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Abstract. The external derivative d on differential manifolds inspires graded operators
on complexes of spaces A"g*, A"g* ® g, A"g* ® g* stated by ¢g* dual to a Lie algebra
g. Cohomological properties of these operators are studied in the case of the Lie algebra
g = se(3) of the Lie group of Euclidean motions.
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1. INTRODUCTION

In robotics a basic theoretical tool is the Lie group SE(3) of Euclidean motions
(rotations, translations, helical motions) in the Euclidean space Es. Then every
property of this group, its Lie algebra se(3) and its dual space se*(3) has useful
applications in robotics. Throughout this paper we prefer the matrix form of in-
vestigation. It means that the elements of se(3) are considered as couples of two
vectors called twists (this notion is often used in robotic literature). Analogously the
elements of se*(3) are couples of two vectors called wrenches.

In the second chapter of this paper we recall some basic notions of the Lie algebra
se(3) such as the representation Ad: SE(3) — GL(se(3)) of the group SE(3) in
the vector space se(3), the representation ad: se(3) — end(se(3)) of the Lie algebra
se(3) in the vector space se(3), Klein’s and Killing’s bilinear forms in se(3). The
third chapter is devoted to the space se*(3). We recall robotic interpretations of the
wrench such as pure forces, pure torques, the internal map i*!: se(3) — se*(3), (its
inversion) determined by Klein’s form K1, the representation of se(3) in se*(3) which
is dual to ad and their properties. The main goal of this paper is to investigate some
cohomological properties of the Lie algebra se(3). In the fourth chapter we deal with
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some graded operators on the complexes of spaces A"g*, A"g* ® g, A"g* ® g* inspired
by the external derivative d on differential manifolds and by the O-representation of
se(3) in R, by the representations ad and ad*. We compute the first cohomological
groups of these operators. The basic literature we refer to is [1],[2], [3], [5], [6], [7],
[8], especially [9] for the matrix twist and wrench calculus in robotics and [4] for the
cohomological considerations and its technical applications.

2. SOME PROPERTIES OF THE LIE ALGEBRA se(3)

The Lie group SE(3) of Euclidean motions (rotations, translations, helical mo-
tions) in the Euclidean space E3 and its Lie algebra se(3) are the basic means for
the description of robot activities. In this chapter we briefly recall some basic notions
of SE(3) and first of all se(3) which we will need. For details we refer to [1], [9].

Let Sy be a coordinate system in Fs. If we use homogeneous coordinates

z .
(21,72, 23,1)T = (1) € Es3, where ¥ = (z1,22,73)7 are the coordinates of the

position vector OL in Sy then the left action L' = HL of SE(3) in E3, H € SE(3),

has the matrix form

Ty T
xh _ A D T oo A p
zlh 0 1 z3 |’ 0 1
1 1
p1
where A is an orthogonal 3x 3 matrix, det A = 1 and OP = | ps | = pis the position
p3

vector of the point P at which the origin O goes in the action of the element H €
SE(3). It is easy to see that the coordinate system Sy determines the isomorphism
SE(3) ~ SO(3) x R® where SO(3) denotes the Lie group of all orthogonal matrices
A, det A = 1, which represents the Lie group of all spherical motions around O,
R? means the Lie group of all translations in E3 and x denotes the semidirect
product of these groups. In this paper we deal only with structural properties of the
group SO(3) x R? and its Lie algebra with the dual space. Taking into account the
isomorphism SE(3) ~ SO(3) x R? all our assertions about these properties are true
for the group SE(3) and its Lie algebra se(3) with the dual space se*(3).

A Euclidean motion k(t) can be written in the form L(t) = H(t)Lg, where
H(0) = E is the unit matrix. Differentiation of the matrix H(¢) at ¢ = 0 gives
. el ~ 0 —w3s ws )
H(0) = ( 0), where C¥ = | ws 0 —wi | is skewsymmetric and b =

0
—W w1 0
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(by,b2,03)", T = (w1, ws,ws3)T are vectors where b is the instantaneous velocity of
the origin O and @ is the angular velocity of the instantaneous helical motion p
around the axis o through the point C, OC = © x b/@?, with the direction vector
O. f@-b=0,m #0, then g is a rotation. If @ = 0 the p is a translation with the
vector b. Recall that the velocities of any point Lo at the motion g and x(t) at t = 0
are equal. Throughout this paper we use the column coordinate form of vectors,

U1

7= | v2 | = (v1,00, 1)3)T where T denotes the transpose of a matrix. Let us recall
U3

that C“7 = (W x U) where @ x T denotes the cross product of the vectors @ and 7.

In robotics the “twist” form X = <%}> .= H(0) or (,b)7 = (g) is often used.

All twists form the Lie algebra se(3) in which the Lie bracket is
w1 X W . ..
(1) [X17X2]: ( ! 2 ) %HlHQ—HQHl.

w1 XBQ“‘lewQ

Let us recall two representations.

1. The adjoint representation Ad: SE(3) — GL(se(3)) of the group SFE(3) in the
vector space se(3) where Ady is determined by the tangential prolongation of the
internal automorphism H — HHH ! at the unit e € SE(3), H € SE(3) and it has
the matrix form (see [9])

(2) Adg(X) = (C?A Z) <f> - (CﬁAngrAB)'

2. The representation ad of the Lie algebra se(3) in the vector space se(3) is
deduced from Ad and its matrix form is (see [9])

ol 0 Wo Cwlwg
3 A, Xo= (- 2V ()= -
®) x4z (cbl C““) <b2> (C”lwg+(]“1b2)

w1 X W2
= — - :X X .
<bl><wg+wl><b2> [ L 2]

Let us recall the well known relations which we will use:

(4) Ady (X1, Xa] = [Ads X1, Ady X,
(5) adx[X1, Xo] = [adx X1, Xo] + [X1, adx X2],
(6) Adexp x = expadyx,

where exp denotes the exponential map exp: g — G from any Lie algebra g into its
Lie group G.

339



We will use two bilinear forms defined in se(3).
1. Klein’s form K1 is defined by the rule

(7) KIU(X1,X2) =@y - by + by - o, Xz‘:(:i), 1=1,2,
i
where dot denotes the scalar product of a vector in the Euclidian space.
2. Killing’s form K fulfils

(8) K(X1, Xz) = @1 - Wa.

It is well known that the forms K and K are Ad-invariant and thus their values
do not depend on the choice of the coordinate system Sy. In the case of the Lie
algebra g of a general Lie group G, Killing’s form is defined by the prescription
K(X1,X5) = tr(adx,ady,) where on the right hand side there is the trace of the
linear map adx,adx, € end(g), where end(g) denotes the space of all linear maps

the on the vector space g. Using (3) in the case of g = se(3) we have
c¥ 0 c¥ 0 - o
tr(adx, adx,) = tr ( ( ch o= ) (052 VOCE ) ) =2t OO = —diy - W

So we have

(9) K(X1,X2) = —4K (X1, X2).

Killing’s form is evidently singular since K (X, X) = 0 for any translating twist

X = <g) Recall that a twist X = <%}) is translating or rotational or helical

if K(X,X)=0,ieed=00r KI(X,X)=20-b=0,0#00or @ #0,0-b#0
respectively. The maps Ad preserve the kind of twists (for example if X is rotational
then Adgy(X) is also rotational). The maps ad preserve only translating twists.

3. ON THE SPACE se*(3) DUAL TO se(3)

The dual space se*(3) to the vector space se(3) is the vector space of all linear
functions (1-forms) &: se(3) — R. We consider se(3) as the space of twists (of

w m
couples X = 5 of vectors); then an element of se*(3) is also a couple £ = | -

of vectors called the wrench (see [9], [3]), where the value of £ on X (the evaluation
of £ on X) can be expressed in the form

(10) §oX:<?>o<f) ::(m,f)(f):m-mLf-b.

Evidently it does not depend on the choice on Sy.
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Remark 1. A wrench (7, f)? can be interpreted by momenta and force:
(a) (m=7x f,f)T, f is the force and m = 7 x f is the moment of force f at the
point with the position vector 7. In general the wrench (m, f), m - f = 0,
f #0, is called the pure force.
(b) ¢ = (m,0)7 is the so-called pure torque and represents a double force.
(c) Every wrench & = (7, f)T is a linear combination of the pure force and the pure
torque.
The evaluation £ o X we interpret as the work of £ on X.

Remark 2. Klein’s form K determines a (1,1)-correspondence i¥!: se(3) —
se*(3) by the rule i*/(X) = ixKIl € se*(3), where ixKI(Y) = KI(X,Y)
ixKl = KI(X,). If X = (@x,bx)T, Y = @y,by)T then i¥/(X) = (bx,ox)T

_ _ 0 F
as ixKI(Y) = KI(X,Y) = @x - by + bx - @y. In the matrix form i*! = <E 0

E w b E
as 0 Ux) = _X . The inverse matrix is the same, i.e. 0 .
FE 0 bX wx FE 0

Remark 3. A twist X = (@,b)7, @ # 0 determines a line p (axis of X) through
the point C' with the position vector OC = (@ x b)/@? and with the direction vector

. Analogously the line of a wrench £ = <TJ_ZL) , f # 0, goes through the point C,

OC = (f x m)/f? and f is its direction vector. Then the axis of X and the line of
ix K1 coincide.

From the relation (2) it is clear that by the rule H — (Adg-1)* dual to Adg—
determines a representation ¢ of the group SF(3) in the vector space se*(3). Then
the map X — (ad_x)* dual to ad_x determines the so-called from ad deduced rep-
resentation of the Lie algebra se(3) in the vector space se*(3), i.e. the homomorphism
ad*: se(3) — end(se*(3)) where end(se*(3)) is the Lie algebra of all linear maps on
se*(3) with the Lie bracket [o, 5] = af — fa € end(se*(3)) . The relation (3) implies
that the matrix of the map ad*(X) = (ad_x)* is

(§&)-(h 8
0 C® ct oc®)
Let us denote (see [9])
(11) {X, & = (ad_x)"¢, £ese”(3), X €se(3d)
In the matrix form we have for X = (@,b)7, ¢ = (m, f)7T
ay o= G (F)= (T - (D).
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Recall that the space A"se*(3) is the vector space of all scalar skewsymmetric forms
of degree r (shortly of r-forms on se(3)). In general, A"se*(3)(V) = A"se*(3) @ V
denotes the space of all skewsymmetric forms of degree r with values in a vector space
V. In this spirit, A"se*(3) = A"se*(3)(R) and Ase*(3) denotes the graded algebra
of all skewsymmetric scalar forms with external product of scalar forms which is in
the case of 1-forms of the form a A G(X,Y) = a(X)B(Y) — «(Y)B(X). Analogously
we use the notation A"g*, A"g*(V) = A"g* @ V for any Lie algebra g.

4. OPERATORS d,d AND d*. COHOMOLOGICAL PROPERTIES

First we recall the operator d: A"g ® V — A"t'g ® V which is inspired by the
external differentiation on manifolds, see for example [4]. Let o be a representation
of a Lie algebra g in a vector space V, i.e. p: g — end(V) is a homomorphism of Lie
algebras. Let « € A"¢g* ® V. Then the operator d is defined by the rule

r+1
(12) do(Xy,..., Xpy1) = Z (_1)J+1Q(Xj)a(le . S IR , Xry1)
j=1
Y C)Ma(X X ] X X X)), X X € g,

i<j
where X denotes the omission of X. For r = 0,1, 2 this gives

(129) TeV =dv(X)=o(X)7,

(12)  acg @V =da(X,Y) = o(X)a(Y) — o(¥)a(X) — a([X, Y],

(129) a €NV = da(X,Y,Z) = o(X)a(Y, Z) — o(Y)a(X, Z)
+0o(Z2)a(X)Y) —a([X,Y],Z)+ o([X, Z],Y) — a(]Y, Z], X).

It is clear that d?> = dd = 0 and we get the cohomological complex
V4aroV iAoVt LAangev 40,  n=dimg.
We use the standard notation:

B" =d(A"'¢g* ® V) C A"g* ® V—the rth co-boundary of d,
Z"={a € ANg*®V,da=0¢€ A" g* @ V}—the rth co-cycle of d,
H" = Z" / B"—the rth cohomological group of d.

We will treat three cases:
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(a) V =R, with the trivial zero-representation p = 0,
(b) V =g, with the representation ¢ = ad,
(¢) V = g*, with the representation ¢ = ad*.

(a) Let V = R, o = 0 and let the operator d be rewritten as d. We have

(129) c€ R,de(X) = 0 and thus B'(d) = 0,
(121) a€ g da(X,Y) = —a([X,Y]),

(12) €A’ da(X,Y.2) = ~a((X.Y], Z) +a([X, 2].Y) - a([Y, 2}, X),
Ry d g g

Proposition 1. Let A C g be a subspace. Let A* = {a € g*,a(A) = 0} be
the subspace of all 1-forms « € g* for which a(X) = 0 for all X € A. Then A is a
subalgebra of g iffcia|,4 =0, ie. iffcfa(X, Y) =0 forall X,Y € A and any o € A*.

Proof. The proof follows from (12;) as da(X,Y) = —a([X,Y]) is zero for all
X,Y € Aand any a € AL iff [X,Y] € A. O

Corollary 1. Asin g = se(3) there is no 5-dimensional subalgebra (see [6]) there-
fore the restriction da, a € se*(3), v # 0 to the space ker aw = {X € se(3), a(X) = 0}
cannot be zero.

Proof. In the case a # 0 we have dim(kera) = 5. If dh|kem = 0 then by
Proposition 1 ker « is a subalgebra but this is impossible. O

Remark 4. Recall that the Jacobian of an n-parametric robot (robot with
n joints) is a map J: R, — se(3), J(t1,...,0,) = @Y1 + ... + u,Y, where
U1 (t),...,u,(t) are the joint velocities and Y;(¢) is the twist determined by the
position of the i-th joint at time ¢. The map J*: se*(3) — R,, dual to J maps
wrenches into joint moments such that, if X = J(4 = (41,...,%4,)) and « € se*(3)
then a(X) = J*«(u). So if a € ker J* and X = J(4) then a(X) = 0. Therefore
(J(R,))* = ker J*. Therefore J(R,,) is a subalgebra of se(3) iff cfa|J([Rn) = 0 for all
o € ker J*.

Recall that the Lie bracket [, ] in a Lie algebra g is a skew bilinear map [, |: gxg —
g- Let Im[, ] denote the set of all images of the map [, |. Evidently we have: if o € g*
then do = 0 iff Tm[, | C kera.

In what follows we will use the fact that se(3) = so(3) ® Rs is a semi-direct

= X:(f),w:(—)} and thus

6} R,
()G 1) ()]- ()

sum where so(3) = (X = b=
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Lemma 1. Let a € se*(3). Then do = 0 iff o = 0.

Proof. Tt is sufficient to show that Im[, | = g. Let X = (2}) € g. Then there

are such vectors @y, W, by that @ = @1 X Ty and b = @1 X by. In detail, if @, b are
collinear then @, Ty, by are complanar with a plane orthogonal to @. If @, b are not
collinear then @; is collinear to the intersection of two planes when one of them is

orthogonal to @ and the other to b. We have (2}) = [(%1 ) , (2}2 )} . O
2

Corollary 2. The co-cycle Z' of d is Z'(d) = 0 and so H' = Z*(d)/B*(d) = 0.

Proposition 2. The second co-cycle of d is isomorphic to se(3)*, i.e. Z%(d) ~
se(3)*.

Proof. By the relation (ﬁl) the second co-boundary of d is isomorphic
to se(3)*, B2(d) ~ se(3)*. Therefore it is sufficient to show that dim Z%(d) =

dim se(3)*. We choose basis vectors By = (1,0,...,0)7 = (601), Ey = (%2),

— 6 —
Es = (eg’), .o, Bg = (é ) in se(3) and the dual basis E! = (el>, ey
3
0 . A . A
ES = (_ > in se(3)*, (le. E'(E;) = E'oEj =§; = 1fori=jord; =0 for
es
1 # j and €1, €, €3 is an orthonormal basis in the Euclidian vector space E3). Any 2-
6
form a € A%se*(3) is of the coordinate form o = Y a;, E*AE* aij = —ag;. We have
i<j
E'NEF(E;, Ey) = (E' o E;)(E* 0 Ey)—(E' 0 Ey)(E* o Ej) = 8565 —6;,0%. If (i, k) #
(j, h) then E* A E*(E;, Ey) = 0, E' A E*(E;, Ey) = 1. Evidently dim A%se*(3) = 15.
The condition do = 0 is satisfied iff cia(Ei, E;,Ey)=0ford,j,k=1,...,6,i<j<k.
Using the relation (ﬁg) we obtain 9 independent linear equations for a;x. For ex-
ample: 0 = da(F1, Es3, Eg) = —Oé([El, Eg], Eg) + Oé([El, Eg], Es) — Oz([Eg, E@], El) =
—a(—Es, Eg) + a(—FEs, E3) — a(0, E1) = ags + ags. Therefore all 2-forms « fulfilling
do = 0 form a 15 — 9 = 6 dimensional vector space. Therefore dim Z 2(dA) =6 and
Z2(d) ~ se*(3). O

Corollary 3. The second cohomological group of d is zero: H2(d) = Z2(d)/B2(d)
= se*(3)/se*(3) = 0.

Remark 5. Recall that if G is a semi-simple group (its Killing’s form is regular)
then H'(d) = 0, H2(d) = 0. Killing’s form of the group SE(3) is singular. Also in
this case H'(d) = 0, H2(d) = 0.
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We will show the connections of the bracket {X,a} to the operator d. Our con-
siderations will be general for any Lie group G, its Lie algebra g and g*. Recall
that the map (Adexp(—x))*: g* — g* is dual to the map Adegp—x) = (Adexp x )71
In general, if f: V3 — V4 is a linear map from a vector space V; into another
vector space V5 then the dual map f*: Vo' — Vi* to f is defined by the relation
f(a)o X =ao f(X), X € Vi, a € V5. This relation for V; = V5 and for a regular

fgives a0 X = (f*)"a) o f(X) = (f71)*(e) o f(X). As

d
dt

(Adesp(—1x))i=o(@) = (ad—x)" (@) = {X, o},

(Adexth)tzoy =adxY = [Xa Y]a
d
dt

the differentiation of the relation
(Adexp(—tx))* (@) 0 Adexpix(Y) =aoY
with respect to ¢t at t = 0 gives (ad_x)*(a) oY + o adxY =0, i.e.
(13) {X,a}oY = —ao[X,Y].
Proposition 3. If o € g*, X,Y € g then do(X,Y) = {X,a} o Y.

Corollary 4. ixda = {X,a}.

Remark 6. The relation Ly = ixd + dix well known for the Lie derivation on
differentiable manifolds can be thought of as the definition of Lx in ¢g*. Then for
a € g* we get Lya = ixda+dixa =iyda = {X,a}.

(b) We turn to the case when V = se(3) and p = ad, 9(X) = adx. The operator
d will be denoted by d. So we have

r+1
dOé(Xl, 7X7"+1) = (_1)j+1[Xj7a(X17 7Xja "7X7"+1)]
j=1
+Z(_1)’L+JO[ [Xi7Xj]7 7)?1') 7Xj; --7X7"+1)a
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The relation (120) gives dX = adx and so the first co-boundary B(d) is iso-
morphic to se(3). Let a € L(se(3),se(3)) = se*(3) ® se(3). Then by (12,),

a € Z'(d) = {f € se*(3) @ se(3),df = 0} iff a[X,Y] = [a(X),Y] + [X, a(Y)], i.e. iff
« is a derivation on the Lie algebra se(3). The equation (5) gives that adx € Z'(d).
It is well known, see for example [4], that in the case of the Lie algebra so(3) all
derivations on so(3) are of type adx. This immediately follows from the property
that so(3) is isomorphic to R with the Lie bracket [§,z] = ¥ x z and that the
only matrices of type 3 x 3 for which A(7 x Z) = A7 x Z + 7 x AZ are skewsym-
metric matrices. We find all derivations on se(3). We will use again the fact that
se(3) = so(3) @ R3 where the bracket on Ry is trivial, i.e. [v1,7s] = 0.
The matrix form of any linear map on se(3) is X' = HX, i.e.

w _ Hi Hs W\ Hiw + HQB

Bl B Hg H4 B B ng + H4B ’
where Hy, ..., H4 are 3 x 3 matrices. We find the conditions for H;, ..., H, to satisfy
the relation

(14) H[X,Y] = [HX,Y] + [X,HY] for all X = (@x,bx)", X = (@y,by)" € se(3).

The restriction of (14) to so(3) & 0, bx = 0, by = 0 gives H1(@x x Ty) =
H1Tx X Wy + Wx X HiWy, H3(@x X Oy) = HsWx X Wy + Wx X Hswy. There-
fore the matrices Hy, Hs are skewsymmetric. Restricting (14) to the subal-
gebra 0 @ R3(@x =0,y =0) we get 0 = Habx x by + by x Haby for all
bx,by € Rsz. This is possible iff Hy = 0. If X = (ox,0)7, Y = (0,by)T
then Hy(@x x by) = HiTx X by + @x x Haby. As H; is skewsymetric there-
fore Hiwx X Z_)Y = Hl(wx X Z_)y) —wx X Hll_)y. Then (H4 —Hl)(wX X Z_)y) =
Wx X (Hg — Hl)By. This is true iff H4 — H1 = kE, where FE is the 3 X 3 unit matrix
and k € R. We conclude: A linear map se(3) — se(3) is a derivation iff it is of the

@\ [CY, 0 @

) \C? C'4+EKkE)\b
C’w w 0
<C5w+(ﬂl3+k5>ad@’E)T(E)’Lk(E)'

Let pro: (@,0)7 — (0,b)T be the projection se(3) = so(3) & Rz — Rz onto the
second factor. We have proved

form

Proposition 4. A linear map d on se(3) is a derivation on se(3) iff it is of the
form adx + kprs.
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Corollary 5. The co-cycle Z' of the operator d is isomorphic to se(3) ® R and
thus the first cohomology group of d is isomorphic to R, H! ~ R.

(c) Let d* denote the operator d when V = ¢* and ¢ = ad*, ad*(X) = (ad_x)*,
(ad_x)*(a) ={X,a}, X € g, a € g*. Now for a € A"g* ® g* we have

r4+1
(X, .., Xep1) = > (17X a(Xy, L X X))
j=1

Y )M X XL X X X ),
1<J

(125) aeg'=daX)={X,a}l,dacg ®@g",

(127)  Aeg ®g" = dNX,Y) = {XAY)} — {V;A(X)} — M[X,Y)),

From (12%) it is clear that for a € g* we have d*a = 0 iff @« = 0. Then
BY(d*) =~ g*. We are interested in Z'(d*) in the case of g = se(3),g* = se*(3).
We find all A € se*(3) ® se*(3), i.e. the linear maps A: se(3) — se*(3) for which
d*\ = 0. If o € se*(3) then d*a € se*(3) ® se*(3) determines a linear map
Ao se(3) — se*(3), A\ (X) = {X, a}. Equation (11’) implies that the matrix of A,

. —cm —cf w
1s<_CJ7 0 )fora—< . Indeed, 1fX—<B>then

i
(G D)0 -(Ten™) - (5 v

The map i%': se(3) — se*(3) is regular and the matrix of its inversion is again

0 FE
(E 0 > Denote (i%')~la = X,, a € se*(3). Using (3) we get A\, = —i%ladx, .

Then {X,a} = \o(X) = —ifladx, X = —i%![X,, X]. Every \ can be expressed in
the form A = *'H, H: se(3) — se(3). We have {X,\(Y)} = —i"![X}(y),X] =
—ZKZ[X«zH(y), X] = —ifHY, X] = i¥IX,HY]. Then (12}) is of the form
dNX,Y) = i"([X, HY] + [HX, Y] — H[X,Y]).

Proposition 5. A linear map \: se(3) — se*(3) has the property d*\ =0 iff it
is of the form A = Ao + ki%! prs.

Proof. d*A(X,Y) = 0 iff [X,HY] + [HX,Y] = H[X,Y]. By Proposition 4
this is possible iff H = adx + kpra, i.e. iff X = i%(ad_x + kpry) = Ao + ki% pry,
X=X_.. O
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Corollary 6. Z'(d*) ~ se(3)* @ R, Bl(d*) ~ se(3) and H'(d*) ~ R

Example 1. Recall the linear map i!: se(3) — se*(3), i%4(X) = ixKI
introduced in Remark 2. We have d*i’!(X, {X,i%ly} — {y,ifIX} —

() (V1) () (hoh®)-

waby—l-bewy—wy><bX+by><wX—wX><by—bX X Wy

B B wxxwy—byxwx—wxxwy
Wx xb bx xw ~
(‘*’X Oy X wY) = {X,iKIY}. We get d*iF!(X,Y) = {X, iKY},
wx X by
Example 2. Let N be the general inertion bilinear form on se(3) connected
with a solid body with mass 7™ and with the position vector 7 of its centre of mass.

Its 6 x 6 matrix is N = ( ! _ mc

—-mC™  mE
is the 3 x 3 identity matrix, see [9]. Recall that SEx = $N(X,X) is the kinetic
energy of the body at the motion exptX. It determines a map i"V: se(3) — se*(3),
iN(X) =ixN,ixN(Y) = N(X,Y). By direct calculation we get that the values of
the form d*i € A2se*(3) @ se*(3) are pure torques.

), where I is the inertia tensor in E3, SE

Remark 7. Remark 4 and Example 2 show the possibilities of some applications
of our considerations in robotics. We intend to direct our further investigations to
deeper applications of cohomological properties of the spaces se(3) and se*(3) in
dynamic and statics in the spirit of the papers [2], [5], [8].
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