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Abstract. Spaces Og, q¢ € N, of multipliers of temperate distributions introduced in an
earlier paper of the first author are expressed as inductive limits of Hilbert spaces.
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We denote by Li,. the space of all locally Lebesgue integrable functions f: R” — R
and by D the space of all C°°-functions, defined on R", with a compact sup-

n

port. For a € N*, z € R", we write || = Y «a;, 2% = [] 7, and D* =
i=1 i=1

dlal/dx {1025 ... 0z, Tt is convenient to use a weight function w(z) = (1 +

n
22 1/2 and a constant 7 = 1 + [2n , where [t] is the greatest integer less or equal
i 2 g g

tot,teR

A function f € Lo has a generalized derivative g € L. of order o € N if for all
¢ € D we have [, fDdx = (—1)l°l [, gpdz. We denote by Sk, k € N, the space
of all functions f: R™ — R which have generalized derivatives of all orders less or

equal to k and satisfy || f|[x = > (fgn [2*D?f(2)> dz)'/? < +o0. Each space Sy,
la+B|<k
with the norm f +—— || f||x is Hilbert and the Schwartz space S of rapidly decreasing

functions is the projective limit proj Sk, see [6]. We denote by S_i, k € N, the strong
dual of S;. Then the space S’ of temperate distributions, defined by Schwartz, is
the inductive limit ind S_y, see [5].

Let L5(Sp,S,) be the space of all continuous linear operators from S, into S,
equipped with the bounded topology. For any p,q € N, p > ¢, we denote by O, 4
the set of all functions v: R® — R for which the mapping f — uf: S, — S, is

225



continuous. Then O, 4 is a closed subspace of the Banach space £3(S,,S,) and as
such it is also Banach. We denote its norm by || - ||p,q. Evidently Op 4 C Opt1,q,
p = ¢, and for every u € Op 4, we have ||u|pt1,4 < ||ullp,y- Hence the identity
map id: Opq — Opt1,4 is continuous and the inductive limit ind{O, 4; p — oo}
makes sense. We denote it by O,. It was proved in [6] that Oy is the set of
all functions u: R® — R for which f — uf is a continuous mapping from S_,
into &.

Finally, we use two classical Banach spaces of functions, measurable on R™, namely
L' and L®. The norm in L* is denoted by ||u||oc = esssup{|u(z)|; = € R"}.

Lemma 1. S, C L™ and the identity map id: S, — L is continuous.

Proof. The Fourier transformation v — 4 = [, u(z)exp(—2niz,{)dz is a
topological isomorphism on S,.. Hence the Fourier transformation 4 of a function v €
Sy is also in Sy and [p, [a] d§ = [p. [w™""al € < [lw ™" lo - [lw"dllo < [lw™" o[l

Then the function u, as an inverse Fourier transformation of 4 € L', is uniformly
continuous on R", hence measurable, and bounded by the constant ||w="||o - || @],

Finally, id: S, — L is the composition of three continuous maps u — @ +— @ —
u: Sp —» S, — L — L. O

Lemma 2. For any k € N, there exists a constant Cj, > 0 such that |Jw*~I®l

D%u|oo < Cy - ||u|| 4 for any o € N" | |a| < k, and any u € Si4r-

Proof. TakekeN, a e N", |o| <k, and u € Sg4,. Then u, = wk=lelpay, e
S, and, by Lemma 1, there exists a constant C, > 0, which does not depend on
the choice of u, such that |uallec < Colltallr < Collt|/kt+r. Lemma 2 holds for
Cr = max{Cy; a e N |a| < k}. O

Definition. For any p,q € N, let H,, be the space {u: R” — R; Va € N,
|a| < g, 3 generalized derivative D®u and ||[w™P D%ullg < oo} with the scalar product
(u,v) = Y [ou w?D*uD* dz. We denote the correponding norm by || - |4

lel<q

For any ¢ € N, we have H, 4 C Hy 4 C ... with the inclusions continuous. Hence
the inductive limit ind{H, ,; p — oo} makes sense. We denote it by H,.

Lemma 3. Let a function u: R™ — R have the generalized derivative Ou/dx,
and v € S. Then the generalized derivative 0/0x1(uv) also exists and equals to

(Ou/0x1)v + u(dv/0x1).
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Proof. Take ¢ € D. Then v € D and
ou v ou ov
— — Jpdz = d —od
/ (8m10+u8m )SO . /Rn aml(w) z+/n,u8x1<'0 .
0 ov
= f/nua—ml(v(p)dz+/nua—xlcpdx

‘/Rn“(a%(w)_aa_ )dx__/n(uv)g—idx.

O

Lemma 4. Let uw € O, 4,0, € N,p > q. Then 7“1 € Opy1,9—1 and |[ullp41,9—1 <
[[]lpg-

Proof. Takev € S. Then |2 Lllg-1 = ||6%1(uv) - uazl lg—1 < [Juv|q +
lugzlle < lullp.q(lvllp + 152 15) < ltllpag - 20041 Since the space S is dense in

Sp+1, the proof is complete. O
Proposition 1. H, ; C Optq4r,q for any p,q € N. The identity map id: H,, —
Op+q+r,q I8 continuous.

Proof. Takeu € H,4 and put, for brevity, s = p + g + r. Since the space S is
dense in Sg, it is sufficient to show that there is a constant C' > 0, which does not
| O

By Lemma 3, for any v € § and any a € N, |a| < ¢, the generalized deriva-

depend on u, such that sup{|luv|lq; v e S, ||v|ls <1} < C-lullp,q-

tive D*(uv) exists and can be computed by Leibniz’s rule. There are constants
A, B > 0, independent on u and on a € N*, |a| < ¢, such that [|wi~!* D (uv)||o <
A 3 [lwillDPuDYv]jg and 3 3w DOullo < B - Jlully.q-

B+y=a lo<g B

Now for the constant Cj, from Lemma 2, where k = p+¢, and for v € S, ||Jul|s < 1

we have
luv|ly < Z w1 D (uv)||o < A Z Z w1 DBuDY vl
la|<q |a|<g Bty=a
<AY ST [wPDPul - Jlwtelel DYy o
la|<q BHy=c
<AY ST wPDPulj - JlwPt M DYl
la|<qg B+Hy=a
<AB - ulpa 3 [P PD 0|0 < AB - Julyq - W( 3 1)||v||
[vI<q [v|<q
This implies [ullptq4rq < ABcp+q( 1) fullp
lvI<q
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Lemma 5. Let a function ¢ € D(R) be even with supp¢ C [—2,2], 0 < ¢(t) < 1
fort € R, and o(t) =1 fort € [-1,1]. For A > 0 put

oo [t if |t
TN ot — Asent) it 1]

n

and ¥y (z) = [[ ¢alx;) for x € R*. Then sup{||w™*"¥x|x; A = 0} < oo for any
i=1
keN
Proof. It holds

o™ yalle = Y 12D (w™ " a)llo

la+BI<k
g ke
C T S e el
la+BI<k v+6=p

Each function D%y is bounded by a constant independent on ), hence it is suffi-
cient to show that [;, [#*D 7w " |>dz < +oo for any o,y € N", |a+~| < k. Since
D w™ k()| < (k+7)"w k" (z) for any z € R, we have [, [z*D w™ "2 dz <
(k+7)2 [on w2 de < (k+ )% [, w2 < +oo. O

Proposition 2. O, , C Hpiqirq for any p,q € N, p > ¢q. The identity map
id: Opq — Hpygr,q is continuous.

Proof. Put, for brevity, s =p+q+r, B(A) = {x € R"; ||z| < A} for A > 0,
and take u € O, 4. Let the functions ¢y, A > 0 be the same as in Lemma 5. O

By Lemma 4, we have D € Opijq|,q—|a| a0d [[DU[ptjal,q=ja] < [[ullpq for
any a € N*, |a| < ¢. Put C = sup{|lw™*¥x|lp4ja;; A = 0}. By Lemma 5, C is
a finite constant. Take A > 0. Then (fB(A) |w=* D%u|? dz)'/? < ||Yaw= D%l <
1Dl ot g-tal - 1930 [ jal < Nl 13 ol < C - Nl

Since this inequality holds for all A > 0, we have ||w™°D%ullo < C - ||u||p,q for any

a € N, |a| < g, which implies [Juflpq < C - 32 [lullpq < gniC - [[uflp,q-
lal<q

Theorem. For any q € N, the spaces O, and H, are the same. Their inductive
topologies are the same, too.

Proof. Take ¢ € N. By Propositions 1 and 2, for any p,q € N, p > ¢, we
have Hp g C Optgtrq C Of and Op 4 C Hpygyrq C H, with all four inclusions
continuous. Hence the identity map id: H, — O, is a topological isomorphism. [
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