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ON UPPER TRACEABLE NUMBERS OF GRAPHS
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Abstract. For a connected graph G of order n > 2 and a linear ordering s: v1,v2,...,Un
n—1

of vertices of G, d(s) = > d(v;,vi+1), where d(v;,v;+1) is the distance between v; and
i=1

vi+1. The upper traceable number ¢*(G) of G is t7(G) = max{d(s)}, where the maximum
is taken over all linear orderings s of vertices of G. It is known that if 7" is a tree of order
n >3, then 2n—3 < t7(T) < [n?/2]—1and tT(T) < [n?/2] =3 if T # Py. All pairs n, k for
which there exists a tree T' of order n and t*(T) = k are determined and a characterization
of all those trees of order n > 4 with upper traceable number \_n2/2J — 3 is established.
For a connected graph G of order n > 3, it is known that n — 1 < t7(G) < |n?/2] — 1.
We investigate the problem of determining possible pairs n, k of positive integers that are
realizable as the order and upper traceable number of some connected graph.
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1. INTRODUCTION

In 1856 William Rowan Hamilton developed the Icosian Game, consisted of a
board with twenty holes and some lines between certain pairs of holes, where the
holes are designated by the twenty consonants of the English alphabet (see Figure 1).
Hamilton’s Icosian game can also be interpreted as a graph called the dodecahedron.
The problems proposed by Hamilton in his Icosian Game gave rise to major con-
cepts in graph theory. A path in a graph G that contains every vertex of G is a
Hamiltonian path of G and a cycle that contains every vertex of G is a Hamiltonian
cycle of G. A graph containing a Hamiltonian cycle is called a Hamiltonian graph,
while a graph containing a Hamiltonian path is often called traceable. As Hamilton
himself had observed, the graph of the dodecahedron is Hamiltonian. On the other
hand, Hamilton also observed that this graph had a much stronger property, that
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is, any path with five vertices in this graph can be extended to a Hamiltonian cycle.
Hamilton proposed a number of additional problems in his Icosian Game such as
showing the existence of three initial vertices that can be extended to a Hamiltonian
path but which cannot in turn be extended to a Hamiltonian cycle.

Figure 1. Hamilton’s Icosian Game

The problems Hamilton proposed in his Icosian Game have inspired a number of
other research topics. In the late 1960s Chartrand defined a graph G to be randomly
traceable if every path in G can be extended to a Hamiltonian path in G, while
G is randomly Hamiltonian if every path in G can be extended to a Hamiltonian
cycle in G. For graphs of order 3 or more, these concepts are equivalent. Chartrand
and Kronk [4] characterized all of these graphs in 1969. In 1973 this concept was
generalized by Carsten Thomassen [11] when he studied graphs having the property
that each path lies on some Hamiltonian cycle.

In 1973 Goodman and Hedetniemi [7] introduced the concept of a Hamiltonian
walk in a connected graph G, defined as a closed spanning walk of minimum length.
Therefore, for a connected graph G of order n, the length of a Hamiltonian walk of
G is n if and only if G is Hamiltonian. During the 10-year period 1973-1983, this
concept received considerable attention. For example, Hamiltonian walks were also
studied by Asano, Nishizeki, and Watanabe [1], [2], Bermond [3], Nebesky [10], and
Vacek [12], [13]. This concept was studied from a different point of view in 2004
by Chartrand, Saenpholphat, Thomas, and Zhang, namely in terms of sequences of
vertices of a graph, as inspired by Hamilton’s original work (see [5]). In this paper,
we refer to the book [6] for graph theory notation and terminology not described
here.

For a connected graph G of order n > 3 and a cyclic ordering s: vy,vs,...,Up,

n
Un41 = v1 of vertices of G, the number d(s) is defined in [5] as d(s) = > d(v;, viy1),
i=1
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where d(v;,v;11) is the distance between v; and v; 1. The Hamiltonian number h(Q)
of G is defined in [5] by h(G) = min{d(s)}, where the minimum is taken over all
cyclic orderings s of vertices of G. Thus h(G) > n for every connected graph G of
order n > 3 and h(G) = n if and only if G is Hamiltonian. The Hamiltonian number
of a connected graph G is, in fact, the length of a Hamiltonian walk in G (see [5]). A
related concept was introduced in [8]. For a connected graph G of order n > 2 and

a linear ordering s: vi,va, ..., v, of vertices of G, the number d(s) is defined as
n—1

(1) d(s) =Y d(vi, vi).
i=1

The traceable number t(G) of G is defined in [8] as ¢(G) = min{d(s)}, where the
minimum is taken over all linear orderings s of vertices of G. Thus if G is a connected
graph of order n > 2, then ¢(G) > n — 1. Furthermore, ¢{(G) =n —1 if and only if G
is traceable. In fact, the traceable number of a connected graph G is the minimum
length of a spanning walk in G. The Hamiltonian number h(G) and traceable number
t(G) of a graph G provide measures of traversability for G.

For a connected graph G, the upper Hamiltonian number h™(G) is defined in [5]
as h*(G) = max {d(s)}, where the maximum is taken over all cyclic orderings s of
vertices of G. As expected, for a connected graph G, the upper traceable number
t*(Q) is defined in [9] as

tT (@) = max {d(s)},

where d(s) is described in (1) and the maximum is taken over all linear orderings s
of vertices of G. For a connected graph G, let diam(G) denote the diameter of G
(the largest distance between two vertices of GG). Consequently, for every nontrivial
connected graph G of order n,

(2) n—1<tG) <tT(G) < (n—1)diam(G).

Both upper and lower bounds in (2) are sharp. Characterizations of all graphs
whose upper traceable number and traceable number differ by at most 1 have been
established in [9].

Theorem 1.1 [9]. Let G be a connected graph of order n > 3. Then
(a) t(G) =t(G) if and only if G = K,,.
(b) t7(G) =t(G)+1ifand only if G =K, —e or G = Ky ,_1.

The upper traceable numbers of some well-known classes of graphs (namely, com-
plete multipartite graphs, cycles, hypercubes) have been determined (see [9]). In
particular, a formula for the upper traceable number of a tree was established. For
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each edge e of a tree T, the component number cn(e) of e is defined in [5] as the
minimum order of a component of T'— e. For example, the edge eg of the tree T
of Figure 2(a) has component number 4 since the order of the smaller component
of T — eg is 4. Each edge of this tree is labeled with its component number in
Figure 2(b).

Figure 2. Component numbers of edges in a tree

The following result provides a formula for the upper traceable number of a tree
in terms of the component numbers of its edges.

Theorem 1.2 [9]. If T is a nontrivial tree, then

tH(T) =2 Z cn(e) — 1.

ecE(T)

By Theorem 1.2, the upper traceable number of a nontrivial tree is always odd.
With the aid of Theorem 1.2, sharp upper and lower bounds for the upper traceable
number of a tree were established in [9] in terms of its order, as we state now.

Theorem 1.3 [9]. Let T' be a nontrivial tree of order n. Then
2n — 3 <tH(T) < |[n?/2] — 1.
Furthermore,

(a) t1(T)=2n—3 ifand only if T = Ky 1.
(b) t7(T) = |n?/2| — 1 if and only if T = P,.
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2. REALIZATION RESULTS FOR TREES

By Theorem 1.3, if T is a nontrivial tree of order n with t*(T) = k, then k is
an odd integer and 2n — 3 < k < [nQ/ZJ — 1. In this section we show that every
pair n, k of integers for which n > 2, k is odd, and 2n — 3 < k < Ln2/2J — 1 can
be realized as the order and upper traceable number, respectively, of some tree. In
order to do this, we present some additional definitions. A double star is a tree of
diameter 3. If T' is a double star with central vertices u and v such that degu = a
and degv = b, then T is denoted by S, . A caterpillar is a tree of order 3 or more,
the removal of whose end-vertices produces a path called the spine of the caterpillar.
For a nontrivial tree T, the component number cn(T') of T is defined as

en(T) = Z cn(e).

e€E(T)
Then t+(T) =2cen(T) — 1.

Theorem 2.1. For every pair n, k of integers, where n > 2 and k is an odd integer
with
2n —3 <k < [n?/2] — 1,

there exists a tree T' of order n for which t¥(T) = k.

Proof. The result is obviously true if 2 < n < 6. Thus we may assume that
n>T Letk=2l—1, where 6 <n—1<1< Ln2/4J. We first consider the case
where n is odd. Assume that n = 2a + 1, where a > 3. Hence 2a <[ < a? + a. We
now construct a caterpillar T' of order n for which c¢n(7") = [, whose construction
depends on the value of [.

Case 1. | = 2a. Let T = K; 1 and observe that every edge of Ky ,_1 is a
pendant edge. Hence cn(K7 ,,—1) = 2a.

Case 2. 2a+1<1<3a—1. Letl=2a+1+1i, where 0 <i<a—2. Let T be
a double star Sy ,—2—; and e the unique edge of So4;,_2—; that is not a pendant
edge. Since 2+ < n — 2 — i, it follows that cn(e) = 2+ i. Hence

Cn(SQ+i7n_2_i) = 2 + Z —+ (2(1 — 1) = 2(1 —+ ]. +Z

for0<i<a—2.

Case 3. 3a <l < %aQ + ga — 1. First consider the function

flz)=-32+ (a+3)z+2a—1
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defined on the set [1, a] (the set of real numbers  with 1 < z < a). Observe that f
is continuous and strictly increasing on [1,a]. Let b € [1,a] N Z, where Z is the set of
integers. Note that f(b) € Z and

f()+1=3a and f(a)=31a®>+2a—-1

Let

P: LThy Lb—1y--+5L1,T0 = Y0, Y1, Y2

be a path of length b+ 2. We first construct the caterpillar T} of order n from P by
adding 2a — b — 2 new end-vertices, a — b of which are joined to z,—; and a — 2 of
which are joined to y;. If b =1, then T} = S, 441 and so

en(T)) = a+ (2a — 1) = f(1).
If 2 < b < a, then let

N(zp—1) = {xp—2, Tp, U1, U2, ..., Uq—b},

N(?Jl) = {y05y27")17v27 e 7Ua72}-
Observe that cn(xoz1) = en(yoy1) = a and for 1 <7 < b — 2,
en(z;zip1) = a— 1.

The remaining 2a — b edges are pendant edges; so

mﬂﬂ):a+<a;1>—(a_g+2>+(%=W):f®)

Now, since f is strictly increasing on [1,a] and f(1) +1 < I < f(a), it follows that
there exists a unique integer b € [2, a] such that

Fb—1)+1<1< f(b).

Since f(b—1) +1 = f(b) — (a — b), it follows that | = f(b) — j for some j with
0 <j <a—b. We construct Ty ; of order n from T} by (i) first deleting the j vertices
U1, U2, . .., u; and then (ii) adding j new end-vertices w1, wo, . .., w; and joining each
of them to xp_2. Observe that

engy (e) = engy(e)
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for each edge e € E(1y) N E(T} ;) — {xp—27p-1} and
engy (Tp—27p—1) = a—b+2— j = cngy (¥p—22p-1) — J-
Since the j new edges are pendant edges,
en(Ty,;) = en(Tf) —j = F(b) —j =L
Case 4. %aQ + ga < 1 € a? + a. First consider the function
g(z) = —%x2 + (a+ %) T+ %(a2 +a)

defined on the set [2,a] (of real numbers). Observe that g is continuous and strictly
increasing on [2,a]. Let ¢ € [2,a] N Z. Note that g(c) € Z and

9(2)+1=2%a+2a and g(a) =a®+a.

Let

Q: LaysLa—1y--+5L1, L0 = Y0, Y15---,Yc

be a path of length a + c¢. We first construct the caterpillar 7./ of order n from Q by
joining a — ¢ new end-vertices uy, uz, ..., Uqg—c t0 Ye—1. If ¢ = 2, then Ty = T, and
SO

en(TY) = f(a) = Ya? + 3a— 1 = g(2).

If 3 < ¢ < a, then observe that

en(z;zip1) =a—1  for

en(y;yiv1) =a—1i for

and the remaining a — ¢ + 1 edges are pendant edges. Hence

cn(Té’)—Q(a;1> - <“‘§+2> tla—c+1)=g(o).

Now, since g is strictly increasing on [2,a] and g(2) + 1 < I < g(a), it follows that
there exists a unique integer ¢ € [3, a] such that

glc—1)+1<1<g(o).

Since g(c — 1) + 1 = g(¢) — (a — ¢), it follows that I = g(c) — j for some j with
0<j<a-—c We construct T} ; of order n from T! by (i) first deleting the j
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vertices w1, ug,...,u; and then (ii) adding j new end-vertices wi,ws,...,w; and

joining each of them to y._s. Observe that

cngy (e) = cenrr(e)

for each edge e € E(T") N E(T,';) — {Yc—2yc—1} and

engrr (Ye—2ye—1) = @ —c+2 —j = engy (Ye—2ye—1) — J.

Since the j new edges are pendant edges,
en(T;;) = en(T)) = j = glc) —j = 1.

We now consider the case when n is even. Since the argument for this case is
similar to the one employed in the case when n is odd, we only present an outline of
the proof in this case. Let n = 2a, where a > 4 is an integer. Hence 2a — 1 < I < a?.
Then we apply a similar argument to the following four cases:

(i) I=2a-1,

(ii) 2a <1< 3a—2,

(iii) 3a —1 <1< 1a? + 3a— 3, and

(iv) %a2+ga—2<l<a2,

where the corresponding functions f(x) and g(z) are defined as
L2? + (a+ %)z +2a— 3 for z € [1,d],
2+ (a+ 1)z + 1(a® —a) for z € [3,a].

<
—
8
~—

\

|
N =

Hence for each odd integer k = 2] — 1 with 2n — 3 < k < [n2/2J — 1, there exists
a tree T for which c¢n(7T") = [ and so

tH(T)=20—1=k,

O

providing the desired result.
We now illustrate the proof of Theorem 2.1 for n = 11 (so a = 5). Since 19 < k
20 — 1 < 59, it follows that 10 < I < 30. In this case,

f(m):—%x2+%x+9 and g(x):—%$2+171x+15.
b |1 23 45 c |23 45
Fb) ] 14 18 21 23 24 g(c) | 24 27 29 30

There are four cases.
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Case 1. | =2a=10. Let T = K 10.

Case 2. 2a+1<1<3a—1,thatis, 11 <[ < 14. For [ = 11+14, where 0 < i < 3,
let T = Soti11-2—i = So4i9—i. Thus, in this case, T € {S29, 538,517, 55,6}

Case 3. 3a <1< %a2+ ga— 1, that is, 15 < 1 < 24. In this case, b € {2,3,4,5}.

If b =2, then f(2) —3 <1< f(2) and so the possible values of | are

I =15= f(2) =3 (and so T' = Ty 3);
1=16= f(2) —2 (and so T' = Ty ,);
I =17=f(2) -1 (and so T =T} ,);
I=18=f(2) (and so T =Ty =Ty ).

If b= 3, then f(3) —2 <1< f(3) and so the possible values of [ are
1=19= f(3) =2 (and so T' = T3 5);
1 =20=f(3)—1 (and so T =T} ,);
1=21=f(3) (andso T =Tz = T3 ).
If b =4, then f(4) — 1 <1< f(4) and so the possible values of [ are
1=22=f(4) -1 (and so T' =T} 1);
1 =23=f(4) (and so T =Ty =Ty ).
If b=5,then | =24 = f(5) and T = T5 = Ty .
Case 4. %aQ + ga <1< a?+a, that is, 25 <1 < 30. In this case, ¢ € {3,4,5}.
If ¢ = 3, then g(3) — 2 <1 < g(3) and so the possible values of [ are
1=25=g(3)—2 (and so T' = Ty',);
1=26=g(3)—1 (and so T = T3,);
1 =27=g(3) (and so T =Ty =T4,).
If ¢ =4, then g(4) — 1 <1 < g(4) and so the possible values of | are
l=28=g(4)—1 (and so T = T},);
1=29=g(4) (and so T =Ty =T/,).
If c=5, then | =30 = g(5) and T'= T3 = T}/, = P11.
By Theorems 1.3 and 2.1, we have the following corollary.

Corollary 2.2. A pair n, k of integers is realizable as the order and upper trace-
able number of a nontrivial tree if and only if n > 2, k is odd, and 2n — 3 < k <

|n?/2] — 1.
It was shown in [9] that if T" is a nontrivial tree, then
(3) hWH(T)=tH(T)+1=2 > cn(e).

ecE(T)

Thus the upper Hamiltonian number of a nontrivial tree is always even. Furthermore,
if T is a nontrivial tree of order n, then

(4) 2n —2 < hH(T) < [n?/2].
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The following corollary is a consequence of (3), (4), and Theorem 2.1.

Corollary 2.3. A pair n,k of integers is realizable as the order and upper
Hamiltonian number of a nontrivial tree if and only if n > 3, k is even, and
2n —2 < k< |n?/2].

3. A CHARACTERIZATION

By Theorem 1.3, if T is a nontrivial tree of order n, then t*(T) < [n?/2] — 1
and t7(T) = [n?/2] — 1 if and only if T = P,. For each positive integer n > 4, the
integer Ln2/2J — 2 is even. By Theorem 1.2, there is no tree T' of order n > 4 such
that ¢7(T) = |n?/2] — 2. Therefore, if T is a tree of order n > 4 and T # P,, then

tH(T) < [n?/2] - 3.

In this section, we characterize all trees of order n > 4 whose upper traceable number
is [n2/2J — 3. In order to do this, we first establish a useful lemma. For a vertex v
and an edge e = ww in a nontrivial connected graph G, the distance between v and
e is defined as

d(v,e) = min{d(v,u), d(v,w)}.

Lemma 3.1. Let T be a nontrivial tree of order at least 3 with diam(T") = d.
Then there exists an end-vertex v of T' such that

1< en(T) —en(T —v) < [d/2].

Proof. Assume that T is a tree of order n > 3. Let M = max{cn(e): e € E(T)}
and choose an edge f € E(T) such that cn(f) = M. If M =1, then T and T — v are
stars for every end-vertex v of T. Hence d = 2 and cn(T") — ecn(T — v) = 1, so the
result holds. Thus we assume that M > 2. Let U be the set of end-vertices of T and

I = min{d(v, f): ve U}.

Choose a vertex u € U such that d(u, f) = {. Note that 1 < < [(d—1)/2]. Let
P: u = wvg,v1,vg,...,0;,v41 be the path of length [ 4+ 1 that has the initial vertex
u and terminal edge f = vvi+1. Let X = E(P) — {un}, Y = E(T) — E(P), and
T =T —wu. (Hence E(T") = X UY and |X|=1.)
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We first show that if e € X, then 0 < cnp(e) — cnp/(e) < 1. Let Gy and G2 be
the two components of T'— e such that u belongs to G1. If |V (G1)| > |V (G2)|, then
cnr(e) = |V(G2)| = eng(e). If [V(G1)| < |[V(G2)], then enr(e) = |V(G1)| and

cnri(e) = |V(Gy)| — 1 =cnr(e) — 1.

Hence 0 < enr(e) — engr(e) < 1 for each edge e € X.

Next we show that if e € Y, then cnp(e)—cng (e) = 0. Let e € Y and suppose that
G1 and G4 are the two components of T'— e. Necessarily, one of G; and G5 contains
the entire P, say G does. If |V (G1)| > [V(G2)|, then cnr(e) = |V (G2)| = cng(e).
Otherwise, |V(G1)| < |V(G2)| and so cnr(e) = |V(Gy)|. Let Hy and Hy be the two
components of T'— f. Then one of H; and H> contains the entire G2 and the edge
e, say Hy does. Then |V (Hz)| = |V(G2)| + 1 and so

V(H1)|=n—[V(H2)| <n—(V(G2)[ +1) = |V(G1)| - 1.
This implies that
eny(f) < |V(Hy)| < [V(G1)| = enr(e),

a contradiction. Hence cnr(e) — cnys(e) = 0 for every edge e € Y.
Now observe that

en(T) = enp(uvy) + Z cup(e) + Z cup(e) =14 Z cnp(e) + Z cny (e)
eeX ecY ecX ecY

and

en(T") = Z cng(e) + Z eng(e) < Z eny(e) + Z eng(e).

eeX ecY ecX ecY
Thus e¢n(T) — en(7”) > 1 and

en(T) —en(T') =1+ > [eng(e) — engv(e)] < 1+ |X| < 14 [(d —1)/2] = [d/2],
ecX

completing the proof. O

For each integer n > 4, let T,, be the caterpillar of order n and diam(7,,) =n — 2

such that the vertex of degree A(T},) = 3 is adjacent to two of the three end-vertices.

The caterpillar 7T;, is shown in Figure 3 for n = 7. Next, we show that for each
integer n > 4, the caterpillar T;, is the only tree of order n whose upper traceable

number is |n?/2] — 3.
u
<.

Figure 3. The caterpillar T, for n =7
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Theorem 3.2. Let T be a tree of order n > 4. Then

tH(T) = |n*/2] =3 ifand only if T =T,.

Proof. The result follows immediately for 4 < n < 6, so we may assume that
n > 7. We first show that ¢ (T;,) = |n?/2] — 3. We consider two cases, according
to the parity of n.

Case 1. nis odd. Then n = 2k 4+ 1 for some integer k > 3. Observe that
T,, contains three edges with component number 1 and one edge with component
number 2. Moreover, for each integer i with 3 < i < k, there are two edges with
component number i. Therefore,

k+1

Cn(Tn)—2< ) )—1—k2+k—1
and so

tH(T,) =2en(T,) — 1 = [(2k + 1)%/2] — 3.

Case 2. niseven. Then n = 2k for some integer & > 4. Observe that T;, contains
three edges with component number 1, one edge with component number 2, and one
edge with component number k. Moreover, for each integer ¢ with 3 < i < k — 1,
there are two edges with component number 7. Therefore,

en(Ty,) = 2(’“

-1 =k*-1
e

and so
tH(T,) =2en(T,) — 1 = [(2k)?/2] — 3.

For the converse, let T be a tree of order n > 7 having t7(T) = |n?/2| — 3. Then
T # P, and cn(T) = [n?/4] —1. We first show that diam(T') = n—2. Assume, to the
contrary, that d = diam(T) < n— 3. Then T — v # P,,_1 for each end-vertex v of T'.
Hence ¢t7(T —v) < |(n —1)?/2] — 3 and consequently cn(T —v) < [(n —1)2/4] — 1.
Let u be an end-vertex of T such that 1 < en(T") — en(7T3,) < [d/2]. If n is odd, then
n = 2k + 1 for some integer k > 3 and

en(T) —en(T —u) < [d/2] < [(n—=3)/2] =k — 1.

However,

en(T) —en(T —u) = (K2 +k—1) — (k* — 1) =k,
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a contradiction. If n is even, then n = 2k for some integer k > 4 and
en(T) —en(T —u) < [d/2] < [(n—3)/2] =k — 2.
On the other hand,
en(T) —cen(T —u) > (K = 1) — (K* =k —1) =k,

a contradiction.

Hence diam(T) =n — 2 and so T is a caterpillar with three end-vertices obtained
from a path P: vi,v9,...,v,—1 of order n — 1 by joining a new vertex u to v; for
some i with 2 < i < n — 2. By symmetry, we may assume that 2 < i < |n/2].

Case 1. nis odd. Then n = 2k + 1 for some integer k& > 3. Observe that T
contains three edges with component number 1, one edge with component number 7,
and for each integer j with 2 < j < k and j # ¢, there are two edges with component
number j. Hence

cn(T)=2<k;—1>+1—i:k2+k+1—i

and so ¢ = 2, that is, T = T,,.

Case 2. nis even. Then n = 2k for some integer k > 4. Observe that T contains
three edges with component number 1. If i = k, then for each j with 2 < j <k —1,
there are two edges with component number j. Hence

cn(T)—2(];)+1—k2—k+1,

which is a contradiction since k2—1 = k2—k+1 only when k = 2. Hence2 < i < k—1.
Then T contains one edge with component number i, one edge with component
number k, and for each integer 7 with 2 < j < k — 1 and j # i, there are two edges
with component number j. Hence

k
cn(T):2(2>+1+k:—i:k:2+1—i
and so ¢ = 2, that is, T' = T,,. O

The following is an immediate consequence of Theorems 1.3 and 3.2.
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Corollary 3.3. Let T be a tree of order n > 5. Then

2n —3 <tH(T) < |n?/2] =5 ifand only if T ¢ {P,,T,}.

4. SOME RESULTS FOR GENERAL GRAPHS

If G is a connected graph and H is a connected spanning subgraph of G, then
de(u,v) < dg(u,v) for allu,v € V(G) = V(H) and so dg(s) < dy(s) for every linear
ordering s of vertices of G (or H). Therefore, we have the following observation.

Observation 4.1. If H is a connected spanning subgraph of a nontrivial graph G,
then t*(G) < t*(H). In particular, if T is a spanning tree of G, then t*(G) < t+(T).

With the aid of Observation 4.1 and Theorem 1.3, we are able to establish sharp
upper and lower bounds for ¢*(G) for a connected graph G in terms of its order. In
order to do this, we first present a formula for the upper traceable number of a cycle
in terms of its order (see [9]). For each integer n > 3,

(5) tH(Cy) = [(n—1)%/2].

Theorem 4.2. If G is a connected graph of order n > 3, then
(6) n—1<tH(G) < [n?/2] - 1.

Furthermore,
(a) t7(G) =n —1 if and only if G = K,,.
(b) t7(G) = |n?/2] — 1 if and only if G = P,.

Proof. The inequalities in (6) and (a) follow by Theorems 1.1 and 1.3 and
Observation 4.1. Thus, it remains only to verify (b). If G = P,, then t7(G) =
LnQ / 2J — 1 by Theorem 1.3. For the converse, let G be a connected graph of order
n > 3 such that t7(G) = [n?/2| — 1. If G is a tree, then by Theorem 1.3, it follows
that G = P,. Now suppose that G is not a tree and let T' be a spanning tree of G.
By Observation 4.1,

tH(G) < t7(T) < [n?/2] — 1.
Thus t7(T) = LnQ / 2J — 1, implying that T'= P,,. That is, every spanning tree of G
is isomorphic to P, implying that G = C,,. It follows by (5) that
[n?/2] —1=t"(G) = [(n—1)?/2].

However, this equality holds only for n = 2, a contradiction. Hence G = P, is the
only connected graph of order n > 3 for which t7(G) = [n?/2| — 1. O
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By Theorem 4.2, if G is a connected graph of order n with t7(G) = k, then
n—1< k< LnQ /2J — 1. The following result shows that there are pairs n, k of
integers withn >3 and n — 1 < k < Ln2/2J — 1 that are not realizable as the order
and upper traceable number of any connected graph.

Proposition 4.3. For each integer n > 4, there is no connected graph of order n
whose upper traceable number is LnQ / 2J —2.

Proof. Assume, to the contrary, that there exists a connected graph G of order
n > 4 for which t7(G) = [n?/2] — 2. Since |n?/2] — 2 is even, it follows that G is
not a tree by Theorem 1.2. Let T be a spanning tree of G. By Observation 4.1,

tH(G) <tH(T) < [n?/2] — 1.

Thus ¢tT(T) = Ln2/2J — 1 and so T = P,. That is, every spanning tree of G is
isomorphic to P,. Since G is not a tree, it follows that G = C,,. By (5),

[n?/2] —2=1t1(G) =t1(C,) = [(n—1)%/2].

However, this equality holds only for n = 3, which is a contradiction. O

We are prepared to show that there is no graph G of order n > 6 whose upper
traceable number is LnQ / 2J —4.

Proposition 4.4. For each integer n > 6, there is no graph of order n whose
upper traceable number is [n2/2J — 4.

Proof. Assume, to the contrary, that there exists a graph G of order n for
which t7(G) = [n?/2] — 4. Then G # P,. In fact, since |n?/2| — 4 is even, G is not
a tree. Hence G contains a spanning subgraph H,, of size n. Observe that H, # C,

since otherwise
n?/2] —4=t1(G) <tT(H,) = [(n—1)%/2],

which holds only for n < 5. Also, since every spanning tree T of G must be isomorphic
to either P, or T;, by Corollary 3.3, it follows that H,, must be the graph obtained
from a path P: vy,vs,...,v, of order n by joining v,,_» and v,. Moreover, G = H,,
since otherwise G contains a spanning tree that is neither P, nor T,. If n =2k + 1
for some integer k > 3, then t7(G) = 2k? + 2k — 4. Consider the linear ordering

811 Vk42,V1, U2k41, V2, U2k, U3, U2k —1, - - - , Uk—1, Vk43, Uk, Vk41
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of vertices of G and observe that
tT(G) = d(sy) = 2k* + 2k — 3,

which is a contradiction. If n = 2k for some integer k > 3, then t*(G) = 2k? — 4.
Consider the linear ordering

S§2°1 Vg41,V1,V2k, V2, V2k—1, V3, U2k—2, -+ - y Vk—1, Vk+2, Uk
of vertices of G and observe that
tT(G) = d(sp) = 2k* — 3,

again, which is a contradiction. Hence there is no graph of order n whose upper
traceable number is LnQ / 2J —4. (]

The proof of Proposition 4.4 actually shows that the graph H,, described in the
proof is the only graph of order n that is not a tree and has upper traceable number
|n?/2| — 3. Therefore, we obtain the following.

Theorem 4.5. If G is a nontrivial connected graph of order n > 6, then
(a) t7(G) = [n?/2| — 1 if and only if G = P,.
(b) t7(G) = |n?/2] — 3 if and only if G € {T,,, H,}.
(c) IfG ¢ {P,,T,,H,}, thenn — 1 < t7(G) < [n?/2] — 5.

We conclude with the following question:

Problem 4.6. Which pairs n, k of integers withn > 3 andn—1 < k < LnQ/ZJ -1
are realizable as the order and upper traceable number, respectively, of some con-
nected graph?

Acknowledgments. We are grateful to Professor Gary Chartrand for sug-
gesting the concepts of traceable number and upper traceable number to us and
kindly providing useful information on this topic. Also, we appreciate the sugges-
tions of a referee that resulted in an improved paper.

404



References

[1] T. Asano, T. Nishizeki, T. Watanabe: An upper bound on the length of a Hamiltonian
walk of a maximal planar graph. J. Graph Theory 4 (1980), 315-336.
[2] T.Asano, T. Nishizeki, T. Watanabe: An approximation algorithm for the Hamiltonian
walk problems on maximal planar graphs. Discrete Appl. Math. 5 (1983), 211-222.
[3] J. C. Bermond: On Hamiltonian walks. Congr. Numer. 15 (1976), 41-51.
[4] G. Chartrand, H. V. Kronk: On a special class of hamiltonian graphs. Comment. Math.
Helv. 44 (1969), 84-88.
[5] G.Chartrand, V. Saenpholphat, T. Thomas, P. Zhang: A new look at Hamiltonian walks.
Bull. Inst. Combin. Appl. 42 (2004), 37-52.
[6] G.Chartrand, P. Zhang: Introduction to Graph Theory. McGraw-Hill, Boston, 2005.
[7] S.E. Goodman and S. T. Hedetniemi: On Hamiltonian walks in graphs. SIAM J. Com-
put. 8 (1974), 214-221.
[8] F. Okamoto, V. Saenpholphat, P. Zhang: Measures of traceability in graphs. Math. Bo-
hem. 131 (2006), 63—-83.
[9] F. Okamoto, V. Saenpholphat, P. Zhang: The upper traceable number of a graph. To
appear in Czech. Math. J.
[10] L. Nebesky: A generalization of Hamiltonian cycles for trees. Czech. Math. J. 26 (1976),
596-603.
[11] C. Thomassen: On randomly Hamiltonian graphs. Math. Ann. 200 (1973), 195-208.
[12] P. Vacek: On open Hamiltonian walks in graphs. Arch. Math., Brno 274 (1991),
105-111.
[13] P. Vacek: Bounds of lengths of open Hamiltonian walks. Arch. Math., Brno 28 (1992),
11-16.

Authors’ addresses: Futaba Okamoto, Mathematics Department, University of Wiscon-
sin—La Crosse, La Crosse, WI 54601, USA, Ping Zhang, Department of Mathematics, West-
ern Michigan University, Kalamazoo, MI 49008, USA, e-mail: ping.zhang@umich.edu.

405


http://www.emis.de/MATH-item?0433.05046
http://www.emis.de/MATH-item?0511.05042
http://www.emis.de/MATH-item?0329.05113
http://www.emis.de/MATH-item?0169.55501
http://www.emis.de/MATH-item?1096.05001
http://www.emis.de/MATH-item?0269.05113
http://www.emis.de/MATH-item?1112.05032
http://www.emis.de/MATH-item?0365.05030
http://www.emis.de/MATH-item?0233.05121
http://www.emis.de/MATH-item?0758.05067
http://www.emis.de/MATH-item?0782.05056

