domain (3.5), (3.9),

(iil) uk3(¢',s) = uPk(¢',5) =0, k=1,2,
(iv) v¥™(¢', s) are linear combinations of the functions

ﬁﬁgﬂ’ywﬁ’y(f/vs)a 67’7: 1727

where wg~(¢',s) = wg’ff are analytic with respect to s, (1, (s if s € C satisfies the

condition (3.5) and

(3.11) In| < d82l¢'],

(v) wg, (¢, s) are homogeneous of order zero: wg~ (A, N2s) = wg (¢, s) and

lwp (&', 5) < ¢

in the domain (3.5), (3.11);
finally,

U33(£I,8) _ 1

- @(u33(£l7 8) + U33(§/’ 3))

where u33(¢',s), v33(¢',s) possess the same properties as uF™(¢',s), vP™(¢,s),
k,m = 1,2, but u* are homogeneous functions of the second order, w3} are ho-

mogeneous of the first order, and

in the domains (3.5), (3.9) and (3.5), (3.11), respectively.

We cannot give the proof of this proposition because of the lack of space.
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Formulas (3.6), (3.7) are equivalent to the representation of (¥,p) in the form of
the simple layer potential

3 t
k(z,t) = Z /0 /WTkm(x/ — vy, x3,t — T)hyp(y', 7) dy’ dr, k=1,2,3,
m=1

p(z,t)= | VE(@@ —y, x3) by, t)dy’
R2

3 t
+ Z / /R2Tim($/—y/,$3,t—7’)hm(y/,7')dy/d’7',
m=170

for which the following proposition can be proved.

Proposition 3.2. The estimate

sup 3 (-, )] + sup[a(-, D] + suplp(-, )]s
t<T t<T + t<T

3.12 2

(3.12) < CZ ( ranra)/2) | [%}(a,am) )
JIR2x(0,T) Oxj Ir2x(0,1)

holds with a constant independent of T'.

For iLk we have the formula

3

= Z Ukm(§/78)(;ma k = 172a37

m=1

>
Ea

and, as a consequence,

. 2P B B3
he =3 (%r% + 55 D,), B=1.2,
~y=1
2 e 3y 33 4,33
s g 077 50 £p6y u™® + v o
igohs = 3 (e b e 707)
where r = /s + [€'[2, D, = B, —i&,bs (we have used the condition (3.3): sbs =

151]31 + i§2§2). Making the inverse Fourier-Laplace transformation we represent
hi, ha, h3z, in the form of sums of potentials with the kernels

1uﬂv
r2’
oFm
Qrm (2, t) = (F'L)™! — ,k+m<6

Pyy(a',t) = (F'L)™

0 , s —18pEy U + 03
2 — (F'L -
ax’y Rﬂ(l‘ 7t) ( ) |§/| 7'3
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We show that

_ s _ _ 12
et 8/2-131/2- kg0 1
Ct71/2(|x/|2_'_t)flfmﬂ7
ct’3/2(|x/|2 + t)flf\jW7 Vi >0,

| Dy D], Py (2, 1))
|D1ka($/7t)| + |DiR@(.’El,t)|
|D:DLQrm (2, t)| + | Di DL Rg (', 1)

NN N

which makes it possible to obtain the inequality

2
S(1+a,(14a)/2) [%} (e,0/2)

— <[h]]R2X(0vT) + o [R2><(0,T))

j=1

7n(24+a,14+a/2 24« 51(1+a,(14a)/2
< elom ™ + suplbaC ™ + (Bl o™ ™),

Together with (3.12), this inequality yields

sup [7(-, 1)) + sup[(-, )] + sup[p(-, )05
t<T + t<T + t<T +
S (24a, 1402 2+ 5 (1+a,(1+a)/2
< dPeom” HfEIT)[bs(-,t)]ﬁQ P+ B )

The next step is an estimate of the Holder constant of Vp with respect to t. We
consider p as a solution of the Neumann problem

0

Vip = —V-A(a—x)ﬁ(x,t), T € [Ri,
dp 0 -
et S Y SRRV 7 v . B _
ax?) ( (&r)v(x’t))g \Y (J? 7t)v z3 07
which is given by the formula
0 — / I D] !
p(z,t) = VyN(x,y)-A<a—)v(y,t)dy—/ N(z,y',0)V'- B(y', ) dy
R3 Y R2

where N(z,y) = E(x —y) + E(x —y*), y* = (y1, Y2, —y3). Applying Lemma 8 in [§]
and some interpolation inequalities, we obtain

a/2 - e} — 24« 1(1+a,(14+a)/2
suplVp(r, ] (5r) < elsupldi (01 + suploC DG + (Bl ™)

3
il
3 t<T t<T

7 2+a,1+a/2 24« 51(1+a,(14+a) /2
< el ™+ supls (O™ + (BIREG)

and, in addition,

h(1+0‘*7)/2|x —y|’Y

(P)1+) = sup  sup  sup
te(0,T) he(0,T—t) z,yeR?.

7 (2+a,l+a/2 24« o (1+a,(1+a)/2
< WG ™+ supls (O™ + (BRI
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where v € (0,1).

The Holder constant of ¢; can now be estimated with help of the equation (3.1).
Putting all the estimates together, we arrive at (3.4).

Theorem 2 and results of Sect.2 make it possible to consider more general half
space problems. We present the result for the case of homogeneous initial conditions:

0 o
(3.13) ﬁt+A0<a—$>6+Vp:f(x,t), V=0, 2R, t>0,

(3.14) #(z,0)=0, @ = b(2',1).

|a:3:0

Theorem 3. If f € C**/2(R3. x (0,T)) decays at infinity sufficiently rapidly
and satisfies the conditions V - f(x,t) = 0, f3|z,=0 = 0, f(z,0) = 0, and b satisfies
the hypotheses of Theorem 2, then Problem (3.13), (3.14) has a unique solution
v e CHralte/2(RE x (0,T)), Vp € C4/2(RE x (0,T)), VT > 0, and this solution
satisfies the inequality

(315) [5Gt + [Vl + ()

RiX(O,T) RiX(O,T)
Ala,a/2 71n(24a,14+a/2 24« or1(1+o,(14a)/2
< el155 oy + D10 + suplba (L D5 + [BIGEG ).

t<T

4. ON THE ESTIMATE (1.3)

In the conclusion, we say a few words about the proof of inequality (1.3). It
is obtained by Schauder’s method. It is clear that such operations as change of
coordinates or multiplication by a cut-off function destroy the solenoidality property,
so the results of Sect. 3 are not directly applicable. In what follows we give an idea
of how this difficulty should be put under control.

For the Stokes equations Schauder’s method was carried out in [8]; here we use the
same kind of arguments. Let us estimate ¢/(x,t) and p(z,t) in the neighbourhood of
an arbitrary point 2(°) € 9Q on a small time interval (0, ¢(?)) assuming for simplicity
that 7y = 0. Without loss of generality it can be assumed that the point (%) coincides
with the origin of our coordinate system and that the x3-axis is directed along the
interior normal 7i(z(®) = 7(0). Let

15 = Flar,as) = F@@'), |2 = /a2 + a3 < d,

be the equation of € in the neighbourhood of the origin, and let ¥ (z), A € (0,d/2),
be a smooth cut-off function equal to one for |z| < A, to zero for |z| > 2\ and
satisfying the inequalities

0< ¥a(z) <1, | DIy (2)| < c(F)AVI.
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We make a change of variables near the origin according to the formula

/ /

y =, y3:$3_F(x/)v

and introduce functions @ = ¥)\v, ¢ = ¥\p. They satisfy the relations

(4.1)i, + A00<2>ﬂ+ Va = fia+ (V= V)a+ (Ao — A)ii + fily,t) = h(y. 1),

dy
(4.2) V-d=(V-V)-d+7 Vipr = gy, 1),
U= =0,  tly,—0 =0
where V is the transformed gradient: V = (3%1 - Fljl%, 8%2 - Fé2%, %), A is
the transformed operator A, Aoo(a%) = 40(0,0, a%) = A4(0,0, 6%) and

fr = A@)5) = 02 AT+ pViis.
We extend @ and ¢ by zero into the domain |y’| > 2\, y3 > 0 and consider (4.1),
(4.2) as equations in R? .
Now, following [8], we introduce functions w; and ® as solutions to the problems
- 0 — 7% 3 —
wlt+A00(_y>w1:h ) yeR, W |t=0 = 0,

0®

Vo =g—V- & e R?, -
g wl? y =+ axg

= —wis, y3 =10,

where h* is an extension of & into R3 with the preservation of class, i.e.such that

7x1(a,a/2) 71(a,a/2)
(" ]zdx 0,0 S C[h]u&ix(o,t)’ vt > 0.

The first problem is a parabolic Cauchy problem, and w; is given by

t —
an)= [ [ 2Zu-er-nienar

where Z is a fundamental matrix of solutions of the parabolic system w; +Aoo(a%)117 =
0. The second Neumann problem has a solution

B0.0) = [ N0 =V 0)de = [ N 0un(€0de
(43) = [ VN wend - [ A orey . g
R3 R3 0z3
N(y, 2)7 - Vapy dz.
-/ V0.2 P
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Further we set
Wy = V&, g2 = — P, W3 = U — Wy — Wa, 43 = q — qGa.

For w3, g3 we have

- a\ . o0\ . _
(4.4) Wst + Aoo(a—y>w3 + ng = —A()Q(a—y)wg, AV wg = 0, TES Ri,

U_;3|t:0 =0, 1173|a;3:0 = —(1171 + 1(72)|r3:0 = g(y/,t).

It is easily seen that b3 = 0.
As for the estimates, for w; they follow from the results of S.D. Eidelman [1]:

- 1(24a,14a/2) 7x1(o,a/2) 71(a,a/2)
[wl][@ix(o,t) < o[ lgsy o < C[h]Rix(o,t)’

and classical estimates for the solution of the Neumann problem imply

N 24a) _ (24a) (14+a) N (24a)
STliI:[wﬂ',T)]Ri _ilili[v‘b('”)]ﬂ%i <(:(ST1§3[9(-,T)]RS+ JrsTlilg[wl(-,T)]Rs+ )-

The estimate of the Holder constant of Wy = V&, with respect to ¢ is slightly more
complicated. We differentiate (4.3) with respect to ¢, make use of equations for
¥, U, Wi and observe that the terms containing f disappear, because

—

VNG feiE e - [ DR feune) i
R3 R3. z3
[ N Tz = [ 9 (Ve () a
=— | N(y,2,0)(fs — VF- f)dz’ = 0.
R2

The remaining terms contain derivatives of ¥, i, w; with respect to z or derivatives
of the cut-off function ¥,. Generic principal term in the formula for ws; has the form

0 8N(y,z) 77 —
o /R3 22, d(z,t)- VH(z,t)dz = w(y,t)

where H may be equal to g, %Lz*j or to ag—zlim. Without loss of generality we may

- -

assume that d(z,t) = const or d(z,t) has a compact support. We estimate such
terms using the following proposition.
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Proposition 4.1. Assume that d = const or d has a compact support and that
d belongs to C*(R3.) for arbitrary t € (0,T) and satisfies the Holder condition with
respect to time with an exponent a1/2, aq > «. Then

3
RY

(4.5) suplw(y, )64 < e (suplVH oty + HYD) 4 e sup [VH oo o1
T T

with arbitrary 8 € (0,a). The constants ¢; and cp are proportional to the norms

sup |cf(-,t)|ca(Ri) and sup |J(',t)|ca(Ri) + sup|d(z, )]ES”T/)Q), respectively.
t<T t<T R

This proposition is an analogue of Lemma 8 in [8] where the case of the constant
d is considered (see also [11], Proposition 2.3 and Remark).

Let us turn to the problem (4.4). The second term —Aoo(a%)u_)'g is not solenoidal
but it can be written as

—A00<(%>u72 = fo+Vx,

aN
X0 = [ | VNG2) Ao ) t)
R3 Z

so that fg is solenoidal and fa3 = 0 for z3 = 0. By virtue of Proposition 4.1,

7 1(a,a/2) (o, /2) - 1(24a,14a/2)
[fQ][Rix(O,t) +[V ]Rix(o,t) < [wQ]Rix(o,t) )

hence we may incorporate x into the pressure ps and apply Theorem 3. Putting
all the above estimates together and making use of the smallness of A and of ¢(9),
we estimate higher order norms of ¢ and p by the norm of f and by some weaker
norms of the solution. This may be done in the neighbourhood of an arbitrary point
(2(®,t) € Q x (0,T), so in the end we obtain

[U]c2taivarziaxo,r)) T |VPlcaarz@x(0,1))

< C(|f|cw/2(szx(o,T)) + supsup |v(z, t)| + sup |p(z, ')|0a/2(o,T))~
Q t<T Q
The last norm we estimate considering p as a solution of the Neumann problem

V2p(z,t) = -V - A(ac,t, é)ﬁ, x € Q,

ox
op . 0\
a_n|a:€6Q = A(x,t, a_x>v|a:€69'

It can be V\/Ilttell m ‘he f()rm
1[ (x7t) / NS)(:,U?y) ‘1<y7t7 )v(y7i) :ly
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where Ng is the Green function for the Neumann problem in Q2 studied in [2] (see
also [10]). We can prove the following proposition.

Proposition 4.2. If the hypotheses of Theorem 1 are satisfied, then

ple, ) <e 3 sup |Div(a, b)),

l71<2
(46) ple,t) = pa, )] < e(lt = £1*/2 3 sup | Dyo(a, 1)
[7]1<2
+ sup |DI5(z,t) — DIv(x, ' )
> sup | DLz, 1) ~ Div(a )

l71<1

Now, making use of interpolation inequalities and of the Gronwall lemma, we
easily arrive at (1.3).

In fact, the assumption that the leading coeflicients of A belong to qu(Q), q >3,
is used only in the proof of (4.6) to prevent the appearence of the differences of the
second derivatives of ¥ on the right hand side. In the case of the Cauchy problem
or of the problem with periodicity conditions these differences can be estimated by
inequality (2.7) (also in the case of variable coefficients, see [11]), so the above-
mentioned assumption is not necessary.

This assumption can be replaced by the requirement that Ay#’ could be written in
the form

9. . D
Ao (x,t, £>v(x,t) =V - Az, t,VV) + Ay (z,t,7, VD)
and the coefficients of the operators A, A; belong to C**/2(Q x (0,T)).
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